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Abstract

This article aims to compare the long-term behavior of a spread model
before and after a type in the model becomes frozen; namely, a type of
which an individual only produces individuals of the same type. By means
of substitution dynamical systems and matrix analysis, the first result of
this work gives the spread rates of a 1-spread model with one frozen
symbol. Later in the work, this is shown to hold under more general
settings, which include generalized frozen symbols and frozen symbols
in m-spread models. Numerical experiments are provided as supporting
evidence for the theory.

Modelling always plays a significant role in disease control, preven-
tion and decision making. We propose a mathematical model to study
the population in which certain type of individuals will be blocked or
removed. Using these models, we are able to consider the influence
on the current population by its history within certain time period,
predict the long-term behavior of the spread rate, and describe the
transition of the spread pattern during the pandemic period. Our
methodology gives a comparison between two models which can be
used as a reference to determine the efficiency of the policies for pre-
venting the pandemic outbreak. Some numerical experiments with
different irreducible structures are also provided to show the spread-

ing tendency as well as the exponential decay when a type is frozen

to support the theoretical results.
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1 Introduction
1.1 Motivations

A population is often divided into several groups for some purposes. For ex-
ample, according to WHO COVID-19 Case definition [I0], patients fulfilling
the definition can be categorized as suspected, probable or confirmed case for
surveillance and epidemic investigation purposes. People in different categories
may require different treatments and have different impacts on the disease con-
trol. In this paper, we consider a population in which individuals are categorized
into groups according the patterns how they spread certain virus. Individuals
in the same category share the same spread pattern and are said to be of the
same type. Especially, in this work, we assume that the population consists of
individuals of K different types, say a1, as, -+, ax.

The purpose of this paper is to introduce a spread model to describe the
spread of a biological system and gives a full characterization on the spread
rate of all types in such a system. As every now and then the disease out-
breaks greatly affect many aspect of life, experts in different fields are striv-
ing to propose mathematical models that either explain or predict the trend
of the pandemic in order to aid decision making and minimize the impact
(cf. [, 6, 15, @, 7, 11, B, @ 14 13]). Among these research topics, one that
attracts much of attention is the characterization of the growth of the number
of the infected/deceased when certain measures, such as mandatory wearing
mask or quarantine, are taken to prevent the spread. For instance, in [16],
the authors extend their earlier work to apply the logistic map model to the
COVID-19 and explain the decrease in fatality rate in terms of the decrease of
parameter d., after the vaccination steps in. This is also the main idea of this
work. Based on the previous works of the authors [2| 3], in which two kinds
(topological and random) of spread models are discussed, this article contin-
ues to explore the long-term behavior of the spreading after the transmission
is blocked by means of the aforementioned measures, or in terms of the spread
model, a type f (or more generally, a set F' = {f;}12 | as defined in Section 3.4)
is ‘frozen’ so that any individual of this type fails to produce any child other

than exactly one of type f. As shown later, the number of type-f individu-



als are significantly reduced in the long run after f is frozen. In the following

paragraph, we introduce the spread model and spread rate more precisely.

1.2 1-spread models and spread rate

Let A = {a;}K, be a type set, and Ty be the conventional d-tree for d € N
with the root e. Define ¢ = {g € Ty : |g| = s} for s € Nand A" = {g € Ty :
g is a descendant of h with |g — h| < n}, where |g — h| represents the length
of the unique path from h to g and |g| = |g —¢|. If h = ¢, we simply write
AS = A, = U S

For convenience, we write
AL =An\Ap ={g€Ta:m < |g] <n},

and for F' C Ty we define F), = F N A” . For a finite set F' C Ay, a function
p: F — Ais called a 1-pattern and F' = F), is called the support of p. Denote
by Pi the set of all 1-patterns. For p € Py, write p(® = p(e) € A and for

91,---,9d4, € Fp with |g| = 1, d, € N, we write pM = (p(g1),p(g2), . .. ,0(9d,))-
Thus, the 1-pattern (cf. Figure|l)) can also be written as

p = ") (1)
= (0(e);p(91),p(g2), -+, P(g))-

Let S = {p;}.; C P; and set d = max,csd,. The corresponding d-tree Ty
is defined in the preceding paragraph, and other notations, e.g., A, F etc.,
are also defined. The set S is called a spread model if for every g € F, with
|gl = 1, there exists a unique ¢ € S such that ¢ = p(g). Given a 1l-spread
model S and p € S, we define 7;° as follows. Let 7'19 = p© and Tpl = p. For
g € F, with |g| = 1, since S is a 1-spread model, there exists an ¢, € S with
qéo) = g4(€e) = p(g). Thus, we replace p(g) by the 1-pattern ¢, for all g € F,
with |g| = 1 to generate a pattern 7. (cf. Figure . Once 7, is constructed,
we substitute the pattern g, for the symbol 7;'(g), g € Fr» with |g| = n, to
generate T;,“Ll. Finally, we define 77° = lim, ;00 7,/ (write 7, = 7,7 to shorten
the notation) and call it the infinite spread pattern induced from p with respect
to S (or induced spread pattern from p, see Figure . Let 7, for some p € S

and p(®© = p(e) = b. Suppose F C F,, is a finite set, we denote by 7p|r
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Figure 1: Ilustration of a 1-pattern
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the sub-pattern of 7, along the subset F'; that is, 7p|p = {7,(9) : g € F}.
Let {k,}22; € N and s, = > ., k;. The following value sy(a; {ky,}52;) is

interesting and important for the spread model.

(a; {kn}220) = lim s(a; D g CeTlaz)
sp(a;{kn}o2y) := lim sp(a;[sn, sn = lim ———
b 1 n—o00 b +1 n—00 ’ASZJrl(Tp)‘

,ac A (2)

where O,(7p|r) denotes the number of occurrences of type a in the range F,
and |F| is the size of the set F. Obviously, the value s;(a; {k,}52,) indicates
the average of type a spread over the range A"*', as n — oo, with the initial
pattern p € S (or initial type b € A). More precisely, since the range Ag""
represents the set of lattices in the s,th, (s, + 1)th, -+, (sp41 — 1)th levels,
the spread rate sp(a; {k,}52 ;) means the proportion of the individuals of type
a in these levels in the population initiated with an individual of type b in the
long run. Using the theory of substitution dynamical systems, sp(a; {k,}22 )
can be calculated as the ath component of the eigenvector of the associated
&-matrix (defined later), where £ is a substitution induced by the spread model.

In [2], the random spread model is also built, and the theory of computation of

sp(a; {kn}52,) is also addressed.

1.3 1-spread model with a frozen symbol and spread rate

An interesting question arises naturally.



Problem 1. Given a 1-spread model S, if a certain type f € A (or a set
F = {f;}£, C A) has become non-infectious, e.g., f has been quarantined or
recovered, how does the new type f (or the new 1-spread model ST) affect the
spread rate (@ of some a € A?

As we mentioned before, Problem [I|is important since if we could find such
f € A in which the spread rate decreases significantly, further actions, such as
isolating f or healing f, could be accomplished. To answer Problem I} we define
the 1-spread model with a frozen symbofe A as follows. Let § = {pi}iL:1 be
a l-spread model and f € A= {ai}iK:l be a frozen symbol. For p; € S with
pgco) = f (note that such py is unique since S is a spread model), we replace the
pattern py with
pr= 0 0") = (5 ). (3)

Define S/ = (S\{ps}) U {ps} and call it a I-spread model with frozen symbol
f. Let 87 be defined as above and the induced spread pattern from p, say Tg ,
be given. Given {k,}32; C N, we set s,, = > _, k,. The objective of this
investigation is to calculate the spread rate sg (a;{kn}22 ;) (defined as ) of
a € A with respect to S7.

Let M = M/ be the associated &-matrix of S/ (defined in Section 2). As
M is no longer irreducible, it can be of the form and . Let 7 € N be
the number of irreducible components of M. Proposition [2| presents the theory
for the calculation of the spread rate sp(a;{k,}52 ;) when k, is a single layer.
Theorem [§] extends Proposition [2] to the case where r = 2, and the general cases
of r > 2 are handled by Theorem The spread rate for the 1-spread model
with a frozen set is discussed in Section 3.4. Section 4 focuses on the spread
rate of an S/ within a constant or increasing range. More precisely, Theorem
addresses the cases where s, = > ", k; is an unbounded sequence of integers.
Finally, the spread rate for an m-spread model is examined in Section 5, and

some numerical results are presented in Section 6.

I'We call such symbol frozen is because p(®) = p(1) = f, it forces 7p(g) = f for all g € Fr;
and Fr, is just an infinite 1-d single chain. This means 75 cannot spread, and therefore be
‘frozen’.



2 Preliminaries
2.1 Substitutions, {-matrix and spread rate

Let A = {a;}X, be a type set, and set A* = UX_,A™, i.e., the monoid of A,
where A™ is the set of blocks of A of length m € N. Suppose S is a 1-spread
model and p = (p@;pM) = (b;pM)) € S. The associated substitution & on A
is a map £ : A — A* defined by £(b) = p1), where the word length |£(b)| of
£(b) equals dél), the number of g € F, with |g| = 1. This substitution induces a
morphism of A* by putting £(B) = &£(bo)&(b1) -+ - &(by) if B = boby -+ b, € A*
and ¢(B) = () if B = (. Denote by & = £ o "~ the n-time iteration map of
£. Suppose € is a substitution of a spread model S. The associated &-matriz

M = M, which is a K x K matrix with each entry in {0, 1}, is defined by
M = [mi;] := [Oa, (&(a;))];

recalling that O,,(£(a;)) is the number of occurrences of the type a; in the
pattern ¢(a;). Furthermore, if w € A* and L(w) € RE denotes the vector
whose components are O, (w) for 1 < ¢ < K| it is clear that L({(w)) = M - L(w)
and that
L(£"(a;)) = M" L(a;),

jth

~~
where L(a;) = [0,...,0,” 1 ,0,...,0] and |[£"(a;)| = 1EM"L(a;), 1¥ € RX
with all entries are all 1’s. For more details we refer the reader to [12].

Theorem 3.1 [2] provides a method to compute sp(a) := sp(a; {k,}52 ) with

respect to {k, }22, with k, = 1 Vn > 1. That is, for all p € S with p(®) = b, we

have

0] (7' Sntl ) O, sn (7
spla) = lim —— 22 i,ﬁin %) Jim 7(2)”2 () _ v(a),
n—00 ’As (Tp)‘ n— 00 |Z (Tp)|

n

where v(a) is the ath component of the right positive eigenvector v of the &-

matrix M corresponding to the maximal eigenvalue py; of M.

2.2 Irreducible components

Let f € A be a frozen symbol and S7 be the 1-spread model with frozen symbol

f. We continue in the same fashion as above to define the substitution ¢/, and



set Mg = M¢ and M = Mg, the associated {-matrix and ¢f-matrix respec-
tively. Since My is a K x K binary matrix, we denote by Gm, = (Vmy: Em,)
the associated graph, that is Va1, = A and Env, = {(ai,a;5) € Vm, X Vm, -
My(a;,aj) = 1}. It is clear that M is obtained from Mg by deleting all edges
of the form (f,a) € Enm,. Therefore, we have

c 1 (4)

w2 1)
where C € R™>*E=1D and M e RE-DX(E=1)  We emphasize that two addi-
tional assumptions about the complexity of the spreading are made as in [2;
namely, lim,, ., [£"(a)| = 0o Va € A and there exists £(ag) beginning with «y.
These two conditions ensure that the associated &-matrix Mg is primitive, i.e.,
(Mg)" > 0 for some k € N. Nevertheless, the matrix M defined in is no
longer necessarily primitive. Hence, we suppose that
A0 0

0
A[Zl] A[22] 0 0
: 0

M= (5)

AT gl

is the irreducible decomposition of M. As mentioned above, for irreducible
A € M,«n(R), we denote by G4 = (Va, E4) the associated graph, where Vy,
E 4 are the vertex and edge set of the graph G 4, respectively. The best general
reference here is [8]. Here and subsequently, we use a € V4 to as the symbol a
in the index set of the matrix A. Surprisingly, the rigorous value of the spread
rate s{: (a; {kn}52,) is highly dependent on the choice of the ‘initial type’ b and
‘target type’ a. In the next section, we divide the discussion into cases where
r=1,r=2and r > 2.

Let M,,,xn be the set of m X n binary matrices. In what follows, if A €
Mg« x admits exactly one eigenvalue, say pa, satisfying p4 > A for all eigen-
value A of A other than py, we call py the maximal eigenvalue of A. Meanwhile,
the corresponding eigenvector, say v (resp. wy), is called the right (resp.
left) maximal eigenvector of A. To simplify the notation, we define p = pnm,
Po = PM,, V = UM, Vo = UM,, W = wm and wg = wn,, and v stands for the

normalized vector of v. Finally, we set as 1,, the vector in R™ with every entry



1 and

mth
~ =
I;rrLL:[OP"aOv 1 707---,0]t€Rn (6)

for n,m € N with n > m and If,f:em.

3 1l-spread model with a frozen symbol: single
layer

Throughout the paper, for a matrix A we denote by A;) (resp. AWU)) the vector
of the ith row (jth column) of A.

3.1 The case where r =1

Proposition 2 (r = 1). Let S = {p;}~, be a spread model and S¥ = {q;}}, be
the spread model with a frozen symbol f € A= {a;},. Suppose the associated
& -matriz M is of the form , and M is primitive, then for all b € Vi; we
have

s{:(a) =v(a) =vm(a) >0, Ya € Vi U{f}.
Furthermore, sﬁ(a) =0Vac Vy and sj;(f) =1

Remark 3. Proposition[d tells that if the population is initiated with an indi-
vidual of non-frozen type b and the &' -matriz M is of the form

M-l g V]
with M primitive, then the group of the individuals of type a will survive and
eventually the proportion of individuals of type a in the population will tend
to the ath component of the normalized right eigenvector associated with the
mazimal eigenvalue of the €f -matriz M. On the other hand, if the population is
initiated with an individual of the frozen type f, then the whole population will

only consist of one individual of the frozen type in the long run. The case when

the matriz M is no longer primitive will be discussed in the next subsection.

Proof. 1. Since M is primitive, we have pp; > 1 and p = py; > 1. Suppose
a,b=p € Vy;, say b=aq; and a = a;, where 1 <4, j < K — 1 we have
f

Ou(7pl5n (7)) (M"e;) () esMre;
— 1. D — 1. (2 — 1. J .
5 (a) nl—>ngo ‘E" (Tp)| nl—>H<io ]_K]_\/[”eZ nl—{r;o 1KM"ez

(7)



Assume that w = [w,¢1] and v = [v, ¢3], where 0 # ¢; € R for ¢ = 1,2. First,

we claim that

I = v (h), 8)

where 0 < ¢3 € R is a constant. Indeed, if M = PDP~! and M = PDP~! are

the Jordan decomposition of M and M, respectively, it can be easily checked
| PO [P0 | D o0
P[Ql}’P {R 1}andD{01},
t

where Q, R € R™*. Assume Dy, = pys = p, we obtain that (P_l)(l) =
RE-1 (vesp. PM = [v] € RE~1) is the left (resp. right) Perron eigenvector

that

[w]" €

of ppr. Since M is primitive, we have (P’l)(l) = [w]® > 0. Thus, ¢ =

(PN (1) > 0 for 1 < i < K —1 (recall that (P~1L) (j) is the jth
component of P~1I;). Note that

([P O)[D o)[Pt 0]
¢'Mre; e PD"Ple; G| Q 1] 0 1| R 1]° o)

P P P

that we have || < pps if X is an eigenvalue of M with A # p, and that pys is
simple (since M is primitive). It follows from @, from v = [v,¢3] and from

1<j <K —1 that

etMme;
lim -2 = lim -
n—o0 pr n—o00 Py
D" —17K-1
n— o0 1 0 - RI™
P 4
€
[P o 0 pik-t
— e Q 1 R[i](_l
0
_ | PO
= c3xe€] 0 1 el



Thus, follows. Next, we claim that

1xM"; .
lim —X % c;;Zv(z).

n—o00 pm

Following the same argument as above, we also have

_1gMe Pol|lZ o pirk-t
A T nhféolK[Q 1H 0 || RIS
1
pol]|0
= C3><1K Q 1 .
0

K
= 3 x1xPW = @,Zv(i).

Combining , with @ yields
esMre; o efMTei/p" cezv()) v(j)

|

f — 1 _
sy (a) = lim = lim =
(0= B T, — LeMre/p™ ey 3 v v

which is the desired equality.
2. It can easily computed that

tM"e
f _ . €; K
sf(a) = nll—{%oilKM"eK
P o][D 0] Pt O
%19 1 0 1 R 1|
= lim = - T3
oo [P0 D" 0 Pt
Kle 1 0o 1] R 1%
[P o[ D" 0] oy
%10 1 0 1 1
= lim L
nee [P0 D" 0 0
Kl 1/ 0 1|1
ot P o] 0
) ilQ 1 1
= lim - - =
n—>o<>1 P 0 0
Kl 1] 1
()3
4]
= lim 5
n—oo
|}

10



Hence,

f | 0 ifaecVy,
Sf(“)_{1 ifa = f.

This completes the proof. O

3.2 The case where r =2

In this section, we deal with the case where M (see ) has two irreducible
components of which the two spectral radii are distinct. Lemma [4] below shows
that the nonzero ‘communication class’ C' of M ends up being positive after
iterations of M if the matrices in the diagonal parts are primitive. Let FE,, be

n X n square full matrix, and M be of the form , we denote by

wols 8

C’I’L BTL

the corresponding components of product of M™.

Lemma 4. Let

A 0
w-[4 8] m)
be the irreducible decomposition of M, where A € RF*F B € R and C' € Rk,

If A, B are primitive and C # 0, then there exists an N > 0 such that Cy > 0.

Proof. Since C' # 0, there exists 1 < ¢ <[ and 1 < j < k such that C(i,j) = 1.
Since A, B are primitive, let p and ¢ > 0 be such that A? > Ej and B? > Ej.
Note that if C(,) # 0, then (C’Ek)(n) > 0 and, similarly, if C™ # 0, then
(ElC)(m) > 0. Therefore, if K — 1 > max{p, ¢},

C.>CA._1+ B._1C = CAH_l + BH_IC > CEy, + E,C.

This shows that (Ck)(;) > 0 and (Ck)(j) > 0. Repeating the same process, we
have

CQN > C/-cEk + Elcn > El><k-
Thus, N = 2k is the desired positive integer. This completes the proof. O

Lemma [f] indicates that every component of the left eigenvector of the max-

imal eigenvalue pys is either 0 or positive.

11



Lemma 5. Let the assumptions of Lemma be satisfied. Suppose w® = [wq,ws]t €
R¥+1 s the left eigenvector corresponding to pyr, where wh € RF and w € R,

Then w; =0 or w; >0 fori=1,2.

Proof. Let w! = [wy, ws]" € R¥*! be the left maximal eigenvector corresponding

to par, i.e., w # 0 and wM = pw. For m € N, we have

A, O
[prf\r/wahp}\T}wQ] = wMT= [wth] |: Cm Bm :|
— ] A™ 0
- w1, W2 Cm B™
= [w1Am + wQC’m, wgBm} . (13)

Suppose ppr = pp, since B is primitive, the Perron-Frobenius theory (cf. [8,12])
is applied to show that we > 0. Take m = 2 (max{p,q} + 1), where p and ¢
are defined in Lemma |4 then Lemma {4 is applied to show that C,, > 0. Since
wy > 0, we have piiw; = w1 A™ + waCy, > waCyy, > 0, thus wy > 0. Suppose
PM = pa, it follows from we obtain

(w1, we] =

w1 A™ + woC)y, wgBm} B |:’w1Am+'UJ2C’m we B™ (14)

Pi1 Lo PR CoR
Since pp < pa, we have
weB™  waB™
PR PR

Thus, we = 0 and it follows from we can deduce that w; is the Perron

— 0 as m — o0,

vector of A. Since A is primitive, Perron-Frobenius Theorem is applied to show

that wy; > 0. This completes the proof. O

Lemma [5] may be indicated more specifically in Lemma [6] Since the proof

is almost identical to the one from Lemma it is omitted.

Lemma 6. Under the assumptions of Lemma suppose w' = [wy,wy]t € RFH

1s the left mazimal eigenvector corresponding to pyr. Then

1. If 1 < pa < pp, then w = [wy,wa] > 0, and wy is the left mazimal

eigenvector of pp.

2. If pa > pp > 1, then w = [wy,0], and wy > 0 is the positive left maximal

eigenvector corresponding to pa.

12



The same proof can be applied to the right maximal eigenvector of M as

well.

Lemma 7. Under the same assumption of Lemma @ suppose v = [vﬁ,vé]t €

R**1 s the right mazimal eigenvector of M, where vy € RF and vy € R, Then

1. If 1 < pa < pB, then v1 =0 and vy > 0 is the right mazimal eigenvector
of pB-

2. If pa > pp > 1, then 0 < v = [v},vE]t € R**! and vy is the right maximal

eigenvector of pa.

Proof. The proof is almost identical to Lemma [6] if one replaces left maximal
eigenvector w = [wy,ws] by the right maximal eigenvector v = [vf, vi]t, and

thus we omit it. O

Theorem 8 (r = 2). Let S = {p;}., be a 1-spread model and S¥ = {q;}1,
be the associated spread model with a frozen symbol f € A = {a;}K,. Let the
& -matriz M be of the form and

A 0 0
M=|C B 0 {J\g(l)}andM{gg}
D E 1

be the irreducible decomposition of M € RFE+TDX(E+D — Gunnose A and B are

B 0
M1:|:E1:|

primitive and C # 0 and set

Then

1. If 1 < pa < pB, we have

0 ibeVA,CLEVA,
f _ om(a) ifbeVa, ae Ve U{f},
sla) =93 ifbe Vi, acVa, (15)

@Ml(a) if b€ Vg, aGVBU{f}.
Furthermore, s?(a) =0,Vae V4UVgp and s?(f) =1.

2. If pa > pp > 1, we have

EM(a) ibeVA,GEVAUVBU{f},
sbf(a) = 0 ifbe Vg, a € Vy, (16)
o, (@) ifbe Vg, ae Vg U{f},

13



Furthermore, s}c(a) =0,Vae€V4UVp and Sﬁ(f) =L

Remark 9. If the matrix M is no longer primitive but has the irreducible
decomposition of the form

[ 5]

C B
where A and B are primitive with mazimal eigenvalues greater than 1 and if the

population is initiated with an individual of type b, then Theorem [§ reveals the

following:

1. According to the form of the &f-matriz M, individuals of type b € Vg
will not produce individuals of type a € Vu. So, if b is in Vg, then the
spread rate of type a with a belonging to Va is zero. So, the group of the
indiwiduals of type a will survive only when a € Vg U {f} and the spread
rate can be found from the corresponding component in the normalized
right eigenvector Uy, (a) of the matriz My defined in the Theorem. This

s a different result from that in the case when M is primitive.

2. Ifb € Vy and a € Vg U {f} then the spread rate of type a is the ath

component in the normalized right eigenvector tn(a) of the &f -matriz M.

3. On the other hand, if b € V4 but a € V4, then we need to compare the
mazximal eigenvalues py and pp of the matrices A and B, respectively, to
know the spread rate of type a. Theorem[§ says that, only when pa > pp,
the individuals of type a will survive with a positive spread rate vm(a);

otherwise, the group of the individuals of type a will die out eventually.

Proof. Tt suffices to prove Theorem 8| (1), and the other part can be treated
similarly. We note that K = k + 1+ 1, and suppose w = [wy,¢;] € RFHHL s
the left maximal eigenvector of M. Since 1 < p4 < pp, we have py; = pp and
wy = wy. If we write w = [wyy, ¢1], it follows from Lemma |§| that we have
wys > 0. Suppose M = PD"P~! is the Jordan decomposition of M. Using the
same argument as proposition [2| for all 1 <4, 5 < k + [, we obtain

et M"e; etMme; et PD"P e,
. J . j . j .
lim ——— = 11_>m T = 11_>m o = caom(]),
K
. 1KMn€' . 1KM”6- .
dm e T T s ) (")
B

i=1

14



where 0 < ¢4 € R is a constant. Suppose v = [v1,v2,d]! € RE is the right
maximal eigenvector of M, it is easily seen that [vq,vs]" is also the right maximal
eigenvector of M and d # 0. Thus, the cases where b € V4 in follows from
, Lemma @ and Lemma E Since ¢7(b) cannot produce type a for b € Vg,
a € V4, thus Sz]: (a) = 0. The formula for b € Vg and a € Vg U{f} is discussed in
Proposition [2| Finally, the cases where s; (a) =0,Va € V4 UVp and s? (=1
is also discussed in Proposition 2] as well. This completes the proof of Theorem

(1), and the proof is thus completed. O

The following theorem illustrates that if some type f is no longer infectious,

then the rate of spreading decays exponentially.

Theorem 10. Let S = {p;}-, be a spread model and ST = {q;}~_, be the
1-spread model with a frozen symbol f € A = {a;}£,. Suppose a,b € V4 U Vg
with p € SNS and p» = b and Oa(Tpf|2n(r,f)) > 0, then there exists Cy and

Cy>0
n O (Tf‘ f ) n
p alTp lsn () p
Co | — < — P 0y = . 18
? <P0> = Ou(pln(ry) = 2 <P0> (18)

Furthermore,

lim MZOVCL,I)EVAUVB. (19)
n=00 Og(Tp|xn(r,))
Remark 11. Theorem[I0 tells that as long as the individuals of type a survive
in the frozen model with the initial type b, where a,b € V4 U Vp, its occurrence,
comparing with that in the original non-frozen model, will decay exponentially.
More precisely, the decay rate of the ratio of the occurrence after freezing type
f to the occurrence before freezing type f is related to the ratio of the maximal
eigenvalue p of the & -matriz in the frozen model to the mazimal eigenvalue po
of the &-matriz in the original model. From this result, we can know in advance
how to choose a proper type f to freeze in order to have a greatest decay rate
of a certain type a by computing the eigenvalues of the £/ -matriz in the frozen
models with different types f. In practice, for example, it can serve as a tool
to determine which group of people are put in quarantine in order to have the
greatest decay of the number of a certain group of people such as the group of

confirm cases.
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Proof. Following the same argument as Theoremwith the assumption O, (TZ{ lssn (r. f)) >
p

0, we have
Oa(Tf |5y (1) t NV
lim —— P =) gy e G v(a) >0,
n—o00 pr n—o00 pr
Ou(Th|sin(+ t V™
lim W lim <o — % = vo(a) > 0,

where v is the right maximal eigenvector of M and e, is defined as @ with the

only 1’s appearing at the cth coordinate, thus follows. Note that p = pys

where M = Z\é (1) } Since M 1is also the principle matrix Mg, we have
po > py = p (Theorem 4.4.7 [§]). Thus, follows from along with the
fact that p% < 1. This completes the proof. O

3.3 The case where r > 2

Let M and M be of the forms and (24). Conditions (H1) and (H2) on M

are defined as follows.
(H1) The matrices Al are primitive and 1 < p4pi # paus V1 < # 5 <7
(H2) For all 2<i <7, and 1 < j < i, we have AlY] #£ 0.

For 1 <i,j <r, we define M) according to M below

Al 0 0 0
- AlGHDG]  AGHDGEHD] 0 o0
MUl = , , 20
Alidl . ceo Al

Finally, the associated M; for 1 < i < r is defined as follows. Set M; = M. For
2 < i <r, Mj; is defined in the matrix form of .

M 0
M=oY

Ao

= C[21] M,
Al 0 0 0 0
AR AR2 0 0

= : .. 0 0 (21)
Al cee e Alid] 0
clG+nl ... .. cle+va M

J

16



Lemma 12. Let M be defined as in and satisfy (H1) and (H2). If w =

[wi,...,wy] is the left maximal eigenvector of M, then w; = 0 or w; > 0
Vi<i<nr.
Proof. The proof is similar to that of Lemma [f] and thus we omit it. O

Lemma 13. Suppose M satisfies (H1) and (H2) and that ppr = paun for some

1<1<r. Let wy = [wy,wa,...,w.] and vy = [v1,v2,...,v,]t be the mazimal
left and right eigenvectors of M, respectively, and let wy = [w[lyi],w[iﬂ’,,]]
(resp. var = [Vp,is Vit1,1]")s where Wi, ) = (Wi, ... w,] (€SP, V) =
[Vmns -+ svn]t). Then

1. wp gy >0, wig1,) =0 and wyyy) is the left mazimal eigenvector of ML,

2. vp-1 =0, vy > 0, and vy, is the right mazimal eigenvector of MU,

Proof. We only prove Lemma (1), since the proof of Lemma (2) is similar.

We claim that if 1 < ppr = pauy, then w; > 0 for 1 < i <[, and w; = 0 for
A[ll] 0 (21]

A[Ql] A[22] and A 75 0 (Cf

(H2)), the result is true according to Lemma [6] and Lemma [ For r > 2, let

l4+1<i<r. Forr =2 since M2 =

wir = (W1 1), Wii41,r)]; Where Wiy, n) = [Wi, . .., wy]. Then, we have

[pann Wi1,1], P ALY w[l+17r]]

M 0
= WM ol gl

= [wp M"Y+ w0 CH g gy M),

Suppose w41, 7 0. Then, there exists wy, for [ +1 < k <7 such that wy >0
(cf. Lemmal[12)). It follows from that

N 1+1,1 I+1,r
w[l,l]My[rlL ] +w[l+1’r]C£n+ ] w[l+1’r]M7[n+ ]
[w[l,l]aw[l+1,r]] = poey , pe ], for m € N.
P Aun P At
Since ppri < pau, we have
+1,r
. w[l+1,r]Mr[n+ ]
lim ———— =0,
m—r 00 pA[”]

a contradiction. Thus, wyy,) = 0. It follows from and from w41, =0

that we have w[l’l]M[Ll] = pamwyy ), i-e., wyy is the maximal eigenvector of

17



MM and

M[l,l—l] 0
[pawnwp i pawnwr] = fwpaapwd | apaey 4000 (22)

= Jwp g MB 4w Y wy A,

Clearly, w; is the maximal eigenvector of A and since A" is primitive, then
w; > 0. The rest of the proof runs the same as Lemma [5| we only sketch the
proof. It follows from (22), we obtain

wlC“’l_” = [wlA[l’l], wlA[l’z], - ,wlA[l’l_l]].

Since M satisfies (H2), Al £ 0 V1 < j < 1. Using the same argument as that
of Lemma [4] along with the fact that all diagonal blocks of M4 are primitive
(cf. (H1)), we deduce that there exists a large m; € N such that Aﬁ{lj] is a full
matrix V1 < j < I. This means that

PAIWLI-1) = wi - MY 4w, Gl > el Y
= [w ALY w AL w ALY S 0
This shows that wy; ;_1) > 0. This completes the proof. O

Theorem 14 (r > 2). Let S = {pi}iL:1 be a 1-spread model and S¥= {qi}iL:1
be the 1-spread model with a frozen symbol f € A = {a;},. Let M be the
associated &-matriz of ST and of the form , where M is as . Suppose M
satisfies conditions (H1), (H2) and payr = paun for some 1 <1 <r. Then

1. The values s{:(a) can be calculated as follows.
0 Zfb S VM[l,z], ac VM[I,Z—I],
si(a)=14 om,(a) >0 ifbe Vyny, a€ Vyun, (23)
0 if b€ Vyary ., a € Vo,

where Uy, is the positive normalized mazimal eigenvector of M;.

2. By using the same scheme on M;y1 as above, the values of s{;(a) for
b € Vysiean.n, a € Vyjaen . can be computed in the same fashion. Fur-

thermore, s;(a) =0Va e Vy and Si(f) =1L
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Remark 15. When all the component matrices in the form

Al o 0 0
A[Ql] A[QQ] 0 0
: 0

M= (24)

Al oo Al
of the &-matriz M are primitive (H1) and satisfy (H2) and there is a component
ALY which has the mazimal eigenvalue pauy the same as the mazimal eigen-
value pyr of the E-matriz M, Theorem[1]) says that, if the initial type b is not a
frozen type, then the spread rate of type a is positive only when b € Vy;ny and

a € Vysun. It means that individuals of type a only survive eventually only in

the cases where b € Vi and a € V.

Proof. The proof is obtained by combining the same proof as that of Theorem
and Lemma [T[3] O

Example 16. Suppose

Ao 0 0
M 0 AR AR 0 0
M = C 1| | ABU 432 433 0
) 31 32 B3] q
(1 1.0 0 0 0 0 0]
1 0 000 0 0 0
01 1.1 10 00
_ 01111000 2434241
“lo1111000]|k ’
00011110
01 1 1 1 1 10
0000101 11|
where
1 1 1
A[“][} 1}’14[22] 111 7A[ss][} 1}
0 1 1 1

Clearly, M satisfies the conditions (H1) and (H2). Since l = 2, i.e., pyy =
pai2 = 3, Theorem[I4) is applied to show that

0 if b€ {ay,...,as5}, a €{a1,as},
s{f(a): oM, (a) >0 ifbe{al,..., a5}, a €{as,...,as},
0 if b € {ag,ar}, a €{a1,...,as5},
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where

1\/[2 c R3+2+1 )

I
O = O = ==
— ==
O =
el el e e e i an}
= -0 O O
OO OO OO

Next, Pmposition@ is applied to calculate the values of s{(a) for b € {ag,ar}
and a € {ag,ar}. That is

sbf(a) = Um,(a) for b € {as, a7} and a € {ag,ar}.

where

11
M;=|1 1 e R?HL,
11

= O O

Finally, sg2(a) =0 Va € {ay,...,ar} and sg3(ag) = 1.

a

3.4 1l-spread model with a frozen set: single layer

Let S = {pi}L, be a 1-spread model and F = {f;}2, C A be a subset of
the symbol set A. For f; € " and py, € S with pig) = f; € F, we replace the
pattern py, with py, = (p&?);pgpt)) = (fi; fi). We write ST = UE | ((S\py,) UDy,)
and call it the 1-spread model with a frozen set F. Let ¢ be the associated
substitution and Mg be the corresponding £F'-matrix. Similarly, we have

M = { vy ] |

Since Mp may not irreducible, thus we assume that

Al 0 0 B ¢ 0 0
AR 422 o 0 B2 BRA g 9

M = . ) and Mp = . ) ,
Al 4l Bls1l ... ... Blss

where Al and BU7! are irreducible V1 < i < r and 1 < j < s. Suppose
C # 0, M and M satisfy conditions (H1) and (H2), then the values sf (a) for
a,b e (U{zlA[“]) U (szlB[jj]) can be calculate by Theorem
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4 1-spread model with a frozen symbol: con-
stant and increasing range

Though the following Lemma appears in [3], we address the proof for readers’

convenience.

Lemma 17 (Lemma 2 [3]). Let {a,},{bn} be real sequences and {b,},{d,} be
positive real sequences. Suppose

En

m 2 = Lim & = L.

n—o0 by, n—oo d,,

Then,
an + ¢

bo +dn
Furthermore, suppose that lim,, Z?Zl bj = +o00. Then,

Z?:l aj

lim

lim =—— = L.
nTreo Z?:l b
Proof. The equality lim,, s ﬁ = L is obvious, and thus we only prove the
second part. We claim that for every m > L and every m < Lk, we have
a ...
lim sup Gt tan < m, and
a ... a
lim inf Gt tan > m.

n—o00 b1++bn -
Indeed, since there exists N1 € N such that = < m for all n > Ny, for all
n > Ny we have a,, < mb, and

a1+...+an . a1+...+aN1 aN1+1+...+an
b+ + by bit-+by | bit by
a1 +---+an, _bN1+1+...+bn

it -+, O bi+-+b,

< WA EAN g
by + -+ by
We note that N is fixed and lim,,_, o Z;‘L:1 bj = +oo. Therefore,
. ap+---+an . a+---+an _ _
1 —_— <1 - 1 = m.
msup § T <t (G ) <

For the other part, since there exists No € N such that $= > m for all n > Ny,

using the same argument again, we have

. .01 F o Fay . ay+---+an, bny41+ -+ by

liminf ——— > liminf m

n—oo by + -+ by 00 by + - -+ b, b+ -+ b,
= m.

21



The proof is thus completed. O

Theorem 18. Let S = {pi}le be a spread model and ST = {q;}L, be the
spread model with a frozen symbol f € A= {ai}fil. Suppose {kn,}52 1 CNis a
sequence of natural numbers with s, := Y« ki — 00 as n — oo. Then, for all

a,b e A, we have
sp(a, {ka}i2e) = s (a). (25)

In particular, if k, = k for all n € N, holds true as well.

Proof. 1t suffices to prove for the case that k, = k for all n € N| since all

the rest can be treated similarly. For p € S with p() =b € A and for a € A,

f

the value s; (a) is calculated. By denoting O’éi) = |S¥(7p)|, we have

‘AZiﬂ‘l’l)(Tg)‘ — Ul()knJrl) NI O_l()k(nJrl)).

Thus,
st (ai {ka}oZy) = lim sf(a [kn+ 1, k(n+ 1))

Oa(Tg|A£SL+1>(Tg))

n— 00 AZSLJFI)(TI{)

O“(Tlﬂzlﬂk”“)) 4+ 4 Oa(Tg|Uék(n+1)))

n— o0 O.ék”""l) + .o+ O_ék(n-&-l))

Let a,, = Oa(Ti)flo_(n)) and b,, = aén) Vn € N, then it follows from Lemma and
b
from that we have

Oa(Tg|o_l()kn+l)) + -+ Oa(Tglggk(”“”)

fo,. 00 _ :
5 (aa {kn}nzl) - lim (kn+1) (k(n+1))
n—oo o.b + . + O.b
Ou(]1,m)
= lim # = s{:(a).
n— 00 abn
This completes the proof. O

5 m-spread models

In [3], the authors develop a methodology for calculating the spread rate of

m-spread models. The method developed in this article allows us to calculate
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Figure 4: Formation of m-spread model with a frozen symbol f

the spread rate for the m-spread model with frozen symbols. We simply outline
the following methodology.

Let 1 <m €N, and A = {a;}X, be a type set. For a finite set ' C A,,,
a function p : F — A is called an m-spread pattern (m-pattern), and F = F),
is the support of p. Let P, be the set of m-patterns. We define p(®) = p|a
and for all g € F, with [g] = 1 and p(g) := p|as = € Pm_1. Following the
notations and terminology of 1-spread models, we write p = (p(o);p(l)) as ,
and S = {p;}£; C Py, is called an m-spread model if for all p € S and g € F,
with |g| = 1, there exists a unique ¢ € S such that ¢(®) = p(g). Suppose S is an
m-spread model and p € S, the infinite spread pattern induced from p, say 7p,
is similarly defined.

Fix f € A, if f first appears in some p € S on g € F}, and |g| = r < m. More
precisely, p(g) = f, and there is no ancestor h of g with p(h) = f. The pattern
plas is transformed as follows: 1) The set AY _ isreplaced by a path g = g,
Jr41,- -+ gm Of length m — r; and 2) Define all types in this path by f’s. We
denote the resulting pattern by p;. The underlying reason for defining py is
that if p(g) = f and f becomes non-infectious, then the type f cannot produce
any other type than f. It is easily seen that the modified S/ := {(ﬁi)f}le is
an m-spread model, and we call it the m-spread model with a frozen symbol f.
This process is illustrated in Figure

To calculate the spread rates for an m-spread model, a method that
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transforms an m-spread model to a 1-spread model (call it induced model) is
proposed. For an m-spread model S, we define a new type set A by collecting

& € Pp_1 in which a appears in Fj|a,, , or Fp|as _, for some p € P, N

1
S and g € F, with |g| = 1. For ¢ € P,,—1, we denote by a(q) € A the
corresponding transformation from P,,_1 to A. For the type set A, and p =

P©;p(g1), ... ,p(g,m)) €S, the associated ‘1-spread model’ is defined as

S = {pi = (a(n”):apa(en). - alpilg ) .

Clearly, S = {p;}L, is an 1-spread model with the type set A. Suppose
{kn}5>, CNand s, =>"

ne1 ki = 00 as n — co. The formula for the spread

rate of type @ in T,;|AS,L+1(TA) is established (Theorem 4 of [3]):

Oul(Tsl pnsr ()
spla, {ha}oey) = lim — 220 00— §™ (), (26)

n—o00 ‘Asz+1 (T§)| ach(a)
where v is the right maximal eigenvector of the primitive &-matrix M, and
0(a)={acA: a=a@p?) P, and pl() = a}.

If S = {(ﬁi)f}le is the m-spread model with a frozen symbol f, two
conditions proposed in Section 2.2 are no longer true, so the associated {-matrix
M = M is not a primitive matrix. However, combining Theorem Theorem
and the discussion in Section 3.4EL our method still works after rearranging

M in the form of the irreducible components and combining it with formula

(26).

6 Numerical results

This section is devoted to providing examples of spread models with different
structures in terms of irreducible decomposition. More specifically, each of these

examples represents one of the following three classes of spread models:
1. all A[¥Ps are primitive matrices and all p4ui’s are distinct;

2. all All’s are primitive matrices and some p 4i:)’s are coincident;

2In general, the é&-matrix M is not necessarily of the form (4), however, it must be of the
form of a certain £-matrix derived from a 1-spread model with a frozen set.
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3. some Al'l’s are irreducible but not primitive.

In particular, these examples cover not only the class discussed in the previous

sections (item 1) but the classes under more general settings (items 2 and 3).

6.1 Experiment 1: primitive components, distinct spec-
tral radii

Let A={1,2,3,4,5,6, 7} be a type set of a spread model S, M be the associated
&-matrix of S that is defined as

11 1{0 0 0]0

0 0 1{0 0 0fO0

A O O 1 0 0{0 O 0]O0
M=(C B O|=]000|011|0],
D FE 1 1 0 0{0 0 110
0 001 0 0/0

L0 0 1|0 1 0|1 |

It is to be noted that this matrix satisfies (H1) and (H2). By setting

[ B 0

My=1p5 1]

we have, as a consequence of Theorem [8] that

om(a) ifbe{1,2,3},a € A,
0 ifbe{4,56),ac{1,23),
sp(a) = { T (a) ifbe {4,5,6),a€ {4,567 U{f}, (27)
0 ifbe {7},a € {1,2,3,4,5,6},
1 it be {7},a € {7}.

Note that the right eigenvectors vap and vy, , associated with the eigenvalues

p(M) and p(My), respectively, can be chosen such that

I
(pAI— B)flo VA,
(pa —1)"Y(D+ E(pal — B)~1C)

UM

I
UM, = { (o5 — 1)'E ]037

which are clearly positive vectors since A, B are primitive matrices, p4 > pp >
1, and (I — p%)*l = Zioio(p%)i is positive. Given the ancestor b, the spread
rates sp(a) as well as the sizes of the population are illustrated in Figure @,
and |7} which corresponds to the cases b € {1,2,3}, b € {4,5,6}, and b € {7}
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Figure 5: Experiment 1: spread rate s,(a) for b € {1,2,3}
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Figure 6: Experiment 1: spread rate s;(a) for b € {4,5,6}
accordingly. As is consistent with Theorem [8, the convergence of the spread

rates to the normalized eigenvectors Um, U, , and 1 is observed in the figures,

and the slope of the log population is seen to be log pa, log pp, and 0.
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(a) spread rate (b) population size

Figure 7: Experiment 1: spread rate sp(a) for b € {7}

6.2 Experiment 2: primitive components, coincident spec-
tral radii

Let A = {1,2,3,4,5,6,7} be a type set of a spread model S and M be the

associated {-matrix of S that is defined as

<

I
RGNS
SEVES

—~ Q0O
I
OO = Ol O =
OO O OO O
=IO O oo~
ol oo oo
O OO oo
OO = =IO OO
= O O oo oo

Though (H2) is still satisfied in this case, (H1) is clearly not true, since A = B.
Let

we[2]
va and wy (respectively, vp and wg) be the right and left eigenvectors of A
(respectively, B) associated with pyp such that wiva = 1 (vespectively, whvp =
1). Note that M and M; each has exactly one left and one right eigenvector
(up to rescaling) associated with py. Let the right eigenvectors vn and vy,
associated with pym = pas, be chosen as

(@)
M = vpwhC va and vy, = [ I 1 ] vg.
(pa — 1)t EvgwkC e
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Figure 8: Experiment 2: spread rate s(a) for b € {1,2,3}

Then, since M has a unique Jordan block associated with ppg, whose size is 2,

one can show that % converges as n tends to infinity. Furthermore, by a
M

straightforward block-wise estimation of %ﬁl, one derives that
M

lim —— M"=wvy [ wh O O].

We should note that vng(é) and vy, (7) are positive if ¢ € {4,5,6,7} since v,
vp, wa, and wp are all positive and (I — p%)*l = Z?io(p%

then follows that

)t is positive. It

om(a) ifbe{1,2,3},a € A,
0 ifbe{4,56),ac {123,
sp(a) =< o, (a) ifbe{4,5,6},a€{4,5,6,7U{f}, (28)
0 itbe {7h,ae{1,2,3,4,5,6},
1 it be {7},a € {7}.

Given the ancestor b, the spread rates s;(a) as well as the sizes of the population
are illustrated in Figure E[, and which corresponds to the case b € {1,2,3},
b e {4,5,6}, and b € {7} accordingly. As is consistent with Theorem [8 the
convergence of the spread rates to eigenvectors U, Uar,, and 1 are observed in
the figures, and the slope of the log population is seen to be log pm, log pnm, and
0.
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Figure 10: Experiment 2: spread rate s,(a) for b € {7}
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Figure 11: Experiment 3: spread rate sp(a) for b € {1,2,3}

6.3 Experiment 3: irreducible components

Let A = {1,2,3,4,5,6,7} be a type set of a spread model S and M be the

associated {-matrix of S that is defined as

01 0[000]0
00 1[0 0 0/0

A O O 10 0/00 0|0
M=|C B O|=|000[00 1]0
D E 1 1 00/1 0 0/[0
00 0[010]0

0 0 0[0 0 01

Since A = BT is an irreducible matrix of period 3 and D = O, the hypotheses
(H1) and (H2) are clearly not satisfied. As a result, one observes that M? falls
within the class of the previous section. This therefore leads to a non-convergent
spread rate s,(a), as is shown in Figure and which corresponds to
the cases b € {1,2,3}, b € {4,5,6}, and b € {7}, respectively. In fact, it is seen
in these figures that the period of the spread rate coincides with the period of

the matrices, and the sizes of the population have polynomial growth.

7 Conclusion and open questions

As we stated in the introduction, working with a spread model with frozen
symbols is essential in the decision making for the disease control when we

want to predict what happens to the spread rates of other existing types after
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blocking certain type. In this article we investigate the spread model with a
frozen symbol and frozen sets and several results are proved. First of all, in
Proposition 2] (1 irreducible component), Theorem [8] (2 irreducible components)
and Theorem (r irreducible components), we give complete characterizations
of the spread rate for the 1-spread model with a frozen symbol within a single
layer. Secondly, we extend the preceding results to the case where the spread
rate is calculated with a constant or increasing ranges (Theorem . Finally,
we also discuss the m-spread model with frozen symbols in Section 5.

The significance of our work is that we derive a method in Section 3 to
deal with the irreducible components in the &-matrix. In the classic theory
of substitution, the associated &-matrices are assumed to be primitive so that
some beautiful results can be established. But, often when we consider a spread
model with frozen symbols, the associated &f-matrix of the frozen model is no
longer primitive although the original £-matrix of the original spread model is
primitive. Therefore, how to deal with the non-primitive components in the ¢7-
matrix in order to arrive at the solutions we are looking for becomes essential
in the whole work.

However, the results we established in this paper are far from being conclu-
sive, we still have some more work needed to be done before we fully comprehend

the general cases. Here, we list problems below for the future study.

Problem 19. Conditions (H1) and (H2) should be removed in general situa-

tions. However, there remain following issues which needs to be addressed.
1. There exists 1 <i# j <1 with 1 < pauig = payi-
2. For all1 <i<r, A are not all primitive, e.g., irreducible.
3. There exists Al = 0, for some2<i<r,and1l<j<i.

Moreover, when we start to consider the randomness of the spread model as
we did in our previous work [2] and [3], the following problem becomes interest-

ing and it will be discussed in our next paper.

Problem 20. What is the proper setting for the random spread model with
frozen symbols and what happens to the new spread rate? How does it relate to

the topological spread model with frozen symbols?
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