Topological and random spread models with
frozen symbols

Jung-Chao Ban!, Jyy-I Hong*!, Cheng-Yu Tsai', and Yu-Liang
Wu?

'Department of Mathematical Sciences, National Chengchi
University, Taipei 11605, Taiwan, ROC.
2Department of Mathematical Sciences, P.O. Box 3000, 90014
University of Oulu, Finland

Abstract

When a symbol or a type has been “frozen” (namely, a type of which
an individual only produces one individual of the same type), its spread
pattern will be changed and this change will affect the long-term behavior
of the whole system. However, in a frozen system, the {-matrix and
the offspring mean matrix are no longer primitive so that the Perron-
Frobenius theorem can not be applied directly when predicting the spread
rates. In this paper, our goal is to characterize these key matrices and to
analyze the spread rate under more general settings both in the topological
and random spread models with frozen symbols. More specifically, We
propose an algorithm for explicitly computing the spread rate and relate
the rate with the eigenvectors of the {-matrix or offspring mean matrix.
In addition, we reveal that the growth of the population is exponential
and that the composition of the population is asymptotically periodic.
Furthermore, numerical experiments are provided as supporting evidence
for the theory.

When a pandemic happens, modelling the spread of disease is al-
ways an important method to predict the future situation and plays
a key role in disease control, prevention and decision making. In this
manuscript, we propose two mathematical models called spread mod-
els with frozen symbols from the topological and random perspectives,
respectively. These models can be used to describe the phenomenon
after some prevention and control measures are adopted and the viral

spread pattern is changed. We have found the long-term behavior of
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the spread rate for each type in these models. In particular, we de-
rive a method to deal with the non-primitive {-matrix and offspring
mean matrix while the primitive property is usually the key sufficient
condition to study the limit behavior of the matrix using its maximal

eigenvalue and the corresponding eigenvector in the classic theories.

1 Introduction

1.1 Motivations

Pandemic transmission has been a recurring theme in research in recent years
and is a topic that has been garnering much public attention, owing largely
to the potential socioeconomic impacts accompanying the spread of infectious
diseases. Numerous models have been proposed in the literature to explain
and predict the spread of the diseases, which has substantially benefited the
governing bodies charged with disease control and public health measures. This
is clearly seen in the case of COVID-19 after its outbreak in late 2019.

For a better grasp of both the short-term and long-term behavior of the
spread of the coronavirus, techniques from multiple fields of study have been
applied, including those in machine learning [I] as well as random stochastic
models [7 T0], in which stochastic phenomena are present and sensitive to pa-
rameters as well as to initial conditions. Many of the works investigating the
spread of the coronavirus incorporate a type of model that classifies individu-
als into the three major categories: susceptible, infected, and recovered. This
so-called SIR model along with its variants has proven effective in investigating
the dynamics of the number or fraction of individuals in each category, and
various aspects of the model are explored in the hope of arriving at a better
conception of disease transmission. In particular, the basic reproduction num-
ber, that is, the expected number of infected cases generated by a single existing
case, is closely related to the stability as well as equilibria of the systems. This
number is therefore widely studied under different model assumptions, with
data usually compared before and after containment measures have been taken
[6 @, 1T, [13], 14l 15, 16, 17, 18] to explain any drop in the number of infected

cases. This ease of pandemic is also observed using alternative models. For



example, the logistic model considered in [8, 19, 20] aptly portrays the expo-
nential decay of the increase in cases. Similar characteristics are also qualita-
tively captured by the spread model considered in the authors’ previous work
[5] by introducing the notion of frozen symbols under the assumption that the
offspring matrix is primitive. Nevertheless, the decay of the infected cases in
the number remains unknown in general, which motivates the very study.

In this article, we generalize our previous works [3], 4. 5] on the topological
spread model (and respectively, the random spread model) to the case where the
matrix of substitution (respectively, the offspring mean matrix) is not necessarily
primitive, and study the spread rate when individuals of a particular type are
forced to give birth only to offspring of the same type. More precisely, this paper
aims to characterize the spread rates of general spread models and to explain
the periodic behavior of the spread rate that was discovered in the previous

work [5].

1.2 Setup for the topological spread model with a frozen
symbol

The setup for the topological model without a frozen symbol is presented, and
we follow the notation of [5] for the reader’s convenience.

Let A = {a;}X be a type set, and Ty be the conventional d-tree for d € N
with the root e. Define ¥° = {g € Ty : |g| = s} for s e Nand A, (h) ={g € Ta:
g is a descendant of h with |g — h| < n}, where |g — h| stands for the length of
the unique path from h to g and |g| = |g — €|]. We simply write A, (e) = A,, =
U, %t for h = e. Denote A7, = A,\A,, = {g € Ta: m < |g| < n}, and for
F C Ty we define F, = FNAL,. Let F C Ay, a function p : F — A is called an
1-pattern and F' = F, is called the support of p. Let P; be the collection of all 1-
patterns, and for p € P, we write p(9) = p(e) € A and for gy, ... ,9a, € F, with
lg| =1, dp € N, we write M = (p(g1), ... ,(9ga,)). Therefore, the 1-pattern p

(see Figure [1)) may also be stated as follows.
p = (9.p")
= ()i p(g1); -, 9(g,))-

Let S = {p;}L; € Py and set d = maxyes dy,. The corresponding d-tree Ty is



Figure 1: pattern Figure 2: spread model

specified in the preceding paragraph, and other notations, e,g., A7, F  etc.,
are also defined. The set S is called a spread model if Vp € § and Vg € F, with
lg| = 1, then there exists a unique g € S such that ¢(®) = p(g). See Figure for
an example of a spread model with 3 types.

Given a l-spread model S and p € S, we define 7,° as follows, for which
the process is illustrated in Figure Let Tg = p© and TZ} = p, for g € F,
with |g| = 1, since S is a 1-spread model, there exists a unique g, € S with
qg(,o) = q4(€e) = p(g). As a result, we replace p(g) by the 1-pattern ¢4 Vg € F),
with |g| = 1 to generate a pattern 7'5. After 7.} is built, we substitute the pattern
qg for the symbol 7'(g), g € Frn with |g| = n, to generate Tt Lastly, we
define 7, = 77° = lim,, ;o0 7, and call it the infinite spread pattern induced from
p with respect to S (induced spread pattern from p). Given 7, for some p € S
and p(®) = p(e) = b € A, suppose F C F;, is a finite set, we denote by 7,|r the
subpattern of 7, along the subset F, that is, 7,|p = {7,(9) : ¢ € F}. Given a
sequence {k,}>2; C N, the following value sy(a; S, {k,}22 ) is of interest and

significance for the spread model S.

Ou(Tylains )
pASn (P) 7046./47

i S, {kn Zoi =1l y [Sny Sn = li 5
058, {5 ) = fim (s s 50) = i TR

where s, = >, k; and Oy (7,|F) is the number of occurrences of the type a in
the range F'.

Now we consider a 1-spread model S = {p;}-, and introduce its induced
spread models with a frozen symbol. Pick f € A and py € S so that p;o) =f
(which is unique since S is a spread model). The pattern p; is changed as
follows.

pr =05 50) = (5 6).
Define 87 = (S\{ps}) U {ps} and call it the 1-spread model with frozen symbol
f (see Figure for an example). Given S/ and the induced spread pattern from
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D, say TI{. Given a sequence {k,}52; C N and s, = Y., k;, the objective of

this study is to calculate the spread rate
5p(@; 8. {ka}o2) = su(a; 7, {ka}22).

1.2.1 Previous results for topological spread models with a frozen
symbol

Let f € A be a frozen symbol, S/ be the l-spread model and f € A be a
frozen symbol. The corresponding substitution map is denoted by &/. Denote
by Mg = Mg and M = My the associated -matrix and ¢f-matrix respectively
(The &-matrix and ¢/-matrix are defined in Section 2). Since My is a K x K
matrix, we denote by Gnm, = (Vm,, Em,) the associated graph of My, that
is, Vm, = A, and Enm, = {(ai,a;) € Vm, X VM, : Mo(as,a;) > 0}. We can
readily verify that M is derived from My by deleting all edges with the property
(f,a) € En,. Therefore, we obtain

o207

Cc 1 (1)

where C € RM>*(E=1) and M e RE-DX(K=1)  We stress that two additional
hypotheses about the complexity of the spreading are made as in [5], namely,
lim, 0 |€(@)] = oo for all & € A and there exists £(ap) beginning with ayp.
Both conditions ensure that the associated &-matrix My is primitive, that is,

(Mg)* > 0 for some k € N. However, the matrix M defined in is not



necessary primitive. Hence, we suppose

Al 0 0
A[Zl] A[22] 0 0
: 0

M= (2)

AP A2 gl
is lower triangular according to the irreducible decomposition of M. Here and
subsequently, we use a € V4 to denote the symbol a is in the index set of the
matrix A.

It is surprising that the explicit value of the spread rate sbf (a; S, {kn}2y)
depends heavily on the choice of the ‘initial type’ b and the ‘target type’ a.
For r = 2, the values of sbf(a; S, {kn}>2,) for (a,b) € A x A are characterized
in (Theorem 7, [5]), and we provide an algorithm for characterizing the ex-
plicit values of s{: (a; S, {kn}52;) for » > 2 (Theorem 11, [5]) as well. However,
these results are far from being conclusive as two major conditions are imposed,
namely, (1). 1 < p(AlF) £ p(AUT]) for all 1 < i # j < r, where p(Al) is the
unique eigenvalue of A with [p(AF)| > |A| for any other eigenvalues A of A%
and i > 1 and (2). Each Al is primitive for all 1 <4 < r. Conditions (1) and
(2) appear not to be abandoned in the proofs of Theorem 7 and Theorem 11 of
[B]. Our primary result in this article is to give a complete characterization of
the exact values of sg(a;S, {kn}22,) for (a,b) € A x A without condition (1)
or (2). Define sg(a) = s{:(a;S, {kn}22,) with ky, =1V n > 1 for all a,b € A.
In section [3] we prove the limit s{ (a) exists and construct an algorithm to con-
firm s{: (a) > 0 (Theorem and Theorem . Second, in comparison with
the topological spread model, we provide a random version of the spread model
with a frozen symbol. Such a model gives a more realistic picture of the spread
phenomena in the real world. The random spread model with a frozen symbol

will be presented in Section 1.3.

1.3 Random spread model with a frozen symbol

To introduce a spread model using the branching processes, we consider a popu-
lation which starts with one individual and consists of individuals of K different

types, say a1, a9, -+ ,ax. Let

Z, = (Zn,la Zn,27 T 7Zn,K)



be the population vector in the nth generation, where Z, ; is the number of
individuals of type a; in the nth generation, ¢ = 1,2,--- | K. Assume that each
individual in the population lives a unit of time and, upon its death, produces
its offspring independent of others in the same generation and in the past of
the population. Assume that the production mechanism of each individual
follows the probability distribution {p((-)}X , where pU)(jy, jo, -+, jK) is the
probability that an individual of type a; produces j; children of type ai, jo
children of type ag, -- -, and jx children of type ax. Then the process {Z, },>0
is called a K -type branching process with offspring distribution {p®(-)}K .
Let m;; = E(Z1,j|Zo = e;) be the expected value of the number of children
of type a; produced by an individual of type a;, where e; is the unit vector with

1 as its ¢th component. Then the matrix

mii mi2 o ik
Mo1 Moz -+ MoK
= il =
My = [myi]
mKg1 Mgz -+ MKK

is called the offspring mean matriz for this branching process {Z,,},>0. More-
over, if M2 = Mg - My and M}y = My~ M, for all n > 3, then the (4, i)-entry
(n

mj,i) of the matrix MY is the expected value

m\?) = E(Z,;1Zo = e;)

of the number of offspring of type a; in the nth generation of the population
initiated by an ancestor of type a;.

The behavior of the offspring matrix can provide the information about the
branching process in the long run. In the theory of branching processes, a
classical theorem tells us that, when the branching process is non-singular and
the offspring mean matrix My is primitive with a maximal eigenvalue p(Mg) >

1, the population vector converges geometrically almost surely:
=vy W a.s.

where v, is the normalized right eigenvector associated with p(Mg) and W is
a random variable. We refer readers to Athreya and Ney [2] for more details.
It is known, from Ban et al. [3], that each multitype branching process

induces a random spread model. Therefore, we assume that, for example, the



spreading of certain kind of viruses can be modeled by a K-type branching pro-
cess {Zy }n>0 with offspring distribution {p(-)}X,, Zo = e; and the offspring
mean matrix M. That is, individuals of different types in this population can
be considered as patients in different categories such as highly contagious, mod-
erately contagious, mildly contagious and so on. At some point, some epidemic
prevention measures are applied to decrease the spread of this infectious disease.
For instance, people who are tested and found to be highly contagious may be
put in quarantine so that they will not pass the virus to others. Therefore, the
spread pattern of this type changes and a random spread model with frozen sym-
bols can be used to model this change. First of all, the category in which people
are put in quarantine is labeled as type ax for convenience and individuals in
this category change their spread pattern so that, in branching language, each
only produces exactly one “child” of the same type with probability one. Note
that, to avoid the trivial case, we also assume that [ # K. Therefore, this type
ag is considered to be “frozen” or “stopped” and a is called a frozen type or a
frozen symbol. The change of the spread pattern of type ax makes a difference
in the branching mechanism and therefore affects the spread rate. Define the
probability distribution {p** ()}, to be the modified offspring distribution
“O (1, g2y k) = PP da e LK)
foralli=1,2,--- K —1and all j;,---,jx € Ng and

sK) i sy L i dk) = ek
p (.717.]2a 7.7K) { 0’ otherwise.

after the type ak is frozen as follows: p

Let {Z;, = (Z}, 1, , Z}; i) }n>0 be the branching process initiated with Zg = e;
and having {p*)(-)} K | as its offspring distribution. Then, {Z },,>0 is called the
associated (modified) branching process with frozen symbol ay for the original

branching process {Zy}n>o. Let

mj; = E(Z] ;|2 = ei) = mji

forall j=1,2,--- ,Kandi=1,2,--- , K — 1 and let

1, ifj=K;
* — * * _ ) )
m]‘KfE(Zl,AZO GK) { O, 1f]=1,2,,K—1
Then the offspring mean matrix for the process {Z}},,>0 is given by

M = [m};].

Jt



In such a random model initiated with an individual of type a;, we define
the spread rate of the type a; as follows:

*

sf,(a;) = lim ="
]; 2%
where [, = 1,2,--- , K. Note that the spread rate sgl (a;) is a random quan-

tity, and so the first question that may arise is about its existence as a limit
of a sequence of the random variables. If so, in what sense does the limit con-
verge? The classical results in the theory of branching processes already give
the answer when the offspring mean matrix is primitive. However, it is obvious
that the offspring mean matrix M for the associated branching process {Z} },,>0
with frozen symbol ag is no longer primitive (However, throughout this paper,
we keep the non-singularity for the associated process with frozen symbol to
avoid the trivial cases in which each individual has exactly one offspring.) and
therefore the classical convergence theorems can not be applied to this mod-
ified process directly to find the spread rate of each type. In Section [ we
will show that the almost sure convergence of the spread rate sf (a;), for all
l,j=1,2,---, K, still holds for a more general offspring mean matrix M with

some conditions on its covariance matrix.

2 Preliminaries
2.1 Spread rate

Let A= {a;}X, be a type set and A* = U A", where A" is the set of all n-
blocks, i.e., the blocks with length n € N. Assume § is a 1-spread model with p =
(P©; pM) = (b;p™M) € S. We called the map ¢ : A — A* associated substitution
on A if £(b) = p! with length [£(b)| = d;l), where dz(,l) is the number of g € F,
with |g] = 1. To keep the notation simple, we defined &(w) = &(wy) - - - {(wy)
for all w = wy---w, € A* and £(0) = 0. The associated &{-matriz M¢ =
[Oq,(&(aj))] is a K x K matrix, where O, (§(a;)) is the number of a; appearing
in the &(a;). Meanwhile, L(w) = (Oq, (w), Oq, (W), ..., Oq, (w)) for all w € A*.
Let M be the irreducible decomposition of M, which is defined in .

In Section |3, we will calculate the value s{: (a). More precisely, for all p € S



with p(® =b, a = aj and b = a;, we have

Ou(Tplsn(r,)) el Mme;
f — I a\lp (1p) — j
spla) = Im — oS = e,

where 1g is a 1 x K vector with all its entries all 1.
2.2 Notations and definitions for matrices

For convenience and to simplify the proof in this article, we denote

AN 0 0 0

ARl 00
AT 4 g
My, = 0 and M" = ) _
Alrkl o Alrer]

Al gl

Let A be a d x d matrix. An eigenvalue of A is called maximal if it is the
unique eigenvalue p(A) of A with |p(A)| > |A| for any other eigenvalues A of A.
The right eigenvector of the p(A), say v (resp. w,), is called the right (resp.
left) maximal eigenvector of A. In particular, for the matrix M defined in
and (2)), we write p = p(M), v = vy and w = wyy.

Suppose B is another d x d matrix, we say A < B if A;; < B;; for all
1 <4,j < d. Additionally, we say A is primitive if there exists n € N such that
A?,j >0 forall 1 <i,5 <d. A matrix A is called irreducible if for all 1 < 4,j < d
there exists n € N such that A7; > 0. A square matrix A satisfying A" = A is

called n-periodic.

3 Spread rate for topological spread model

In this section, we first establish the existence of the limit of sbf (a). To do this,
we consider different cases and introduce an algorithm to determine whether
5{: (a) > 0 or not. Theorem addresses the case where A" is primitive for all
i =1,...,r, while Theorem considers the case where A"l is irreducible. Both
results provide a complete characterization of the positive spread rate. Finally,
we present the algorithm following Propositions [3.5] and [3.7]

The positivity of the spread rate explains the long-term behavior of the
spread of each type. Namely, when the spread rate of a certain type is positive,

the symbols or the individuals of this type survive in a long run. Therefore, this

10



characteristic is a crucial aspect of our study. Theorem [3.1] and [3.2] provide the
general structure of a set that guarantees a positive spread rate. In Section

we give a specific method for identifying the elements of this set.

Theorem 3.1. Suppose AU is primitive for alli =1,...,r. Assume b € Vaun
for some 1 < k <r. There exists a set P, with respect to b such that

(i) if @ € Vaw for all p € Py, then sg(a) > 0.
(i) if sg(a) >0, then a € Ve for some p € Py,

Theorem 3.2. Suppose Al is irreducible with period p; respectively for i =
1,...,7. Assume b € Vyr for some 1 < k < r. Along the subsequence np + z,
where z =0,...,p— 1 and p =lem{ps, ...,p,}, there exists a set Py, with respect
to b and z such that

(i) if a € Vaaa for all ¢ € Py, then s{:(a) > 0.
(i) if sg(a) >0, then a € Vywq for some q € Py

Remark 3.3. Our goal is to determine the situations in which sf (a) > 0. It is
important to note that by applying the same idea as described in this section, the
actual value of s{:(a) in Theorem and Theorem can be calculated (([4)
and ) Let wf-,j (resp. vi;) be the left (resp. right) generalized eigenvectors
associated with p(M) > 0 which lie in the ith mazimal Jordan block for i =
L, ...,d such that wi ;M = p(M)w; j +w; 1, where j = 1,.., N and w;o = 0.
Suppose the assumption in Theorem [31] holds, we obtain

Flg) — iy We(b)vea(a) A
@ ZCGUZ:kVA[M] Z?:l W&k(b)vé,d(c)’ W

where wy 1, (b) (resp. viq(a)) is the entry indexed by b (resp a) and a € Uy _, Vatnn.
Under the assumption in Theorem[3.9, we obtain the value

Sy Wer(b)(M7vya)(a) .
Vg St We (D) (Mve ) ()

=k A

()

sp(a) =

Zceug

Before proving Theorem[3.1]and Theorem[3.2] we elaborate on how to find P,
in Theorem [3.1] (resp. Py, in Theorem first. Without loss of generality, we

11



(11]

make a standing assumption that b € V1'% since otherwise, one can construct

an index set

ﬂk:{kgigr:AEk];é()forsomenEN},

and a submatrix M’ of M that is defined as
M = [A[ij]]ijeﬂ,f:»j-

This submatrix contains all the offspring information contributed by ancestors

of type b in the sense that

el M'"ey if a € Uyeq VI

eZM"eb = .
0 otherwise.

We first present the following fundamental lemma, which is frequently used

in the development of our theory.

Lemma 3.4. Suppose A is a d X d non-negative irreducible matrixz with period
p. Then, there exist some constants ¢ > 0, 1 > v > 0, and non-zero matrices

{B, :0 < z < p} such that

Amrt B,| < cy™P*= for all m > 0.

PPtz

Proof. If A is primitive, or equivalently, p = 1, then we consider the Jordan

form of
1 01 [Ui m
A=W - Vi , L =) ViU,
0 Jn] UL] =1

and thus A" = Y V;J!'U;, where we assume |p(J1)| > |p(J2)| > -+ >
|o(Jm)]. Now that A is primitive, we have p(A) = |p(J1)| > |p(J2)|, from which
the lemma follows immediately by taking 1 > v > [p(J2)|/|p(J1)]- Ifp > 1, AP
is a diagonal block matrix with each block on the diagonal a primitive matrix.
We are then able to apply the case p = 1 to the diagonal blocks of AP to obtain

the desired estimate. This proof is complete. O
Let .7 := {i: p(Al"¥l) = p(M)}. For each 1 < i < k, define
S;={i=1iy---iy: 17 =1,ip =1,1; are distinct s.t. Altintil £ 0 5},

N :=max#{{:i=1i;---i4 € S;},

12



Si={ieS;:#{j:ij € S} =N}and 5] :=5,\ S,.

In addition, for any ¢, L,n € Z,, let

¢
Qf,n 2{(711,"‘,TL[)€Z+5Z71¢n£+1},

=1
QE,n,L = {(nl, cee ,ng) S Qz’n TN > L,Vi}.

It is not hard to see that

All] Agli‘l_i‘\im] o Al
—_— = — T Al al L glat] 20
(yoy)pn— N+t ;L (v"1) (n17,,,7nzi:)EQilm p P"l

(6)

Proposition 3.5. Suppose each block on the diagonal of lower triangular block
A[lll
(Nvil)pn N+1

exists, and it is non-zero if and only if it is positive if and only if S} is nonempty.

matriz M s either primitive or zero. Then, the limit lim,

[44]

Proof. Let p be the spectral radius of M. Suppose BU7l = lim,,_, o0 % is as
found in Lemma for which we may find constants ¢ > 1 and 1 > v > 0
such that |AU7']|,|BUi"l| < ¢ for all j, 5" and that < ¢y™. In the

following, we divide our discussion, in terms of i, into two cases and prove
respectively the convergence of the summand in (@
Case 1: i € S/. We show that the summand of (6) converges to 0 as
n — oo. Let App(i) = {(n1,-+,mp3)) € Qujn @ X e = L} and
a=#{j:i; € S} <N —1. Then, for all L # 0,
i ()2

and thus we have the following estimate for all i € S; and sufficiently large n:

(13 113)] [11]

1 3 %A[imim—l] Al An

( n ) pn\i\ pnl
N=1) (nq,-- ,N"|)€Q\i|,n

AE"Q‘ i) [11]

prhl

—li]
i Z Z A[i|i\i\i| 1], A[lzll]im

(n M) ‘)EAn L(:L

n—]il+1

jil+
2% 2c|i
72 ). il <¢ HZLH7

13



Since it is readily checked that Y 7, LItAE < 0, the claim is proved.

Case 2: i € 5. We claim that the summand in (6) converges to
BLi‘i‘i‘i‘]A[i\i\i\ﬂ—l] - A[iZil]BEl],

where

Bl _ Blisi] " N ifi; € .
S p tAT = (I — p ALY if i ¢

To prove this, define for each n € Z

Olisis] — Bt ifi; €.
" praltl ips g o)

so that |Cy[bi"'i'j]| < c. Hence, the summand of (6)) can be written as

EYHENE [11]
1 Any, (i, A
Tl AlEds-al L gliei] 20
( n ) Z Pl A A prt
N=1" (n1, 1)) EQs n

EHEN [11]
-y 1 T Al pligtad L lizan) An
(x1) P pr

[("j)ijey]e

[(ny)s, g )€Z Y
N, ¢ "5

(7)
whose limit could then be obtained by applying the dominated convergence

theorem. More specifically, given any (n;);, ¢,

[5)513] 1]

1 Ani iidns ini An . o

7 > CO gl gl I o Sasen ™.
o) : !

[(n3)s;e7]€

QNw"*E(j;ijgzy) nj
On the other hand, each term on the right-hand side of converges to
Cy[Li‘\iil\i\i\}A[i\i\i\iH] L Alblo

Indeed, since #[QN7"*ZU:1.¢_</> nj]/(qu) — 1 as n — 0o, we have

[1)31)4/] [11]
Ql Z A"LAhmimfl] .. A[i2i1]AL
LEY ni
#Nn [(n))1,e#]€EQN n P

_ Cw[lil!i“i‘i‘]A[i\i\ili\fl] -~-A[i211]C,[L111]

1 . i n
S#TN [#Q|i\—N,n,ﬁ' HE (Cl "Y\F) + #(QM—N,n \ Q|i|—N,n,\/ﬁ) ) (2C)} — 0.

14



Our claim is then proved by the dominated convergence theorem.

fi1]
Finally, from Case 2 one sees that the limit lim,, ., (n‘;‘;ﬁ
N-1

if and only if S} # @. This proof is complete. O

1S non-zero

Proof of Theorem[3.1 Let Py, = {i : S; # 0} so that Proposition immedi-
ately yields that p € Py, if and only if

. At
A Ty

O

Now, it remains to show the case where diagonal elements are irreducible.
To show this, we further divide each block AW into sub-blocks Aliahl73] guch
that A,[,if]’[i,i,] is either primitive or zero, where p; is the period of Al“l. We then
have a derived block matrix (which is essentially the same as M) with its block

denoted as A’ Tn a similar manner, we define
7= (i AT = AUTLET) AUy = ()}
and for each 1 < i <k, define

Sfi={i=11---1r:11 = 1,1, = i,1; are distinct s.t. ABirrti] #0Vj}.

K2

By denoting i, ~ i; if it corresponds to the same block matrix Al we then

define
S i={ieS; #{j:i,€ S ijij1}=N}and S/ =5\ S/

We then begin a discussion with the following lemma. The greatest common
divisor of a vector p = (p1,...,pq) € N¢ means the greatest common divisor of
P1,---, Pq and is denoted by gcd p. The inner product of two vectors v, w € Z‘i

is denoted by v - w.

Lemma 3.6. Let p € N%, P = gedp, and vp py = #{n € Zi :p-n =
Pn}/(‘inl) Then, vp,p = limy, 00 ¥p,Pin = lcm{H#j pi:1<j<d}.

Proof. The case d = 1,2 is clear. The rest follows by induction. O
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Proposition 3.7. Suppose each block on the diagonal of a lower triangular

block matriz M is either irreducible or zero, and P = lem{ged{p;; : i; € S} :

A/[il]

i € Si}. Then, the limit lim, o0 7] Ptz

iy ewists for all z € Zy, and is
P

non-zero if and only if it is positive if and only if SI* is nonempty.

Proof. Let p be the spectral radius of M and p; be the period of Alidl. Sup-
- A[jj]
pose BLN] = lim,,— oo #:I: is as found in Lemma 3.4} for which we may find

constants ¢ > 1 and 1 >~ > 0 such that |AU7]], |B£jj ]| <cforaljj, z€eZs

[47]
cn+z

and that psj’ﬁz

as those of Proposition

— BLj 71 < ¢y™. We consider in the following the same cases

Case 1: i € §/. The summand converges to 0 as n — 00, and the argument
is exactly the same as that in Proposition [3.5]
Case 2: i € S]. Let ¢; = lem{p;, P}, and

[i;i] {B,[zijij] if ij € 5”;
Blitil _

VTSR AL = pme Al — g AR i ¢

We show that the summand converges to

(Brardis ] plagg i) - ipi1] pl11]

E VP,(pi,-)ijeyB*mi\ Al -l L gl 113*’“,
(ri)i<j<i €2
0<r;<ps; if i€,
0§1‘j<qij if ij¢y,
Pl(lil-14%, )

where the notation P | <|1| —1+3; Tj) means that P divides [1] =1+, r;.
To this end, define for each n € Z; and 0 < 2 < p;;

pijntz = ) —(pi;nt2) yliisl

[i;i,] o BLijij] if lj S y,
p pijnJrz lflj¢y,

so that |Cz[717 ;ﬁ]rz| < c. Due to the same argument as in Proposition we know
J

that the summand and the following sequence are equiconvergent:

! [rsidia] gl - izi 11
Z (D) E Cr i ARt ] ARl o]
[(n)s g )ezlfl = N1 [(n))1;ex]€ .
Q
N’(’L"i‘*N*E(jdj ¢ J)

(8)
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Now we consider a subsequence of on Pn, for which by Lemma we have

lim Z 1 Z C,[Abi"j“i‘i‘]A[i“‘i‘i"l] ...A[izil]CT[}ll]

n—00 ) ( Pn )
(CRYNPISIS A [(nj)i,ex]€

N>(P"*‘i‘+N*2u:ij &) ”j)

= Z Z ’ypv(pij)1jgyC'Li\‘:\lili‘]A[i‘i‘i‘i‘_l] . A[izil}cglu
[(”j)ijgy]GZL:FN [(nj)ijey]EZf:
P|(|i\—1+z(j:ij¢y) nj) 0<n; <p;;
— Z 'VP,(pjj)i].eyBE,‘TTJM]A[i“‘i‘i'_l] . A[izil]BEi]l.

[(ri)i<i<iu]ezly:
0§7’j<p1j if iij,
0§7’j<qij if ij%y,

P|(Jil =143, 75)

Finally, it is not hard to verify the positivity from the above expression in

Case 2. O

Proof of Theorem[3.2. Let Py, = {i : S{" # 0}. Applying the Proposition
we obtain g € Py, if and only if

[q1]
lim prtz

> 0.
n—oco (%lez)ppn+2—N+1

We can figure out the results of the theorem based on this fact. This proof is

complete. O

4 Spread rate for random spread model with a
frozen symbol

In Section we start with the case where the offspring mean matrix contains
exactly one primitive component. We present the almost surely convergence
of geometrically normalized the population vector in Theorem and find the
direction of the limit of the normalized population vector in Theorem[£:2} These
two results together allow us to investigate the spread rates for the random
spread model in Theorem We also state the results for the case where the
offspring mean matrix has two primitive components in Theorem[4.5] Moreover,

all the proofs of the main results and lemmas are provided in Section

17



4.1 Main results on the spread rate in a random spread
model with a frozen symbol

We first assume that the offspring mean matrix for the associated process

{Z} },,>0 with a frozen type ax can be represented as

0
_ *1 M
mg1 - Mirgrk—1 1
where M is the matrix
mii1 mi2 miK-—1
moq ma2 ce ma2K—1
M=

MmKrg—11 MK-12 *~°° MK_1K-1

and let the covariance matrix V() be defined as the following:
VO =Var(Zi|Z; = e)
where its (4, j)-entry is
E(Z7:27 |26 = e1) — E(Z1 ;|27 = e)) E(Z] ;|Z5 = e)
foralli,j =1,2,--- K.

Theorem 4.1. Let p = p(M) > 1 be the mazimal eigenvalue of the offspring
mean matric M. If the matriz M is primitive and the covariance matrices
Vs are finite for alll =1,2,--- , K, then there exists a random vector W =
(W1, W, -+, Wg) with E(W'W) < oo such that
Z;,
o

both in mean square and with probability 1.

— W as n — 00

Let w = (wy,ws,- - ,wk) and v = (v1,vs,- -+ ,vk)" be the left and right
eigenvector of M associated with the maximal eigenvalue p. It can seen from
linear algebra that, if M is primitive, then v; > 0 foralli =1,2,--- | K, w; > 0

forallt=1,2,--- | K —1 and wg = 0. So, we can normalize v and w such that
K K
Zvi =1 and Zwivi =1.
i=1 i=1

18



Throughout this paper, when we deal with random spread models, v and w are
assumed to be such normalized eigenvectors.
The next theorem tells us that the limit vector W has the same direction as

the right eigenvector v of the offspring mean matrix M for the spread model:

Theorem 4.2. Let p = p(M) > 1 be the mazimal eigenvalue of the offspring
mean matrix M and let w and v be the normalized left and right eigenvectors
of M associated with p. Let the matriz M be primitive, the covariance matrices
Vs be finite for alll = 1,2,--- , K and the random vector W be defined as
in Theorem[{.1 Then there exists a random variable W such that

W = viWw
with probability 1. Moreover, E(W|Z§ =€) = w; for alll =1,2,--- | K.
As a consequence of Theorem and Theorem |4.2] we obtain the spread
rate for the random spread model.

Theorem 4.3. Let p = p(M) > 1 be the mazimal eigenvalue of M and let w
and v be the normalized left and right eigenvectors of M associated with p. If
the matriz M is primitive and the covariance matrices V) ’s are finite, then for

cvery 1= 1,2, K — 1, on the event {||Z|Z; = e — o0}, the spread rate
Sé[(aj)zvj>0 fOT’j:172’...7K

with probability 1. If | = K, then the spread rate

0, forj=12-- K1
f ) — ? » < ) ’
S‘“(%)_{ 1, forj=K

with probability 1.
Remark 4.4. The results in Theorem[].1, Theorem[].9 and Theorem[].3 should
be able to be extended to the cases when the decomposition of the offspring mean

matriz has primitive or irreducible components as stated in the theorems in

Chapter 3 by adopting the similar methods in the proofs in Section [[.3

In particular, we state the results in Theorem for the case where r = 2,

i.e., there are two primitive components in the matrix

Al o0 o
M= c AR2 0O
D E 1
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where the d x d matrix A" and the (K —d —1) x (K —d — 1) matrix Al?? are
primitive. Note that, if p(AP2) > p(AM) > 1 then v; = 0 for i = 1,2,--- ,d,
vi>0fort=d+1,--- K, w; >0fori=1,2,--- ,K —1 and wg = 0. On the
other hand, if p(AM) > p(AP2)) > 1 then v; > 0 fori =1,2,--- , K, w; > 0 for
i=1,---,dand w; =0fori=d+1,--- , K.

Theorem 4.5. Let p = p(M) > 1 be the mazimal eigenvalue of M and let w
and v be the normalized left and right eigenvectors of M associated with p. If
the matriz M has two primitive components and is of the form (@ with r = 2

and the covariance matrices V) ’s are finite for alll =1,2,--- , K, then

(i) there exist a random variable W such that
Z, . i
— > v'W as n — 0o
o
both in mean square and with probability 1 and E(W|Z§ = e;) = w; for
alll =1,2,--- | K;

(i1) for any i = 1,2,--- | K — 1 and on the event {||Z;§||
(AP > p(AM)) > 1, then the spread rate

75 = e —>oo}, if

s{;(aj):vj forj=1,2--- K

with probability 1, and, if p(AM) > p(AlP2) > 1, then the spread rate

vy, forl=1,2,---,dand j=1,2,--- | K;
sl (aj) =< 0, foril=d+1,--- ,K—1andj=1,2,---,d;

v;_d, forl=d+1,--- ,K—1landj=d+1,--- K

!
i

with probability 1, where v/ = (v
the (K — d) x (K — d) matriz

) is the normalized right eigenvector of

M’— |: A[22] 9] :|

E 1
associated with the mazimal eigenvalue p(M') such that ZiK:;d v, = 1.

Forl = K, the spread rate

0, forj=12--- K-—1;
f ) — ? » < ) ’
5 (@) {1, forj=K

with probability 1
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4.2 Proofs of main theorems for random spread models

In order to give the proofs for Theorem [£.I] Theorem [£:2| and Theorem [£.3] in
Section [4.1] we need the following lemmas. Throughout Section we assume
that the hypotheses in Theorem hold and let p, w and v be defined as in
Theorem [£.21

Since the offspring mean matrix describes the evolution of the branching
population on average, we first investigate the growth rate of the mean matrix

M™ in the following lemma;:

Lemma 4.6. For any j =1,2,---, K, we have that

elMn"e; U ; .
lim & _ ] wivj, for i #+ K;
n—oo " 0, fori=K.
Proof. See Page 4 in Ban et al.[4]. O

Now, for each [ = 1,2, -+, K, we define the matrix Cg) in which the (i, 5)-
entry is
E(Z; 2}, |25 = el)

for all ¢,j =1,2,--- , K. Note that this matrix Cg) is symmetric and the only
nonzero entry in Cél) is the (,1)-entry. By Harris [12] (Page 37), C') has an

iterated formula:

K
Cl, =MCIM! + Y VOIE(Z; |25 = e),

r=1
forn =0,1,2,---, and it implies the following:

n K
c =Mrey (M) + > M (ST VI B(Z;

s—1,r

12 = e)) (M),

s=1 r=1

Foreach!=1,2,--- ,K andeachn=1,2,---, let Ig,)1 = M”Cél)(l\/[t)” and

n K
1, =S M (S VOE@ZE, 125 = e)) (M)
s=1 r=1

then CY =1, +10,.

By the formula of Cg) and the result in Lemma we can show that the
elements in C,(f ) grow like p?” in Lemmas This gives the convergence of
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the normalized population vector in mean square and becomes the key to prove

the convergence in Theorem [.1] and the property in Theorem

Lemma 4.7. For eachi,j=1,2,--- K andl=1,2,--- /K —1

?

i1 .
lim Lln’l% = wivv;
A = Wy V5.

Proof. By Lemma [£.0] since [ # K, we have

. eiM"e
lim —— = wyv;
n—o00 p”
and hence .
el(M!)"e e!M"e
lim ( n) l:hm<l — l) = wyv;
So,
l
lim e‘gIsl’)lei
n—o00 p2n
. M C) (M) e;
ey 2n
e M"e n  el(MhH"e
: 1
- nh—{?go : pn ' ?Cé)e[ ) pn -
e!M"e el(M')"e;
_ : J : l 7
= e S
= wv; - wv;
= U}lQ'UZ"Uj.
O
Lemma 4.8. Ifl # K, then
eI e,
lim 2 Zn ‘ = wiviv;A

for some non-negative constant A.
Proof. By Lemma for any € > 0, there exists an N = N(¢,7,1,¢) € IN such
that for every n > N, we have that

e/M"e; ef(M')"e;
J l 200 0y
o . o —wjvvj| < €.
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For n > 2N,

I(l2e7
p2n
1 - n— 9 r * n—s
= p2n 7[ZM ZV( )E Zi 1 .12g = el))(Mt) Cle;
s=1 r=1
N t — K _
1 et M” Sel i, . . et(Mt)n sei
= 2787] e ef(ZV( )E(Zs_l’r|Z0 :el))El . lT
s=1 pN p r=1 P
n 1 etMn se i, Z:—l T‘ZS = el) e;‘/(Mt)n—sei
+ Z s+1 n s ZV( s—1 )el. n—s
s= N+1 P p

n

1 1 Z3 1,25 =e) _
+— Z n— s+1eJMn ‘e -ef(ZV(’") 15 10 )el-ef(Mt)” e

lp) s:n(;)N—i—l p p

_ 1

= JO+ I8+ a0

First of all, if s < N, thenn—s> N and s — 1 < N. Let
N

A= Z ZV(T)E lZy =e))e

s= 1

and we have that 0 < A; < oo and
JO s w2 A
1 TV A, as n — 0o.

Secondly, if N+1<s<n—Nandn>2N,thenn—s> N and s—1> N.

Hence, let
) 1 K
Ay = Z S—leef(ZV(r)vr)el
s=N41 P r=1

and note that, since p > 1, A5 is a non-negative and convergent series. There-

fore, we have that
J(l) — W vzv]Ag, as n — oo.

Thirdly, we notice that
E(Z;_ |25 =e) e Mg

ps— 1 - ps—l
which converges to w;v, as s = co. Moreover, if n—N+1< s <mandn > 2N,

then0<n—s< N —1and s—1> N. So, there exists a constant A3 > 0 such
that the sum
|Z5 =

n K

1 ns T S T ) n—s
>, M (v T LB W ef (M)
s=n—N+1

23
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is non-negative and bounded by As and hence J,(ll)3 =0(p™™") as n — occ.

Therefore, we have that

t1(0) 4.
el ve;

p2n
where A = A; + A > 0. O

—gu

n7

)1 + J,(Ll)2 + J,(L{)?, — wiviv; A, as n — 0o,

Lemma and Lemma [1.8] together give the following: if [ # K, then there
exists a constant A’ = A + 1 > 0 such that

eéCg)ei

lim o

n—00 p

foralli,j=1,2,--- ,Kandl=1,2,--- , K — 1.

= wiviv; A’

On the other hand, the limit when [ = K is straight forward from Lemma

4.0l

Notice that wx = 0 and then the following lemma is concluded.

Lemma 4.9. For all i,5,l = 1,2,--- , K, there exists a constant A’ > 0 such

that
et Cg)ei
lim %
n—oo p n

Now, we are ready to prove Theorem

= wiviv; A’

*

Z
Proof of Theorem[/.1 Forn=0,1,2,---, let W,, = == and we have that
pn

, E((Z3)'Z,|Z; =e) CY
E(WLW,|Z; = ¢;) = o 0 =

eﬁ-Cg)ei
p2n
E(W!W,|Zi = e) is finite for alln =0,1,2,--- and all I =1,2,--- K.

We will first show that

Since converges as n — oo for all ¢, 7,1 =1,2,--- | K, every element in

E(Wpim — W) (Wogm — Wn)|Z3 =e) — 0, as m,n — oo.

Note that

E (Wn—i-m - Wn)t(wn+m - Wn)‘zé = el)

E(W! Wi — W W, = WEW, L+ WEW,|ZG = e)
E(W!,  Win|Zi=e)— E(W,,  W,|Zi=e)
—E(W.W,in|Z5 =€) + E(WLW,, |25 = e)

n+m n+m
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and that, from the Markov property of branching process, E(Z}
Z:(MH™ for n,m =0,1,2,---

and

Z5,) =

n+m

. So, we have that
W, |ZE’; =e)
(Zym)' 20|25 = 1)

n+m

E(W!

n+m

E

p2n+m

E((Z7 s

M™(Z;,)"

) ZZ,IZZMZS =e)

w2 = ei)

ZZ|ZS :el)

Y
[
3
+
3
—~~ o~ —~  —~

(2:)'Z3)Z5 = &)
p2n+m

E(W!Won|Z =€)

W%E((Z*) n+m|ZO—el)
e (E 23)' 2l 20|25 = @)
2n+mE( 2y |23 | 25 = @)
p2n+mE( )'Z;,(M")™|Z§ =€)
e B ((23)/ 24|25 = o)) (M)
c t)m

p2n+m

By the same arguments as in the proofs of Lemma [£.7] and Lemma [£.8] we can

show that, as m,n — oo,

e§ M’”C%)ei

2n+m

pn+m

p2n+m J

2000y, A/
—  wjvv;A

and, similarly,

etM"tme
J ! el C(l)

e’ c (MH)™e;
2n+m

ef(Mt)”ei

Y23

K
el [ZMn+ms(ZV(r)E(Z:LT|ZS _ el))(Mt)nfs e;
s=1 r=1

— wiv;v; A" where the constant A’ is as defined

in Lemma So, as m,n — 00
b ) )

et E(Wt

Wn|Z(’§ = el)ei — wivv; A’

n+m
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and

LE(WEW, 0 |Z5 = e))e; — wiviv; A/
and thus, as m,n — oo,

e E(Wosm — W) (Wi — W,.)|Z5 = e))e;

B thlsz B engCg)ei B e?CﬁP(Mt)mei e?Cgf)ei 0
2(n+m) p2n+m p2n+m p2n .

Therefore, the sequence {W,,},>0 is a Cauchy and hence convergent in mean

square. So, there exists a random vector W with E(W!W) is finite such that
Z*
W, = — — W in mean square, as n — oo.

Moreover, as n — o0,

E((W W) (W = W,)|Z5 = e)e;
= 1511 e E(Wp — W) (W, — W) |Z5 = e)e;

O(p=>")

and hence,

Mg

(W= W,) (W = W,.))e;

Z; = el>

B(e

0
> B (e (W = W) (W = W,))e;

ZS :el> < 00.

o0

So, given Z§ = ey, for all [, eg(Z(W - W,)" (W —W,))e; < oo with proba-

n=0
bility 1 and, therefore, for all 7,57 =1,2,--- , K,

lim e LW —W,)Y(W —W,)e; =0  with probability 1.

n—oo

It follows that e (W W,,)e; — 0 with probability 1 for all 4,j =1,2,--- | K

and hence gives, as n — oo,
W, - W with probability 1.

So, W,, converges to W both in mean square and with probability 1 and the
proof of Theorem [.1]is complete. O

Next, we are going to prove Theorem [£.2] which says that the vectors W and

v share the same direction.
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Proof of Theorem[.4 Let W = (Wi, Wa,--- , W), where Wy,--- , Wk are
random variables. Since
cy)

Z*:e): lim ——
0 t n—)oop2n7

Z* t Z*
BWWIZ; - e) = tim p(Za) . 2

by Lemma we have that
e E(W'W|Zi = e))e; = wiviv; A’

forall 4,5 =1,2,--- , K and hence

E((0:iW; — 0;W3)?|Z5 = e))
v E(WZ|ZE = e1) — 20,0, E(WiW;|Z§ = e)) + v; E(W?|Zj = e))
v2et E(W'W|Z5 = e))e; — 2v,v;el E(W!W|Z} = e))e;
+v]2-7e§E(WtW|Z3 =e)e;

= viwlvju; A — 2uvwiviv; A+ v?w%viviA’

= 0.

So, v;W; = v;W; with probability 1, for all 4,5 = 1,2,--- , K. Moreover, since

all v;’s are positive, we have that

W, W . .
— =1 with probability 1
V; Uj
forall¢,j = 1,2, -+, K. Therefore, there exists a random variable W such that

W:(WDWQv'” 7Wk):(vlmv2W7"' ,'UKW):VW

and
*

p—: — vV
with probability 1. Moreover, since
E(Z,|Z5 = e)) = ef(M")",

we have that

1 . . et Mt n
B(W,|Zj = &) = ~ E(Z;|Z) — ) = 1)
P P
and then
t Mt N,
E(WiZt = e) = lim B(Wei|Z = o) = lim LMD"
n—oo n—oo p”
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that is, E(v;W|Z§ = e;) = wv; and, therefore,
E(W‘ZS = el) = wy

for all 1 =1,2,--- , K and it completes the proof of Theorem [4.2]
O

Finally, the proof of Theorem [£.3is straightforward from the results in The-

orem 4.2

Proof of Theorem[4.3 Given Z§ = e, with [ = 1,2,--- K — 1, we have that,
forall j=1,2,--- | K,

.f . = 1 7%,] = 1 nJ = J
sa(0) = o = K
Zl Zy Zl Zyilp" Zl Wi
1= 1= 1=
- ;J - I;’J =w;  with probability 1.
Z UiW Z U
=1 i=1

If | = K, that is, Zj; = e, then this model starts with an individual of frozen
type ax. So, in this case, Z} = ex with probability 1 for all n = 0,1,2,---.

Therefore,

sl (aj) = lim

Zn; _Z:;,j_{o, ifi=1,2,- K—1
K T 7 . 1 ifj=K

ZZ:;Z n,K J

=1

with probability 1 and the proof is complete.

5 Numerical results

The main purpose of the section is to demonstrate the algorithm provided in

Section [3] as well as the numerical simulations for the random spread models.

5.1 The topological case

Let matrix M = [AlW]];<; ;<5 be defined with

0011 000 1
n _ g _ [0 0 1 1 ey |00 10
A=A 100 o4 010 1f
0100 1010
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010 1 01
A = |1 000 s 1y g o
000 1 Lo
1010
01 0 1 0100
ABY — g2 = ql1) — g3 |0 00 08 sy g g g g
000 o C o ool
000 0

and all other Al¥’s are zero matrices. We note that each Al is a primitive

matrix with period two, and the characteristic matrix x s is

0 0 0

XM =

SO = = OO
—
=0 o
o O OO
(el e B el e M en)

with the graph representation provided in Figure [5] where each node is labeled

by its corresponding block matrix Al and eigenvalues p; (p; = 1+2‘/5 >2 =

p2). For the purpose of illustration, we analyze in the following subsections
the asymptotic behavior of the population when there is a unique ancestor

be vy vk

5.1.1 Size of the population

Note that the only maximal paths initiating from V'l in the tree structure are
V11l [44] , v [11]y/[33]y/(33] , v [11]y/[33] V[E’E’],

and the maximal number of appearances of maximal eigenvalues in each path
is 1. Since Al“l’s have period 2, according to Lemma [3.4 and Theorem we
know the size of the population is O(p}) asymptotically, where O denotes the
big O notation. Similarly, if one applies the same argument to the case b € V[22],
the maximal number of appearances of maximal eigenvalues in each path is 2,

n—l)

and the size of the population is O(np]™"). The simulation is provided as in

Figure[6 where the dashed line denotes the asymptotic value of the population.

5.1.2 Spread rate

Firstly, we consider the case when b € V'l Based on Theorem since the
period of Al is 2, for each 1 < i < 2 there is a set P; such that Sy(a) > 0
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A[44]7 P2

Figure 5: tree structure of block matrix M
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Figure 6: size of the population

for all @ € Pi(a). In fact, it can be verified by looking at the eigenvectors
of PLUP, = VBl yvEI yvBS  Similarly, when b € V1?2, we also have
PUP, = VBl yVH# YV The simulation is provided as in Figure |7} where

the periodic fluctuation is clearly observable in the figure.

5.2 Random models

To demonstrated Theorems .1} [£.5] we provide three numerical examples.
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Figure 7: spread rate

5.2.1 The case with only one primitive component

we consider the following random spread model with probability distribution

vectors {p( () }3_;:

pM(3,1,1) = 1,pM(1,3,1) =
p(2)(1’2’2) = %,p(Q)(S’Q,O) =
p®(1,0,0) =1,

)

ISIE NI

)

for which the associated offspring mean matrix can be computed as
2 20
M=|2 2 0]. 9)
1 1 1
The normalized right and left eigenvectors of M associated with the maximal
eigenvalue p = 4 are v = (3/8,3/8,1/4) and w = (4/3,4/3,0), respectively,. It
then can be inferred from Theorem that E(Z%/p"|Z§ = e1) — wyv. This
can be observed in Figure [8] in which E(Z}/p"|Z§ = e1) — w1V is numerically
attained by the empirical average over 50 realizations. The results shown in the
figure are consistent with Theorem in the sense that the asymptotic value
of E(Z}/p"|{Z§ = e1}) is a positive vector. On the other hand, since v and
wy are positive, Theorem [4.I] and Theorem [4:2] implies the population size, on

average, should be wip™ at generation n.

5.2.2 The case with two primitive components

Similar discussions extend to more complex random models and the following

two numerical examples also show the consistency with the results in Theorem
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. Consider the spread model {p(®(-)}2 g1

p™1(2,1,0,3,0 0,1,2,3,2
p?(3,3,2,1,1 0,0,2,1,1

) = 5,p0( )=
) = 5,0( )=
p3)(0,0,3,2,0) = 1 p(3>( ,0,1,2,2) =
)= D( )=
) =

W NI W N|—

p(0,0,4,1,4 3,p 0,0,2,1,3 ,p%(0,0,0,4,2) = %

®)(0,0,0,0,1

for which the associated offspring mean matrix can be computed as

11000
11000
M=|[122 20 (10)
31220
111 31

Similar results as above are illustrated in Figure[0] It is noteworthy that under

this setting, the ratios Z7/p™ and Z7i/p™ tend to zero, since the submatrix in-
[11] _ |1 Ma2

Ma1  M22
component with its maximal eigenvalue strictly smaller than that of M. This

dexed by the symbols (namely, A ]) corresponds to a primitive

should be compared with the following random spread model.

Consider the spread model {p(® (-)}>_,

pM(4,1,1,1,0) = 1, p(1(0,1,3,3,2) = ,pM(2,3,0,4,1) = &
p?(1,3,2,0,1) = 2,p(4,0,2,3,1) = %

p(0,0,2,0,1) = f,p(‘”(o 0,0,1,2) = £,p(0,0,1,2,0) = 1
p®(0,0,0,1,4) = 3,p 9(0,0,3,1,1) = %
»)(0,0,0,0,1) =

for which the associated offspring mean matrix is can be computed as

2.2 00 0
2.2 00 0
M=1[1 211 0 (11)
3111 0
111 31

It is to be noted that the only difference in the offspring mean matrices (10)

and lies in the submatrices A = [mn mu} and AR = |33 T34l
mo1 Moo M43  1My4

This difference then leads to the positiveness of the asymptotic value Z? /p™ in

Figure [I0] as opposed to Figure [0}
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the mean population are numerically approximated by empirical averages over
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Figure 9: Example of a random model with five types. The mean ratio and the
mean population are numerically approximated by empirical averages over 50
realizations.
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6 Conclusion

Pandemic occurrences cause a lot of medical, economic and social problems. In
order to reduce their impact, many prevention and control measures are applied
to slow the spread of disease. For example, quarantine is a measure to keep
people who have been in close contact with the infected apart from others, to
avoid onward transmission, while isolation refers to the separation of confirmed
or suspected cases from others for the duration of the infectious period. When
such kind of measures are adopted, the chances of people with higher contagious
ability spreading the virus may be limited. Therefore, the viral spread pattern
will be changed, leading to different results in terms of the spread rate.

To model this phenomenon, we propose two mathematical models from the
topological and random perspectives by means of substitution dynamical sys-
tems and the theory of branching processes. In both models, a so-called frozen
symbol (type) is used to represent the group of individuals who have been iso-
lated. We assume that this frozen symbol can only produce exactly one symbol
of the same kind (or one offspring of the same type), namely, once a symbol is
frozen, it has no ability to spread. In this work, we investigate the spread rate
in both topological and random spread models with frozen symbols. In Chapter
3, we prove, for the topological spread model, the limiting spread rate exists
and construct an algorithm to determine when the spread rate is positive for
the case when the £-matrix can be decomposed into primitive components (The-
orem Proposition [3.5) and the case when the components are irreducible
(Theorem m Proposition . In Chapter 4, we extend the classic results
for branching processes with primitive offspring mean matrices to the random
model with a frozen symbol. We prove the geometric growth of the population
size (Theorem , show that the limit of type composition is proportional to
the right eigenvector associated with the maximal eigenvalue of the offspring
mean matrix (Theorem and we find the spread rates (Theorem [4.3). In
Chapter 5, some topological and random examples are provided. The numerical
results support the theoretical results in Chapter 3 and Chapter 4.

The significance of our work is as follows: First of all, two spread models

proposed here are discrete, so all the spread patterns of different types can be
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clearly represented by a deterministic matrix and hence the transmission or the
spread at any time n is computable. In particular, this characteristic allows
us to divide the types into group according to the accessibility to each other.
Hence, the trace of the possible evolution from type to type can be determined
and it leads to the proposed algorithm in this work for identifying the types
with positive spread rates. Secondly, due to the structure of the models, the
transition after time n can be represented as a power M" of the initial £&-matrix
or offspring mean matrix, so the long-term behavior of the type composition
is predictable using the information from M. Namely, the right eigenvector
associated with the spectral eigenvalue will give us the limiting spread rate of
theses models. This is an advantage which provides us an easier way to find
the spread rate without involving in any complicated computation or iterations.
Thirdly, these models based on the substitution and branching processes can be
alternated and generalized easily to fit different spread mechanisms. For exam-
ple, the m-spread models [4] describes the dependence of the spread patterns
and the spread models with frozen symbols in this work and [5] deals with the
situations when some types are blocked. Finally, it is worth mentioning that,
in this work, we derive a method to deal with the non-primitive £&-matrix and
offspring mean matrix. In the classic theories (both in substitution and branch-
ing processes), the primitive property is the key sufficient condition to study
the limit behavior of the matrix using its maximal eigenvalue and the corre-
sponding eigenvectors. However, our model setting with frozen symbols leads
to the non-primitive cases. Therefore, the difficulty arises during the compu-
tation. In dealing with it, different cases are considered such as the matrices
whose components are primitive or irreducible with some periods. In each case,
we investigate the properties of its components to study the limit behavior of
the whole matrix as well as deriving the algorithms to locate the positive spread
rates. Further, these topological results provides the ideas to study the random

spread models.
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