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Abstract. Beurling density plays a key role in the study of frame-spectrality of normal-
ized Lebesgue measure restricted to a set. Accordingly, in this paper, the authors study the
s-Beurling densities of regular maximal orthogonal sets of a class of self-similar spectral
measures, where s is the Hausdorff dimension of its support and obtain their exact upper
bound of the densities.

1. Introduction

Definition 1.1. Let µ be a Borel probability measure with compact support in Rd.We say
that {e−2πiλx}λ∈Λ is a Fourier frame of the Hilbert space L2(µ) if there exist two constants
A, B > 0 and a countable set Λ ⊆ Rd, called a frame spectrum, such that for every
f ∈ L2(µ), we have

(1.1) A∥ f ∥2 ≤
∑
λ∈Λ

|⟨ f , eλ⟩|2 ≤ B∥ f ∥2,

where ⟨·, ·⟩ is the inner product in L2(µ), eλ(x) = e2πix·λ and x ·λ =
∑d

i=1 xiλi is the standard
inner product in Rd. In this case, we call µ a frame spectral measure. Specially, if A =
B = 1 in equation (1.1), it is easy to see that the set {eλ}λ∈Λ is an orthonormal basis for
L2(µ). In this case, we call µ a spectral measure and the set Λ a spectrum.

It is known that a frame-spectral measure is either a finite discrete measure, absolutely
continuous or singular continuous measure with respect to Lebesgue one [21]. When µ is
the Lebesgue measure supported on [0, 1], the work of Landau, Jaffard, and Seip relates
the frame spectrum of L|[0,1] closely with the Beurling densities.

Definition 1.2. Let Λ be a countable set in R. The upper and lower Beurling density of
Λ are defined, respectively, by

D+(Λ) = lim sup
h→∞

sup
x∈R

#(Λ ∩ (x − h, x + h))
h

and
D−(Λ) = lim inf

h→∞
inf
x∈R

#(Λ ∩ (x − h, x + h))
h

,

where #E is the cardinality of the set E.
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Using the notion of Beurling density, the frame properties of {e2πiλx}λ∈Λ are almost
characterized [25, 29, 33]:

Theorem 1.3. For {e−2πiλx}λ∈Λ to be a Fourier frame for L2([0, 1]), it is necessary that
D+(Λ) < ∞ and D−(Λ) ≥ 2, and it is sufficient that D+(Λ) < ∞ and D−(Λ) > 2.

A complete description of the problem that those sequences Λ generate Fourier frames
is obtained by Ortega-Cerdà and Seip [32], who solved the critical case when D−(Λ) = 2
by using de Branges’ theory of Hilbert space of entire functions.

For absolutely continuous measures dµ = g(x)dx, Lai [28] proved that if there exists a
Fourier frame, then the function g must be bounded above and below on its support. The
Beurling density also plays a key role in his proof. In this paper, we focus on the singular
case, which is muss less understood.

In 1998, Jorgensen and Pederson [26] discovered that the standard middle-fourth Can-
tor measure µ4,{0,2} is a spectral measure, which is the first non-atomic and singular spec-
tral measure. In the same paper, they proved the standard middle-third Cantor measure
µ3,{0,2} is not spectral. Since then, the spectrality of self-similar measures/self-affine mea-
sures/Moran measures and related properties have attracted a great amount of attention
(see [1–3,5–8,10,12,14–17,22,27,30] and the references therein for more details). Mean-
while, many new phenomena not previously observed on the Lebesgue measure are un-
veiled [11, 18, 20, 22, 27, 34–36]. In particular, Łaba and Wang [27] discovered that a
singularly continuous self-similar spectral measure may admit many spectra. The exotic
phenomenon naturally lead researchers to do more sophisticated analysis of the structure
of the spectra [6, 8, 14, 18, 22, 30].

To completely characterize the spectra for a self-similar spectral measure, Dutkay et
al. [13] use the Beurling dimension as a replacement for Beurling density. Let Λ ⊆ Rd be
a countable set. For r > 0, the upper r-Beurling density of Λ is defined by

D+r (Λ) = lim sup
h→∞

sup
x∈Rd

#(Λ ∩ B(x, h))
hr ,

where B(x, h) is the open ball centered at x with radius h. It is not difficult to prove that
there is a critical value of r where D+r (Λ) jumps from∞ to 0. This critical value is defined
as the Beurling dimension of Λ, or more precisely,

dimBe(Λ) = inf{r : D+r (Λ) = 0} = sup{r : D+r (Λ) = ∞}.

Duktay et al. [13] proved that the Beurling dimension of the spectra of self-similar spectral
measure which satisfies the open set condition is not greater than the Hausdorff dimension
of its support, and they may equal under some mild condition. On the other hand, there
exist arbitrarily sparse spectra for many singular spectral measures [4, 8], i.e., there exist
spectra with Beurling dimensions zero, which is in stark contrast with the case of the
Lebesgue measure.
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However, for a long time, in contrast to the classic case, the notion of Beurling density
did not seem to play an important role in fractal spectral measure theory. Motivated by
this, in this paper, we investigate the Beurling density of the maximal orthogonal sets of a
class of self-similar spectral measure. Our ultimate goal is that we want to know how the
values of Beurling densities of maximal orthogonal sets imply the completeness.

Now, we recall the definition of self-similar measures. A self-similar measure on Rd is
defined by Hutchinson [24] to be a probability measure µ := µA,D satisfying

(1.2) µ =
1

#D

∑
d∈D

µ ◦ f −1
d ,

where D ⊆ Rd is a finite digit set and { fd = A−1(x + d)}d∈D is a sequence of contractive
similarity with A = rQ (r > 1 and Q orthogonal). Here, #A is the cardinality of A. A
noteworthy expression for such measures is given by the infinite convolution product

(1.3) µA,D = δA−1D ∗ δA−2D ∗ · · · ,

where δE =
1

#E

∑
e∈E δe, δe is the Dirac measure at the point e ∈ E and the convergence is

in weak sense.
The following discussions will focus on self-similar measures on R, where A = p be a

real number strictly larger than 1 and D = r{0, 1, . . . , q − 1} with r = p
q . In this case, we

call µp,q := µp,D a self-similar measure with consecutive digit set. When q = 2, it reduces
to the Bernoulli convolutions. The spectrality of the Bernoulli convolution was considered
by Hu and Lau [23], and was completely resolved by Dai [5]. They proved that µp,2 is a
spectral measure if and only if p ∈ 2Z. These results are generalized further to the µp,q

with p > 2 by Dai, He and Lai [9], in which they proved that µp,q is a spectral measure
if and only if p ∈ Z and q divides p. In this case, the structure of maximal orthogonal
sets for µp,q is well characterized [8], and our results are based on their constructions, as
described below.

For q ≥ 2, write Σq = {0, 1, . . . , q − 1}. For any n ≥ 1, let Σn
q = Σq × · · · × Σq︸          ︷︷          ︸

n

be the n

copies of Σq, and Σ∗q =
⋃∞

n=1 Σ
n
q be the set of all finite words.

Definition 1.4. We say that τ : Σ∗q → {−1, 0, . . . , p − 2} is a regular mapping if

(i) τ(0n) = 0 for all n ≥ 1;
(ii) τ(I) ∈ (in + qZ) for I = i1 · · · in ∈ Σ

n
q for n ≥ 1;

(iii) for any word I ∈ Σ∗q, τ(I0l) = 0 for all sufficiently large l.

Let τ : Σ∗q → {−1, 0, . . . , b− 2} be a regular mapping. For any n ∈ N, there exists a unique
I = i1i2 · · · iN ∈ Σ

∗
q with iN , 0 such that

(1.4) n = i1 + i2q + · · · + iNqN−1.
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Associated with τ, there is a sequence of integers by λ0 = 0 and

λn = τ(I|1) + τ(I|2)p + · · · + τ(I|N)pN−1 +

∞∑
k=N

τ(I0k−N+1)pk,

from which we note that λn is uniquely determined by τ(I|1), τ(I|2), . . . , τ(I|N) = τ(I).
Now by writing Λ(τ) = {λn}

∞
n=0 and ℓn = #{k : τ(I0k) , 0, k ≥ 1} for n, we have the

following theorem.

Theorem 1.5 ( [8]). Let τ be a regular mapping and let Λ(τ) be defined as above. Then
(i) Λ(τ) is a maximal orthogonal set of µp,q.
(ii) If maxn≥1{ℓn} < ∞, then Λ(τ) is a spectrum of µp,q.

For simplicity, if maxn≥1{ℓn} < ∞, we call Λ(τ) a regular spectrum of µp,q.
By Theorem 3.5 in [13], for any orthogonal set of µp,q, dimBe(Λ) ≤ log q

log p . For the sake
of conciseness, we use s to denote this upper bound throughout the article. Among the
spectra of µp,q, the simplest spectrum (also called the canonical spectrum) is the following
set

Λp,q =

 k∑
i=1

ai pi−1 : ai ∈ {0, 1, . . . , q − 1}, k ≥ 1

 ,
which attains the maximal Beurling dimension s [13].

Compared with the classic case, a natural question is the following:
Question: For a maximal orthogonal set of µp,q, whether we can impose some condition
on D+s (Λ) such that Λ is a spectrum?

In this article, we first investigate the s-Beurling density of regular maximal orthogonal
sets of µp,q and obtain their optimal upper bounds.

Theorem 1.6. For any regular maximal orthogonal setsΛ of µp,q, D+s (Λ) ≤ 1( q−1
2(p−1)

)s . More-

over, the bound is attained by the spectrum Λp,q.

Remark 1.7. We conjecture that for any maximal orthogonal set Λ of µp,q, we have that
D+s (Λ) ≤ 1( q−1

2(p−1)

)s (if it is true, then it is clear that for any orthogonal set Λ of µp,q, we have

that D+s (Λ) ≤ 1( q−1
2(p−1)

)s ). By Theorem 3.5 in [13], we have that for any orthogonal set Λ of

µp,q, D+s (Λ) < +∞, yet it provides a qualitative description rather than quantitative one.

Remark 1.8. In fact, adopting the same argument as Theorem 1.6, we can show that the
following subclass of regular spectra also achieve the largest possible s-Beurling density.

A. The authors in [37] gave a new class of spectra for µp,q by using infinite word in
{−1, 1}∞ acting on Λp,q. They proved that for any ω = w1w2 · · · ∈ {−1, 1}∞, the set

Λw =

 k∑
i=1

aiwi pi−1 : ai ∈ {0, 1, . . . , q − 1}, k ≥ 1
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is a spectrum of µp,q. It is known that for any ω = w1w2 · · · ∈ {−1, 1}∞, we have
dimBe(Λw) = s [31]. Based on this result and by using similar way in Theorem 1.6,
we can obtain for any ω = w1w2 · · · ∈ {−1, 1}∞, D+s (Λw) = D+s (Λp,q) = 1( q−1

2(p−1)

)s .
B. If the condition maxn≥1{ℓn} = 0 (in Theorem 1.5), then Λ(τ) becomes the following

set:

Λ′p,q =

 k∑
i=1

ai pi−1 : ai ∈ {0, 1, · · · , q − 1} (mod q) ⊆ {−1, 0, 1, · · · , p − 2}, k ≥ 1

 .
It is easy to see that dimBe(Λ′p,q) = s. By using similar way in Theorem 1.6 again, we have
D+s (Λ′p,q) = 1( q−1

2(p−1)

)s .
On the other hand, as mentioned in the above, there exists a spectrum Λ of µp,q, whose
Beurling dimension is zero. This implies that its s-Beurling density is zero.

Finally, we obtain the following.

Theorem 1.9. There exist uncountably many regular spectra Λ of µp,q such that D+s (Λ) is
positive.

This paper is organized as follows. In Section 2, we prove Theorems 1.6 and 1.9. In
Section 3, we conclude with some open questions.

2. Proofs

In this section, we prove Theorems 1.6 and 1.9. We start with the following proposition
which will be used in Theorem 1.6.

Proposition 2.1. Let Λ be a countable subset of R. For any r > 0,

D+r (Λ) = 2r · lim sup
n→∞

sup
m∈Z

#(Λ ∩ [m,m + n))
nr .

Proof. For any ball B(x, h), consider the largest interval [m1,m1 + n1) contained in B(x, h)
(respectively, smallest interval [m2,m2 + n2) containing B(x, h)) such that m1, n1 (respec-
tively, m2, n2) are integers. It is clear that

#(Λ ∩ [m1,m1 + n1))
nr

1
·

nr
1

hr ≤
#(Λ ∩ B(x, r))

nr
1

≤
#(Λ ∩ [m2,m2 + n2))

nr
2

·
nr

2

hr

Now that nr
1

hr , nr
2

hr tends to 2r as h tends to infinity, this implies that

D+r (Λ) = lim sup
h→∞

sup
x∈R

#(Λ ∩ B(x, r))
nr = 2r · lim sup

n→∞
sup
m∈Z

#(Λ ∩ [m,m + n))
nr .

□

First, we prove Theorem 1.6. For any I = i1i2 · · · in ∈ Σ
n
q, denote |I| = n and

I1,k =

i1 · · · ik, if k ≤ n;
i1 · · · in0k−n, if k > n.
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For convenience, we also define τ∗(I) =
∑+∞

k=1 τ(I1,k)pk−1, so that Λ(τ) = {τ∗(I) : I ∈ Σ∗q}.
In the following, we show that the map τ∗ is actually a bijection when restricted on the set

Γ(τ) = {I = i1i2 · · · i|I| ∈ Σ∗q : i|I| , 0} ∪ {0},

where Γ(τ) is essentially the set of base-q representations of all nonnegative integers.

Lemma 2.2. The map τ∗ : Γ(τ) → Λ(τ) is a bijection. Furthermore, if I, J ∈ Γ(τ) are
distinct but I1,k = J1,k for some k ≥ 0, then |τ∗(I) − τ∗(J)| ≥ pk.

Proof. For sujectivity, we show that τ∗(Γ(τ)) = Λ(τ). By definition, τ∗(Γ(τ)) ⊂ Λ(τ).
As for the other inclusion, for any I = i1 · · · i|I| ∈ Σ∗q there exists a minimal integer 1 ≤
N ≤ |I| such that I = I1,N0|I|−N . Then, I1:N ∈ Γ(τ) and τ∗(I) = τ∗(I1:N), which shows
Λ(τ) ⊂ τ∗(Γ(τ)). As for injectivity, it suffices to show the proposed inequality. Suppose
I, J ∈ Γ(τ) are distinct and I1,k = J1,k. By definition there exists a minimal M > k such
that IM,∞ = JM,∞. We then have that M > k and that

|τ∗(I) − τ∗(J)| =

∣∣∣∣∣∣∣(τ(I1,M) − τ(J1,M)
)

pM−1 +

M−1∑
n=k+1

(
τ(I1,n) − τ(J1,n)

)
pn−1

∣∣∣∣∣∣∣
≥
∣∣∣(τ(I1,M) − τ(J1,M)

)
pM−1
∣∣∣ − M−1∑

n=k+1

∣∣∣(τ(I1,n) − τ(J1,n)
)

pn−1
∣∣∣

≥pM−1 −

M−1∑
n=k+1

(p − 1)pn−1 = pk.

This completes the proof. □

Now we present the key idea behind Theorem 1.6. Intrinsically, the following lemma
illustrates the structure of Λ(τ) and gives a good estimate of the density.

Lemma 2.3. For any m ∈ Z and k ∈ N,

#(Λ(τ) ∩ [m,m + pk)) ≤ qk.

Proof. It is clear by observing that for every J ∈ Σk
q, the set

S J := {I ∈ Γ(τ) : I1:k = J, τ∗(I) ∈ [m,m + pk)}

contains no more than one element by Lemma 2.2. Hence,

#(Λ(τ) ∩ [m,m + pk)) =
∑
J∈Σk

q

#S J ≤ qk.

□

Proof of Theorem 1.6. To prove the first statement of the theorem, let us consider the
following density restricted to the interval [m,m + n)

sup
m∈Z

#(Λ ∩ [m,m + n))
ns .
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Representing n in base-p as n = a1 + a2 p+ · · ·+ ak pk−1 (ak > 0), we divide our discussion
into the following two cases: 1. ai ≤ q − 1 for 1 ≤ i ≤ k, and 2. there exists i such that
ai > q − 1. In the former case, one can exploit the fact that Λ is a subset of integers and
apply Lemma 2.3 to deduce that

(2.1)
sup
m∈Z

#(Λ ∩ [m,m + n))
ns ≤

a1 + a2q + · · · + akqk−1

(a1 + a2 p + · · · + ak pk−1)s

≤
(q − 1) + (q − 1)q + · · · + (q − 1)qk−1

((q − 1) + (q − 1)p + · · · + (q − 1)pk−1)s ,

where the second inequality follows from monotonicity of the partial derivatives with
respect to ai on the interval [0, q − 1]. In the latter case, if i0 is the largest index such that
ai0 ≥ q, one can again apply Lemma 2.3 to show that

(2.2)

sup
m∈Z

#(Λ ∩ [m,m + n))
ns ≤

qi0 − 1 + ai0+1qi0 + · · · + akqk−1

ns +
1
ns

≤
(q − 1) + (q − 1)q + · · · + (q − 1)qi0−1 + ai0+1qi0 + · · · + akqk−1

((q − 1) + (q − 1)p + · · · + (q − 1)pi0−1 + ai0+1 pi0 + · · · + ak pk−1)s +
1
ns

≤
(q − 1) + (q − 1)q + · · · + (q − 1)qk−1

((q − 1) + (q − 1)p + · · · + (q − 1)pk−1)s +
1
ns .

As a consequence of (2.1) and (2.2), D+s (Λ) ≤ 1
( q−1

2(p−1) )s
follows immediately by Proposition

2.1.
Next, we prove the second assertion. For any k ≥ 1, denote

Λk
p,q =

 k∑
i=1

ai pi−1 : a j ∈ {0, 1, . . . , q − 1}

 .
Choose m = 0. Let nk =

q−1
p−1 (pk − 1) for k ≥ 1. By Proposition 2.1, we have

D+s (Λp,q) = 2s · lim sup
n→∞

sup
m∈Z

#(Λ ∩ [m,m + n])
ns

≥ 2s lim sup
k→∞

#(Λ ∩ [0, nk])
ns

k

= 2s lim sup
k→∞

#Λk
p,q

ns
k

= 2s lim sup
k→∞

qk

( q−1
p−1 (pk − 1))s

=
1(

q−1
2(p−1)

)s .
(2.3)

Combining the first statement of this theorem, we obtain the desired result.
□

Finally, we prove Theorem 1.9.
7



Proof of Theorem 1.9. We define a mapping by τ(0k) = 0 for k ≥ 1, and for n and N
defined as in (1.4), τ(I) = iN , and if n is odd, for all l,

(2.4) τ(I0l) = 0;

if n is even, let mn be a strictly increasing sequence of positive integers and define

(2.5) τ(I0l) =

0, if l , mn;
qN+mn , if l = mn.

Define λ0 = 0, write Nn := N. When n ≥ 1, if n is odd,

λn =

Nn∑
j=1

i j p j−1;

if n is even,

λn =

Nn∑
j=1

i j p j−1 + qpNn+mn−1.

Then Λ(τ) = {0} ∪ {λn}n≥1,n∈2Z ∪ {λn}n≥1,n∈2Z+1 =: Λ1 ∪ Λ2 ∪ Λ3.
Consider Λ2. Note that for even n ≥ 1, we have λn ≥ q · pmn+Nn−1 and

λn ≤ q ·
pNn − 1
p − 1

+ q · pmn+Nn−1

≤ (q + 1) · pmn+Nn−1.

This implies that

λn+2

λn
≥

q · pmn+2+Nn+2−1

(q + 1) · pmn+Nn−1 ≥
q

q + 1
· p =: b > 1.

By Proposition 2.2 in [4], #(Λ2∩ (x−h, x+h)) ≤ logb(2h+1). Consequently, D+s (Λ2) = 0.
Using a similar method as in Theorem 1.6, we have D+s (Λ3) > 0. One can see that

D+s (Λ(τ)) = max{D+s (Λ1),D+s (Λ2),D+s (Λ3)}.

Then D+s (Λ(τ)) > 0. When n is even larger than 1. Let mn = n2 or n2 + 1. Then we can
obtain uncoutably many regular mapping by choosing mn radomly from the above two
choices. Hence, we complete the proof.

□

3. Further questions

We end this paper with some further questions. In this paper, we have found a large
class of spectrum of µp,q, which have the biggest s-Beurling density. A natural question
is the following:

Question 3.1. How to characterize the spectra with maximal s-Beurling density com-
pletely?

Moreover, there is a spectrum of µp,q, whose s-Beurling density is zero. This inspires
us to ask the following intermediate value question with respect to Beurling density.
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Question 3.2. Can we always construct a spectrum with any prescibed s-Beurling
density from zero to 1( q−1

2(p−1)

)s ?
On the other hand, we only consider s-Beurling density of spectra Λ of µp,q in this note.

We can also consider r-Beurling density of spectra Λ of µp,q, where r ≤ s.
Question 3.3. If dimBe(Λ) = r (0 < r ≤ s), find the upper and lower bounds for the

following set
{D+r (Λ) : dimBe(Λ) = r}.
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