MATHEMATICAL ANALYSIS OF TOPOLOGICAL AND
RANDOM m-ORDER SPREAD MODELS

JUNG-CHAO BAN, JYY-I HONG, AND YU-LIANG WU

ABSTRACT. This paper focuses on the analysis of two particular models, from
deterministic and random perspective respectively, for spreading processes.
With a proper encoding of propagation patterns, the spread rate of each pat-
tern is discussed for both models by virtue of the substitution dynamical sys-
tems and branching process. In view of this, we are empowered to draw a com-
parison between two spreading processes according to their spreading models,
based on which explanations are proposed on a higher frequency of a pattern in
one model than the other. These results are then supported by the numerical
evidence later in the article.
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1. INTRODUCTION

Occasionally, a pandemic spreads rapidly and widely around the world. To
minimize the impact caused by these diseases, developing a mathematical model

Key words and phrases. topological spread model, random spread model, transition model,
spread rate, n-spread rate.
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based on real data as a criterion for delivering required verdicts is an essential
starting point. There are many works discussing propagation models and their
dynamics (cf. Billings et al (2002); Halle et al (1993); |Zheng and Bonasera, (2020));
Merkin et all (2005); [Jin and Zhao| (2009); |Al-Jararha and Ou (2013); |Ou and Wu
(2006); |Gourley and Lou| (2014)); |Alexander et al (2004); |Wang and Zhao| (2012]);
Ruan and Wu| (2009)) and it is worth noting that most modeling is done by using
the (partial) differential equations. |Ban et al (2021)) attempted to take a different
approach to the development of spread models in which the individuals are classified
into various categories (individuals in the same category are said to be of the same
type) and the spread pattern of each type is fully described in both deterministic and
random senses and only depends on its own type. Namely, two distinct perspectives
were provided: the topological spread models with the help of the substitution
dynamical system (cf. |Queffélec| (2010)) which is a branch of dynamical systems
and the random spread models by the means of the branching process which is a
branch of the probability (cf. |Athreya and Ney| (2004)). Ban et al. examined the
long term behavior of the models and showed that the spread rates are predictable
and related to the maximal eigenvalue and its corresponding eigenvector of the &-
matrix and the offspring mean matrix in topological and random spread models,
respectively. However, the setting of these spread models can not illustrate the
situations with more complicated spreading phenomena. For example, in the most
epidemics, individuals may have multiple contacts with many sources of infection
and, in general, a contagious period usually lasts for a while until the fully recovery.
Therefore, it is more realistic to consider that the spread patterns are affected by
the types of the surrounding individuals during their contagious periods. In this
paper, we aim to develop such spread models which can exhibit this spreading
characteristic. More precisely, we propose both the topological and random models
in which the spread patterns are affected by the type composition of the individuals
within m “generations” (or m units of time), where m can be thought as the length
of the contagious period, so they will be called the m-spread model throughout this
paper and therefore the spread models introduced in Ban et al| (2021) become the
special cases with m = 1 and will be called the 1-spread models.
The major goals of our work in this paper are stated below:

1. For both models, we discuss the long-term behavior of a particular indi-
vidual, namely, the ‘spread rate’. Additionally, we would like to find the
rigorous formula for the spread rate of an individual if possible.

2. For both models, we aim to identify the factors that cause a high spread
rate, and show that removing the said factor would reduce the spread rate.

Fortunately, the aforementioned problems can be completely solved for both
models. The work done for the 1-spread models in [Ban et al (2021) provides
a foundation for us to investigate the m-spread model. We will transform the
topological and random m-spread models into their corresponding topological and
random 1-spread models and find the spread rate of each type in the m-spread
models by investigating the spread rates for the induced 1-spread models. Moreover,
the relation between the topological and random m-spread models is also addressed.
Although this research work was originally conceived to construct a model for the
spread of some virus or disease in epidemiology, the m-spread model can also be
applied in many different areas such as population genetics, ecology, etc. The
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following two subsections provide a general description of both models and their
main results.

1.1. Topological m-spread models. In this section, we provide a general de-
scription of the topological spread model, while detailed definitions and outcomes
can be found in Section 2.

Let A = {a,b} be an alphabetﬂ F be a finite, directed graph with root €, and
p: F — A be an m-pattern (see Section 2) as Figure [l Here and subsequently, p
describes a certain manner of propagation described as follows. First, there is a type
a individual at time-0, and it produces two a’s at time-1. For the a on the left, it
will produce one a individual and one b individual at time-2, while the a on the right
will produce only one b at time-2. The same reasoning applies to time-n to time-
(n+1) for 0 < n < m—1. Therefore, p demonstrates a certain mode of propagation
of ancestor a from time-0 to time-m. Since m € N is fixed and S = {p;}}_; is a
collection of such m-patterns, i.e., a collection of spread modes, a topological spread
model is a model such that each p € S can be extended to an infinite spread mode
with respect to S, say 7, that is defined in an infinite (non-uniform) tree T’ = T,
so that the restriction of 7, to the first m-layers is p (see Figure . In addition, for
each g € T), associated with a type o’ individual, the descendants of this individual
from time-(|g| 4 ¢) to time-(|g| + i+ 1) for 0 < i < m — 1 is a spread mode of some
p’ € S, where |g| stands for the length of g, i.e., the number of edges from € to g.

For p € § with type a individual at the root, the number m € N indicates
the ‘length’ of the spread mode from a, and the infinite spread mode 7, specifies
how p propagates according to & when time tends to infinity. Given S, p € §
and a € A, the occurrence of a at 7, from sth layer to tth layers for s < ¢, is
extremely complicated and random. For example, if a is a severe illness spreading
in a pandemic, investigating the spread rate of a is one of the most important
objectives of the spread model. Once the spread rate of some a € A is calculated,
we look for the primary spread modes (or factors) in S that cause the (high) spread
rate of a and eliminate them to reduce the spread rate of a. Those are the two
primary aims of this study, as previously mentioned. In Theorem [ we propose

1We will call A the type set in Section 2
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a methodology for calculating the spread rate of a symbol a € A. Furthermore,
Theorem 5| provides a method to compute the spread rate of a pattern. Finally,
Theorem [8| gives a comparison of the spread rates of two models, and such a result
helps us to examine and identify the major underlying factor in the spread model
that causes the (high) spread rate.

1.2. Random m-spread models. There is always uncertainty during propaga-
tion, and therefore it is reasonable to consider the case in which a mode may
have a chance to produce different type compositions of offspring in a further level
(i.e., generation). Therefore, we will introduce in Chapter 3 a random m-spread
model in which the probability distribution of the type composition of the offspring
depends on the types of the ancestors in the past m generations in the family his-
tory. Figures [4 [5] and [f] give illustrations showing how a random 2-spread model
with type set {a,b} spreads. In Figure [4] we can see that one type a individual
produces two type a individuals and this spread pattern represents a mode, called
0‘1117 in the random 2-spread model. After one generation when this population has
produced its third generation, i.e., this 2-level tree alll grows into a 3-level tree at
time 1, it has a non-negative probability to grow into the tree ozf-l on the left or the
tree oz?g on the right or other possibilities, but it will never, i.e., with probability 0,
grow into the tree a?Z in the middle because a?
mode as the past two generations with 041.11. Also, Figure |§| shows how a 3-level tree
grows into a 4-level tree in the random 2-spread model. In Chapter 3, we will give
a formal construction of the m-dependent process and the random m-spread model
and its related m-dependent process which describes how the tree (or population)
grows and how the types are passed onto the next level (i.e., generation). We then
introduce a corresponding branching process which is called the induced branching
process to study the spread rate in the random m-spread model. Theorem [15| and
Theorem [17] give results for the spread rates of a type and a pattern in the random
m-spread model. Moreover, a comparison of two random m-spread models is given
in Theorem [18]in an average sense.

Due to increasing interest in tree-indexed processes, many research works in
physics, probability, dynamical systems and information theory have been done on
studying the limit behaviors of the random fields on trees. For example, Berger and
Ye [Berger and Ye| (1990)) investigated the entropy rate for random fields on binary
trees. Ye and Berger Ye and Berger| (1996) proved the asymptotic equipartition
property with convergence in probability for a PPG-invariant and ergodic random
field on a homogeneous tree. Yang and Liu [Yang and Liu| (2002)) studied a strong
law of large numbers for the frequency of the occurrence of a state in the entire
tree for a Markov chain field on a homogeneous tree. Yang and Ye [Yang and
Ye (2007)) also proved the asymptotic equipartition property for nonhomogeneous
Markov chains indexed by a homogeneous tree. In this paper, we take a different
approach and obtain an extension on the frequency of the occurrence of a state
within any given successive levels of the tree with the influence from not only the
“parent” but also from the “ancestors in the most recent m levels”.

Finally, Chapter 4 is devoted to the discussion of the relationship between the
topological m-spread model and the random m-spread model, and in Chapter 5,
we provide some examples and numerical evidence to support our main results in
both models.

; this tree does not share the same
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2. TOPOLOGICAL m-SPREAD MODEL

2.1. Notations and setup. Let A = {a;}¥_; be a type set. For d € N, we denote
by T, the conventional d-tree, and define A,, = {g € Ty : 0 < |g| < n} where |g|
stands for the length of g, i.e., the number of the edges from the root € to g. For
m < n and m,n € N, define

Al =ANAL ={g€Ty:m<|g| <n},
and for a finite set /' C T; define F = FFN AT, For finite set FF C A,,, t € F
with [¢| = r, and n € N with » + n < m, we define FY = {tg € F : |tg| < n}
and FT(,f) = F clearly. Let FF C A,, and assume at least one g € F such that
lg| = m. A function p : F — A is called an m-order pattern (or m-pattern for
brevity), and F' = F), is called the support of p, and we use the notation P, to
denote the set of the collection of m-patterns. For any pattern p, we also define
An(p) = Fp, N Ay, and A (p) = F, N A7,. Supposing p : F, = A is a pattern
on F,, we denote by p, := p(g) € A for g € F,, the symbol at the coordinate g.
Letting p be an m-pattern and F), be its support, we decompose Fj, = UmOE(l)
where Z(O) = e and Zz(,i) ={g € F,:|g) =i} CF,forl<i<m,and define
op 1= {O’p )}Z 0, Where 01()1‘) = ‘E,(,i) ‘, where | A| stands for the cardinality of the set

A. That is, Z,(f) is the 7th layer vertices in F), and UI()i) is its cardinality. Finally,

. : (1) = . (1)
we define dp = ming<ij<m 0p~ and dp, 1= maxo<i<m Op -

2.1.1. m-spread models and spread rate. For p € P,,, we call p© the parent of p if
p© e P, _1 and p© p|(F o , where p|g is the projection of p on the finite set

E, that is, p|g = {py : g € E}. In addition, for 1 < j < J,(,l), we define the j-th

child with respect to p by p§»1) =p|  y forg; € Zél). Hence, each p € P,, can

(FP)'mfl
be written in the following form (cf. Figure [3))
1 1
(1) p= 0",

Let S = {p;}'_, be a collection of m-patterns and suppose d := maxj<;<;dp,, S
is called an m-order spread model (or m-spread model for brevity) if for any p € S

and V1 < j < a( ) , there exists exactly one g € S such that p§1) = ¢,
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Since pgl)

along each 1 < 5 < 01()1

Let S be an m-spread model and 1 < 57 < cr( ),

q(p (1)) € P, we replace p( ) by q(p; (1 )) ). This generates a
(m+1)-pattern, say Terl We contlnue the same process. Once the T;,”Jr” € Pritn

. We replace each p;l) € Pm-1

is parent of some

is constructed and F m+n 1S the support of Tm+"

by q(p; ) € Py, for all 1<j5< U(T;tn) to generate 7"+t € Ppyyqq. Clearly,

T A () = P for n > 1. Fmally, we define
Tp := lim Tm+" c ATa
n—oo

and call it the infinite spread pattern induced from p with respect to S (or induced
spread pattern from p), and we denote by F. the support of 7,.

Suppose S is a m-spread model. For p € S, let 7, be the induced spread pattern
from p with respect to S. Denote by 7,|a: the projection of 7, on A7, for r, s € N.
Let {k,}52; C N be a sequence of natural numbers with k,, — co as n — oo and
define

) =Y ke
=1

Let n € N and n € P,, be any sub-pattern of 7, for some p € S, ie., n = 7,|F,
where F' is a finite set of .. We denote by O,(n) the number of occurrences of
a € Ain n. The aim of this study is to compute the following spread rate of a in
7, within the range A" (7).

O, (TP|AS"+1( ))

(3) ( {kntni) = nh_}m sp(a; [Sn,Sn41]) = 7}1_{20 ’A3n+1 )| ;a €A,
whenever the limit (3]) exists. In addition, for k, = k, Vn > 1 we are interested in
the following bpread rate within the fixed range Ak(nﬂ)(rp) as well.

. Oa(Tp|A2§7+U(Tp))
@ sl = lim syl b+ D) = fim, PR ae A

2.1.2. Induced systems. To compute the rates and , a method which trans-
forms a m-spread model to a 1-spread model (induced system) is proposed. Sup-
posing S is a m-spread model over A, we define the induced type set as

A=A(S)={a€P,_1:aisaparent or a child of p € SNP,,},

on which an order is given, say A = {a;}},. Therefore, the m-spread model
can be transformed to the 1-spread model S = S(S) over A, as follows. For p =

(p(o),pgl), . ,p(l()l) ) (cf. ) and a € A, which represents p(®), we write

Pl =P () = (asaf” - alll) = (i1, ),

»(0)

&)

where a;’ € A represents p( ) for 1 <5< O’I(j[))), and define

1 1
m(p) = (af”,....all).
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Next, we replace each agl) by H(p(l()l)) for all j = 1,2,...,0L to obtain the pattern
&

of the 2nd generation, i.e.,

p? = (a H(p((llg)n)ﬂ(ps(z)n) e H(pS<)1(> ) )
1
— (o OL§2) o af(%)),

where 0&2) is the total number of the offspring in the 2nd generation. In this

manner, once pr' Y = (o a(lnfl), e a(7<l;_11))) is defined, we denote the offspring
g

type chart of « in the (n — 1)th generatiocil by
H(p&”_l)) = agnfl), L athy

3 U((’n—l) .

Then we replace offspring of type agnfl) inp Y by H(p((j()n_l) ), i=1,2,..., oY,
to obtain pgl), the pattern of the nth generation and so on.
We call S = S(S) = {pM(p)}pes = {p(al)}aeA the 1-spread model induced

from S (or induced model) over A. Let S be the induced model from S. For
«, 8 € A, denote by ’H(p&"))‘ﬁ the number of the occurrences of 8 in H(p&")). Let

€ : A — A* be the associated substitution of S, that is, £(a) = II(p,,) for all @ € A
with length |[£(a)] = o). This substitution induces a morphism of the monoid A*
by assigning £(B) = &(bg)¢(by)---&(by,) if B = bgb;---b, € A* and {(B) = 0
if B = (). Denote the n-time iteration map of ¢ as £” = £ o £»~!. Proposition 3.1
Ban et al (2021) shows that the sets {H(p&”))}aeA and {€"(«)}aca admit one-
to-one correspondence. For the rest of our discussion of the induced model, two
additional assumptions on the complexity of the spreading are made as in|Ban et al
(2021). That is, 1. lim, o0 [(@)] = o0 for every o € A, and 2. there exists an
ap € A such that £(ap) begins with ag. Given a substitution ¢ and A = {a;}X_,,
we derive the associated £-matrix M = Mg, which is a k x k matrix defined by
M = [my;] := [Oa,(£(a;))]. In addition, the matrix M is assumed to be irreducible;
that is, for every 1 < i, < k there exists n = n(4, j) such that mE;L) > 0. It then
follows from 1. and 2. that M is actually a primitive matrix (see |Ban et al (2021)
and (Queffélec, 2010, Proposition 5.5) for the equivalence), i.e., n can be chosen
independent of ¢,j. Let p be the maximal eigenvalue of M and v = v, be the
corresponding eigenvector. (Ban et al, 2021, Theorem 3.3) demonstrates that

(el

5a(8) = lim s/ (B) := lim Tﬁ =v(3).
Oq

n—oo n—oo
Lemma 1 (Theorem 3.3. [Ban et al| (2021)). Let S be the induced model from S,
and A be the induced type set. Let &, M be the corresponding substitution map and
&-matriz respectively. Suppose p is the spectral radius of M and v the corresponding
etgenvector. The following statements hold.

(i) Leta € A. Then the vector (sa(B))gea i independent of o and (ro(83)) gea =

v, i.e.,
nee)|
sa(f) = lm —p5— = V().

Ox
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In addition, the speed of the convergence is geometric.
i) c1(v)p™ < s((lm) B) < co(v)p™ for allm € N and 8 € A, where
P acA P

O e R T

max; <<k V(j) ming << V()

Suppose S = {p;}!_; is induced from S = {p;}!_; over induced type set A. For
a € A define

0(a) := {a € A : a represents p'¥ € P,,_; in which p¥ (¢) = a}.
2.2. Main results.

2.2.1. Spread rate of a symbol. Before presenting the main result, we provide a
useful result for the study of the spread rate.

Lemma 2. Let {an}2,{bn}>2, be real sequences and {c, }°2 1, {dn}52 1 be posi-
tive real sequences. Suppose

. G . n
lim — = lim — =Q.
n—oo by, n—oo d,
Then,
an + Cp,

Furthermore, suppose that lim,,_, Z?Zl bj = +o00. Then,

Z;l: 1 aj

lim =—— =0Q.
oo Z?:l b “
Proof. The equality lim,,_, Z"I(‘;" = (@ is immediate and we omit the proof. For
the second part, we claim that for all M > @ and m < Q) we have
lim sup ot Fan < M, and
n—oo bn + st + bn
liminf 2T S

n—oo b, + -+ bn
Indeed, since there exists N1 € N such that = < M for all n > Ny, we have, for
all n > Ny, a, < Mb, and

a1+...+an . a1+...+aNl aN1+1+...+an
bi+---+0b, by +---+0b, by +---+0b,
< al+"‘+aN1+Mle+1+"'+bn
b+ + by bi+ -+ by
< WEEAN gy
by +---+b,
We note that N; is fixed and lim,,_, o E?Zl bj = +oc. Therefore,
. a4 Fan _ a1+ +ay
limsup —— < limsu 1—l—M):M.

For the other inequality, since there exists Na € N such that 7= > m for all n < No,
we derive by using the same argument as above that

" b -+ by,
liminfu > liminf (alJr + o, +m Not1 bt F >
n— 00 b1+...+bn n— 00 b1+...+bn b1+...+bn

= m.
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The proof is thus completed. O

Lemma 3. Let S be the induced model from S, and p and v be defined as in Lemma
. Suppose {kn}22, C N is a sequence of natural numbers with k, — oo asn — 0o
and s, is defined in @) Then for all a, B € A, we have

OB(Ta|AS"+1( Q))

5 Sa(Bs{kn}pey) = lim s =v(pB).
(5) (sl = Jim, i = v(9)
In particular, if k, = k ¥Yn € N, we have

O@(Ta|Ak(n+1) )
(6) Sa(B;k) = lim )’ — v(B).

n— o0 ‘Ak(ﬂJrl ( )

Proof. 1. It can be seen that @ is not a direct consequence of since k, = k —»
oo, and we provide the proof of @ first. Note that

(7) ‘Ak("-‘rl)( )’ — gbntl) Ly kD),

Lemma (1| is applied to show that

i),
) Jim e =) for 1< <k

Combining , with the first result of Lemma we have
sa(Bik) = lim so(B;{kn}nz1)
n—oo

OB(TalAk(nJrl)( ))
= lim To

n— 00 ‘Ak(’rﬂrl)( a)‘

‘H(p((lknJrl))) . ‘H n+1)))‘
= lim * +1€ (k(n+1)) :
nTreo Uan +"'+Uan
= v(f).

This completes the proof of @
2. By an argument similar to the preceding, the second result of Lemma 2] yields

(5)- 0

Theorem [4] below provides a formula for the spread rate of an a € A, and it
reveals that the first goal stated in the introduction is fully achieved.

Theorem 4. Let S = {p, é’:1 be a m-spread model over A, and S = {pi}iz1 be
the associated induced 1-order spread model over the induced type set A. Then, the
following statements hold.

(i) Suppose k € N, for a € A and p € S we have

-y v

BEb(a)

Oa(T| k(n+1) . )
(9) sp(ask) = lim —m B ()
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(i1) Let {kn}>; € N be an increasing sequence with k, — oo as n — 0.
Supposing a € A and p € S, we have

splas{kn}niy) = nlLII;osp(a, [$ns Sn+1])

O, Sp1
(10) — lim M: Z v(B).

n—o00 |Aiz+l (’Tp)| Beb(a)

Proof. 1. We prove the equality first. Let 7, be the induced spread pattern
from p € S. Suppose

FTp = Ufioz(r;)
is the decomposition of the support of 7,. For n € N, supposing a represents p©
in A, we have

O, (Tp|21<pn>) = Z number of occurrences of ¢ in 7, with root in 21(3”)
q€S, q(e)=a
(11) = Z Oﬂ(%bgtq@*l(r},))
peb(a)
= X ||
Beb(a)
The equality holds due to the fact that once ¢ appears in AZfTﬁl(Tp) and

q(e) = a, then g contributes an a’s in the nth layer E(T:L) in F,. Therefore, supposing

a € A represents p(©, we have
spla;{kn}nzy) = lim sp(a,[sn, snsa])

n— oo
= lim Oa(plazti(r,)

n—oo |Azz+l (Tp)|

S 1 Speotw) 10
= lim

n—o00 0.((13%""1) 4t O-l()ésn+l)

S 1)
= E lim
n—oo

Sn (r)
B€b(a) Zr:;;+1 Oa
= > v
Beb(a)

The last equality follows from Lemma [3] and Lemma
2. Then the equality @ follows from the same argument as above and the
second part of Lemma [3| This completes the proof. ([

2.2.2. Spread rate of a pattern. Given an m-spread model S over A, and {k, }22 ; is
a increasing sequence of natural numbers, Theorem [4| unveils that we can compute
the spread rate of a symbol a € A within the range A", where {s,,}°°; is defined
in . For a pattern 7 appearing in a p € S, that is, where n is a subpattern of p,
the method developed in Theorem [4 also allows us to compute the spread rate of
the pattern 7. Define

SO = p° e P,_1: p is parent of a p € S}.
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For a natural number r with » < m — 1, we say a pattern n € P, appears in some
p@ e P,y if p(0)|ppmAT = 7; that is, 7 is a subpattern of p(®) on F,NA,. The
aim of this section is to compute the spread rate

On(Tp‘A:‘ZH*T( ))

Tp

(12) Sp(n; {kn}nzl) = nlggo Sp(ﬂ% [snv sn+1]) = nlgr;o |A§Z+1fr (Tp)’

Define
A, = {n € P, : 7 appears in some P e S(O)}.

We construct a new spread model over A,, say S, in the following. Letting p € S
(=S8,,) and F = F, be the support of the pattern p, we define a pattern p €
PN AFm=r as follows, where Pr _, is the set of all (m — r)-patterns in which
each symbol is an r-pattern in P,. For all g € F,,_, if p|FT<g) = q € A,, we then

define py = g, i.e., we replace every subpattern of p in Fygg) forall g € F,,,_, by anew
symbol ¢ € A,. Note that S is an m-spread model and that p = p(p) is well-defined
since every subpattern p|FT(g) Vg € F,,_, appears in some p(® € SO Let p be the
symbol in A, representing p, then define an (m — r)-spread model with respect to
S by S, = {p(p)}pes. Theorem [5| below shows that the new (m — r)-spread model
help us to compute the spread rate of the pattern n € P,..

Theorem 5. Let S be an m-spread model over A and {k,}5>; C N be an increasing
sequence with k, — 0o asn — co. Forr < m—1, suppose S, is the (m —r)-spread
model with respect to S over A,.. Then, for any n € P,., we have

(13) sp(1 {kn}nZe) = sp(0; {kn}nZ0),

where D (resp. 1) is the pattern (resp. symbol) in Pl _ . (resp. A, ) representing p
(resp. n). Furthermore, is also valid for the case where k, =k ¥n € N.

Proof. 1t is sufficient to prove the case where k,, — co as n — oo and the other case
can be treated in the same fashion. According to definition , for every p € S,
there is a pattern p = p(p) € AFm=r P, _, representing p. Let 7, (resp. 75) be
the infinite spread pattern induced from p (resp. p) with respect to S (resp. S;).
Suppose [, (resp. Fy.) is the support of 7, (vesp. 75). It can be easily checked
that F., = F. . Supposing F, = UizlE(T;) (Fry = Uizlz%)), it follows from the
definitions of the spread mode and S,., we have

Oy (7p

AT () = 05(7'5|21§;)) for 0 <i€N.
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Therefore,

sp(m; {kn}pzy) = lim sp(m; [$n, 8n41 — 7))

n—00

On(Tp

s —r
_ lim Aa‘:#l (Tp))

n—oo Sn41—T
A (7p)

On(Tp|A§g“(r,,)) + On(%hj:i}“ﬁm) + ot On(Tp gonsasr

= lim Sntl

(Tp))

n—oo ’Az:frlir('rp)‘

O5i(Talgen ) + O(Tplgenta) + - + Ol gonsain)
P

= lim pa—
e A5 (n)]
i 2ao )
e AT (n)|
Ol pzner o))
= lm ————2—F"—
n—00 |Ai:+l (Tﬁ) |

= sp(; {kn}n20)-

This completes the proof. [

2.2.3. Comparison of two spread models. In this section, we discuss the spread rate
of an a € A of two topological spread models so as to achieve the second goal stated
in the introduction.

Let A be a type set, and S and S’ be two m-spread models over A. Suppose S
and S’ are the corresponding induced 1-spread models of S and &’ over A and A’
respectively. Write d = mingea a((ll)
for S’ in a similar manner.

and D = max,ca otV for S, and d’ and D’

Lemma 6 (Theorem 4.5.12 |Lind and Marcus| (1995))). Let A be a primitive matriz
with Perron eigenvalue p. Let v, w be right, left Perron eigenvectors of A, i.e.,
vectors v, w > 0 such that Av = pv, that wA = pw, and that w-v = 1. Then, for
each 1, j,

A7y = [(w(@w () + Aij(n)lp",
where \ij(n) — 0 as n — oo.

Lemma 7 (Theorem 4.4.7|Lind and Marcus| (1995)). Let A be an irreducible matriz,
0 < B <A, and By < Ay for a pair k, lof indices. Then pp < pa.

Theorem 8. Suppose that S and S’ are two m-spread models over A, that S, S/,
d, D, d, D', A, A’ are defined as above, and that A = A’.

(i) If D' < d, then for any {k,}5>, with k, — o0, p € S and a € A we have

OG(T/| Sn+41 T )
(14) lim o W

n—oo O, (Tp

AZ:Jrl (Tp))

where the sequence {s,}%, is defined in (3).
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(i1) Under the same condition of (i), for allp € S, a € A and k € N, we have

O (TI| k(n+1) , )
(15) lim Ben )T _ g,
n— 00 O (Tp|Ak(n+1)( ))

(iii) If ‘H

< ‘H(p&l))‘ and there exists a pair (v,0) € A? such that

‘H (1)/ ‘ < ‘H(ps, )| 5 then for any {k,}2>, with k, — oo, p € S and
a € A, the equality (./ holds.

(iv) Under the same condition of (iii), for allp € S, a € A and k € N, the
equality holds.

Proof. 1. 1t follows from the same argument in the proof of Theorem 3.4 Ban et al
(2021) that we have p’ < p.
Let M = [m, 5], M' = [m/ ;] be the corresponding {-matrices of the 1-spread

models induced from S and S’. Denote M" = [mn ] and M = [m [n]] for n € N.
Then, for a € A, we have

> e = 3 mi < ) ()"

acA acA

IN
7 N
S8
<<
~_

(S (2) Sl
Therefore,
Yaea [TEE)| /0 o\ £\
o T

It follows from and from Lemma [6] that for all «, 3, o/, 3’ € A we have
(17)
’H pgf)')

()|

> €A ‘H p((ln)/) ’ I\
’ « Co(V
E ) S < tea et (20) (2)
) Iz
acA
B B
where c3 is a constant and A;(n) — 0 as n — oo. Suppose F,, = ug’goz({;} is the
decomposition of the support of 7,. It follows from Lemma@ again that there exists
¢4, C5, A2(n) and Az(n) with Az2(n) — 0, Az(n) — 0 as n — oo such that for any

a1, B, oo, B2 € A,

> peb(a) H(Pgn)/)’ (ca+ Xa(n ‘H pi)
(18) o B — b
ZBEO(a) H(pa )‘B (C5 + )‘3 ’H pag

2
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Combining with yields

(n)!
|

(n) ‘
11
(pa )B

Oa(T;; AZZ_H(T')) . ZBEH(@
0 S lim ———*"— = lim
n—00 O (Tp|Az:+1(Tp)) n—o0o Zﬁee(a)

(ca + A2(n ‘H p&)

1

= lim

n (o5 4 Ag(n)) ‘H(PSZ)) 5
=g 220 ) <C2(V/)> (;/)”

n—oo (cs5 4 Ag(n)) c1(v)
= 0.

This completes the proof.
2. The proof is almost identical to the proof of (i) of Theorem [§ so we omit it.

3. We note that the assumption of |II(p (1)' < (1) for all o, g € A
B

imphes M’ < M. Furthermore, the condition ’H pg

‘H p7 ‘6 infers that

5,6 < My s for indices 7, 0 € A. Hence, Lemmal 15 apphed to show that p’ < p.
On ‘the other hand,

i, = it i (55 (2 o
(2) (2)
— ‘le ‘ﬁ. ’

Thus,

Using the same argument as above, we have
O.(7]

) e
lim _L P A () = lim —~—
n—o00 O (Tp|Az:+1(‘rp)) n—oo ‘H (n))’

i (565) (5)

= 0.

o
IA

IN

This completes the proof.
4. The proof follows the same method as in the proof of (iii), so we omit it. O

Remark 9. Theorem @ allows one to show, by comparing &-matrices M and M/,
the numbers of occurrences in one model would dominate those in another model.
More specifically, Theorem @ (i) implies that the minimal column sum of M is
strictly larger than the mazximal column sum of M’, while Theorem @ (i) require
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only M > M’ entrywise with a strictly larger entry. These concrete criteria can
then be put into practical applications.

3. RANDOM m-SPREAD MODELS

3.1. Notations and setup. In this section, we consider m as a fixed natural
number and adopt the notations defined in Section 2.2 such as A, Ty, A, A},
A" (14), |9, Pn, and o) Eg), ol for o € P, etc.
In addition, for any n and each n-pattern o« = o' € P, introduced in Section
we also define the following:
(i) When a = a? € P,,, we write (af)(® for a0,
(ii) We write B8 = {gi"", g5, 190 n }

(iii) For each r = 1,2,--- ;n—1,5=1,2,--- o8 Tet oz;r) (:(a?)y)) be the
subtree rooted at ¢i"" in the rth level of o and up to the nth level in a.

(iv) Let ¢(a) be the root of a.

(1) Each m-pattern a € P,, is determined by its parent o(?) and its children

o

agl), j=1,2,---,00a’ . Denoted this pattern by

)

We will also use the similar notations aér), ¢ and CJ(-T), etc. for the random
pattern ¢ defined later in this section and, in this case, these quantities will become
random elements.

3.1.1. The random m-patterns and the random m-spread model. Let Q,, be a subset
of P, such that, for every 8 € Q,,, there exists ¢ € Q,, such that

Bj(-l) =q© forall j =1,2,--- ,0‘(61).
Since P, is finite, so0 is Q,,. Let Q,, = {af",--- , o[ }.
Let Q,(ﬁ) = {8 : 3 € Q,,} be the collection of the parents of all m-patterns in

Q. We call QSL)) the parent set of Q.
Let f: o x 9,, —» [0,1] be a function such that

(i) for any a € 09 and any 8 € Qp,, if 3 #£ a, then f(a, ) = 0;
(ii) for each o € oW, > fle,B) =1.
BEQm
So, for any fixed o € Q;g), (o,)) = {f(a, ) : B € Qp} forms a probability
distribution. Each f(a, ) can be considered as the probability for the (m — 1)-
pattern « to grow into the m-pattern B. Therefore, by Kolmogorov extension
theorem, we can construct a probability space (2, F,P) and random elements {(,, :
a € QSS)} such that, for each «, {, is a Q,,-valued random element on (Q, F,P)
such that (¢, ) (w) = a for each w € Q and the probability of ¢, taking value at
B € Qpn is f(a,B). Such a random element ¢, is called a random m-pattern with
pattern distribution f(«,-) on Q,(S) X Q.
The nonempty collection R = {(, : a € QSP} of random m-patterns is called
the random m-spread model over the type set A with pattern distribution f on
52) X Q. Note that, if (, € R and f(a,8) > 0 for § € Q,,, then for all
i=12- 0%, Cu €R.
3
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Remark 10. The domain QSP X Qm of the pattern distribution function f is chosen
to make each (m — 1)-pattern in the tree to grow into an m-pattern with probability
one. In this case, the tree will grow continuously. However, the function [ can be
defined on Pp—1 X Pm as a generalization of our model. Similar discussions and
proofs in this paper can be adapted by adding a “pattern” to represent the possible
situation in which the (m — 1)-pattern does not grow at all and the corresponding
subtree terminates.

For any « € ng) such that (, € R, let 7"~1 = o and we will construct a se-
quence {72}, ¢ of random elements on the probability space (2, F,P) and each
realization of {77**"}, >0 can be considered as a growing tree and can be used to
describe the evolution of the type structure of the population over time. Here, 771
represents the initial type structure for the population from time (i.e., generation)
0 up to time (i.e., generation) m — 1.

For n = 0, since o € QSP, it is the parent of some m-pattern in Q,,,. So, we can
replace o with an m-pattern af* € Q,, to obtain a random element 72" on (2, F,P)
with probability

Py = ai") = f(e, i)

for all ¢ = 1,2,---,1,,. Note that 7" has the same distribution as the random
m-pattern (.
Forn =1, if 7' = oj7, then (a?g);l) € ng) forj=1,2,--- 708,,)L and so we can

io
replace each of them with some ot € Q. to obtain a (m+1)-pattern oz;"‘H € Pmt1

as the value of 71

with probability
P(rth = o = o)

= [l e =arrm = ap)

i

=TI (@, am

with the assumption that the replacements of each (m — 1)-pattern with an m-
pattern is independent of the simultaneous replacement of other (m — 1)-patterns.
It should be noted that this probability is possibly positive only when (ag?)(o) =

(ozf’g)g-l) for all j. Hence, the type structure in the first m + 1 generations of 7"
and 77 F!

7 are identical with probability 1. Therefore, we can consider that 7" is
growing into T,

m+1 Here, 7! is a random element taking values in Py, 1.
Figures || and [5| are examples, with m = 2, which illustrate how 1-patterns oz}l

and aj, grow into 2-patterns o7 ,a3,, a3 and o, with respect to the corresponding

probabilities. Figure[6]gives some ideas about a 2-pattern growing into a 3-pattern.
Assume that 7% is constructed and note that 77" takes values in Py iy.

Given 7" = "™ € Py, 4, we then replace each (m—1)-pattern (oz?ng”)g-nH) €
(0) apttatl (n) : .
Q' rooted at 9;"° , =12 10 et with some oz?; € Q,, to obtain a

o
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; 1ol
Given 7, = a = o,

1
a;, eP

with probability with probability with probability

flala2) =0 flal.a2) =0 flad,a2) >0

— l T~

ceP,
a a a a b a b
2 _ 2 2 2 2 _ 2
Ta = (le Toa = O¢j2 To = (lh

FIGURE 4. Tllustration of a 1-spread pattern a%l growing into a
2-spread pattern

; |
Given 7, = a = a;,

1
a;, { cP
b
with probability with probability with probability
flal,,a3) =0 flal,,a3) >0 fla},,03) >0

— l T~

Js a a Ja b Js b
| | /NS
a b b a b
2 _ 2 2 _ 2 2 _ 2
Ty = Qj Ty = Qj, To = Qj,

FiGURE 5. Tllustration of a 1-spread pattern 04112 growing into a
2-spread pattern

. 2 _ 2
Given 7; = aj,

with probability with probability
Slodyo0d,) - flad ) > 0 Sladypa) 00

a b a b a b aa b
3_ .3 3
Ta = QO Ta = O,

FIGURE 6. Illustration of a 2-spread pattern a?l growing into a
3-spread pattern
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(m +n + 1)-pattern o/ as the value of 7"+"*+! with probability

P(ry bt = o = ot
S D

m+n

« io

o
H IP’((T};””“);"“) = aZL|Tm+” = ozm+")
7j=1

ot

ymtn

“ig
IT (@i, af).
j=1

m+ny(n+1)

) for all j. We also have

which is possibly positive only when (a?j)(o) = («
that the type structure in the first m +n + 1 generations of 7*" and 7"+ are
identical with probability 1.

We continue this process and obtain a sequence {77"""},>¢ of almost surely

growing random trees. Therefore, the limit 7, = lim 77" exists with probability
n—oo

1. The random element 7, takes values on A‘Z, where d = max ( max O'g)) as
BEQm ~0<i<m

defined in Section and, for almost every w € Q, 7/""(w) is the subtree from
the root of 7,(w) to the (m + n)th level of 7,(w), for all n = 0,1,2,---. We call
To the infinite random spread pattern induced from the random m-pattern (, with
respect to the random m-spread model R and pattern distribution f.

So, we can ask the same questions proposed for the topological m-spread model
here. Namely,if O, (7alas(r,)) is the occurrences of a € A in 7, from level r + 1 to
level s, then we will ask what happens to the rate

. . Oa(Talas(ra))
Sa(a;{kn}22 ) = nhm $a(@; [Sny Snt1]) = lim ZolTelAn(ra))

—00 n— o0 |A;§(Ta)| ’

where {k,,}52; C N is a sequence of natural numbers with k, — 0o as n — oo and
Sn =Y. k4, and
i=1
sa(a;k) = lim s4(a; [kn, k(n +1)])
n—o0

which is the case when k,, = kn in the above.

3.1.2. Induced branching processes. In order to investigate the type structure of
the infinite tree 7, induced by the random m-spread model R, we will construct
a multitype branching process {Zn}nZO on the same probability space (Q, F,P) in
which each (m — 1)-pattern is considered as a type. Let A = QS,?) and note that
we have removed some (m — 1)-patterns from P,,,_; to obtain the subset A as long
as none of those patterns has a chance (with probability 0) to be a “parent” or a
“child” of any m-pattern in the family initiated by the given initial (m — 1)-pattern
a. Since P,,_1 is finite, the set A is well-defined and finite.

Let A = {a1,, - ,ax} be the type set for the branching process {Zn}nzo
to be constructed. Let 7""! = a = q, for some a;, € A, and let the induced
population {Zn}nZO start with an individual of type «;, € A at time 0, i.e., Zo =
€i,, where €;, is the standard unit vector with 1 as its ipth component and 0
elsewhere. We also write {ZSO)}HZO for {2n}n20 when Zg = €;,- After one unit
of time, when the type structure of the population in the m-spread model grows
from 777! to 7™, namely the individuals in the mth generation (level) of the
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population are born. At the same time, in the induced population, we replace the

initial (m — 1)-pattern o, with o&?, the (m — 1)-patterns rooted at level 1 in 777,

to obtain the population

{Em®, @,
at time 1, which are called the children of the initial (m —1)-pattern in the language
)

,  is a random element taking values in

of branching process. Note that each (777*)
the type set A. Let Zgé‘;) be the number of the (m—1)-patterns of type «; in the pop-

ulation at time 1,7 =1,2,--- ,k, and call the vector Zgi") = (Zglﬁ), ng%), e ,Zgijc))
the population vector at time 1. Then we have that |Z§i0)| = o) and, for any
7= (T17T27 e ,Tk),
PPCio) ()
= P(zgm) = ) which is the probability that an individual of type ay,
in the induced process produces r; children of type a;, 7 =1,2,--- k.
= Z f(ai(w ﬂ)
BEQm s.t.
T(3)=r

where T(8) = (t1,t2, - , k) is the vector with ¢; as the number of the (m — 1)-
patterns of type a; among { §1),ﬁ§1), e ,5(1&}, 1=1,2,--- k.
[og
s
Next, after another unit of time, the type structure of the population grows from

m—+1 (1)

T to 7'+, So, again in the induced population, we replace o7,/ (m — 1)-patterns

rooted at individuals in the 1st generation with a&? (m — 1)-patterns

{2, @ )

o

m—+1

rooted at individuals in the 2nd generation in 77*** to obtain the population vector

ZSO) = (Zg‘i)7 Zél;%), e Zg‘l’{)) at time 2 and so on. Let Z{®) = (Z(iO) z) ... 7fook))

n,1»“n,2>
(i0)

n,i

be the population vector at time n, where Z
of type «; among the population

is the number of the (m—1)-patterns

{rasm ) e ) )
at time n. Then such a process {Zn}n>0 is called the induced process with the
induced type set A from the random m—gpread model R.

From the construction, for almost every realization of the infinite spread pattern
T, there is a corresponding realization of the process |Zy,| and each (m—1)-pattern
rooted at a node in the nth level of 7, represents an individual in the nth generation
of |Zn| Therefore, we directly obtain the following basic connection between them.

Lemma 11. If o = a4, € A, then, for alln = 0,1,2,---, |Z$f°)\ = 07(-:1) with
probability 1.

If we let
(€0, = {1, €, e,
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be the offspring vectors of the induced process {Z%O)}nzo, where fj@ denotes the
number of children of type a; of an individual of type a;, then

PEW =) =P(Z =) =PO()

is the offspring distribution.
Moreover, we have that

(n) Z(lo)
Si)l _ ZT m+n (" Z Z
i=1 r=1

where §n » is the offspring vector of the rth individual of type «; at time n and
has the same distribution as £ for all » and all n. Hence, the induced process

{ngo)}nzo satisfies the characteristics of the branching process and, therefore, is
indeed a branching process.

Proposition 12. The induced process {Zn}nZO from any random m-spread model
R is a multi-type Galton-Watson branching process with the type set A and the
offspring distribution {PW (:)YX_| as defined above.

Therefore, according to Section 2.2 in |Ban et al (2021), we can construct a
random 1-spread model R = { W }kfl with type set A = {a;}¥ ; and spread

distribution {P®(-)}¥_, for which the induced branching process {Z,}n>o is the
underlying branching process. Note that, for each o € A, each pattern can be

written as a tuple
1 _ = ( (1) (1) ),

Pa’ = (@i ra g

where 0((11) is the number of the children of the ancestor a and if o = «; for some

i =1,2,--- k, then 0(1) |Z( )| We also call {paL } the random 1-spread
model induced by the random m-spread model S or mduced 1-spread model.

For n € N and p((l"), a pattern of the nth generation, the offspring type chart of
« in n generations is

n n n o)
M(ps”) = (@f”---alf))) € A%
and, if @ = a; and § = «;, then ‘H(p&"))‘ﬂ = ZS)]

Let M = [m;;]kxk be the offspring mean matrix of the induced branching process

{Zgo) }n207 Where

m{) = EZ) = E(| 1)

)..)
and it is known that M = M" for all n = 1,2, -.
Since we obtain the type set A by removing the (m — 1)-patterns for which it
is impossible (with probability 0) to be the “parent” or a “child” of any m-pattern

my; = E(2) = E(| TT(pL)

and let M) = [mgl)]kxk, where

from P,,_1, so the induced branching process {Zn}nZO is positive regular. Note
that a branching process is said to be singular if every individual in the population
only produces exactly one child with probability one and, by Lemma we have
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that the corresponding infinite spread pattern 7, only has one node in each level
with probability one in this case which is not of our interest. Therefore, throughout
this paper, we assume that the induced branching process {Zn}nZO is non-singular.
Then, we have the growth rate regarding the induced branching process.

Lemma 13 (Proposition 3.5. and Theorem 3.7. Ban et al (2021)). Let {Zn}nZO
be the induced branching process from the random m-spread model R. Let M be
the offspring mean matrix with the spectral radius p > 1 and the corresponding left
and right eigenvectors d = (uy,--- ,uy) and Vv = (vi,--- ,vi) such that v-1 =1
and V-u=1. Then,

(i) for everyi=1,2,--- 'k,
P(a((ﬁ) —00) =1;
(ii) for alli,j=1,2,--- Kk,

ml@)
lim —2 = v,uy;
n—oo pn
(iii) for every i =1,2,--- Kk, there exists a random variable W; such that, for
every j =1,2,--- |k,
T
lim —— =u;W;  w.p.1;

n—o00 p”
(iv) for everyi=1,2,--- k,
TIeEY)
Sq,;(a;) = lim sg?(aj) = lim

— — (n)
n oo n oo O-Oti

=v; wp.lL

The above lemma tells that the number of individuals in the nth generation
grows geometrically like p” and the proportion of individuals of type type «; in
the nth level eventually will tend to the ith component of the right eigenvector
v. The next lemma gives us the information about the composition of the types
when we look at more than one generation at once. In particular, we consider a

n
sequence {k, }>2 ; with k,, = coasn — oo and s, = > k;,, and then study the type

r=1
composition of the individuals from the k,th generation to the k,11th generation.

Lemma 14. Let {Zn}nzo be the induced branching process from the random m-

spread model R. Let M be the offspring mean matriz with p, U and V as defined

in Lemma . Suppose that {k,}52, is a sequence of positive integers such that
n

kn, — 00 asn — co. Let s,, = > ky. Then, for any oy, o € A, we have that

r=1

Oaj (Ta.|A5n+1 )

. 1Asy, (Trxi)

Say (O‘j; {kn};)LO:I) = nlggo ‘ASn-Fl (7_ )
Sn (e 77

with probability 1. In particular, if k, = k for all n € N, then, we have that

' O, (Ta |A’,zi:f11) (Ter; ))
Sag (3 k) i= Tim 1A D (7,,) o
n k3

J

with probability 1.



22 JUNG-CHAO BAN, JYY-I HONG, AND YU-LIANG WU

Proof. Let B; = {w € Q: agf) (w) — oo} be the event of non-extinction of the
induced process {Zg)}ff:o initiated with Zf)’) =¢;. By Lemma (i) and (iv), we
have that P(B;) = 1 and, on the event B;,

)|
souag) = i s (0y) = limm, —— o

=v; w.p.L

So, for any j =1,2,--- k, let

| TI( p%))(w)l

then we have that P(B; \ E; ;) = 0. Hence, P(B; \ ﬂ;‘:l E; ;) = 0 and, for each

k
w € ﬂj:l E, ;, for every r = s, + 1, , 8,41, we have that, as n — oo,
’H ®) )‘ _ Snt1
Hltes, ., —v; and > oM (W) = oo.
@) J i
oa; (w) r=sp+1

Therefore, by Lemma [2] in Section [2:2] we have that

Sa; (@5 {kn}i—1)(w)

Sn41

(7“)
= 1 OO‘J‘(T%‘ AS"H(TM,)) = i r= anrl‘H pal D‘J' — v,
T AT e R
r=s,+1 ‘

which completes the proof of the first part of the lemma and the similar lines can
be adopted to show the second part.
O

Lemma [14] tells us that if we look at the partial type structure from generation
Sp+1 to generation s, in the branching tree {Zn}zozo, the rate of the occurrences
of a certain (m — 1)-pattern «; converges to a deterministic value v; as n — oc.
This idea will give us the answer to the original questions of interest regarding
the infinite spread pattern 7, induced from the random m-pattern {, mentioned
previously.

3.2. Main results.

3.2.1. The spread rates of a type (symbol) and a pattern. Recall that 7, is the
infinite spread pattern induced from the random m-pattern (, with respect to
the random m-spread model and the type set A = {a;}¥_, and {Z,}°, is its
corresponding induced branching process with type set A = {«; }z:l-

For each a € A, we define

Ola)={B €A :¢e8) =a}
where €(f) is the root of the pattern S.

Theorem 15. Let 7, be the infinite spread pattern with the type set A = {a;}*_;
and {Zn}fzo be its corresponding induced branching process with type set A =
{a Y . Let M be the offspring mean matriz of {Z,}2, with p, @ and V as
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defined in Lemma . Suppose that {k,}22 1 is a sequence of positive integers such
n
that k,, — 00 as n — oo. Let s, = Y k. Then, for any a; € A, we have that

Ou., (Ta| asn+1 N )
salag {ka}oey) = lim —— B Tl Ny

—00 |A§Z+1 (Ta)’ i=1,2,--- ,k s.t.
a;€0(ay)

with probability 1. In particular, if k, = kn for all n € N, then, we have that
>, v

i=1,2, k s.t.
o; €0(ay)

Oaj (Ta |Ak(n+1) (Ta))

Salaj; k) = lim
( J ) n— 00 ‘Ak(’nr‘rl (Ta)|

with probability 1.

Proof. Let o = «a;, € A and let B;, and E;, = ﬂ;‘ 1 Ei,,; be defined as in the
proof of Lemma Then P(B;,) = 1, P(B;, \Em) =0, and for every w € E;_, as
n — 0o,

Sn+41

2

r=snp+1
Sn+1

[1(pS))(w)

@y

— V;
oll) ()
r=s,+1
for all j = 1,2,--- ,k. Note that, by the construction of the induced process
{Z,,}n>0 from the infinite spread pattern 7,, we have that for each w € E;,,

A ()] = 5 or = SN |7 2 B 0
AT (ra)| = X o = X 2= X e
r=sp+1 r=sp+1 r=sp+1

and, since Zg;’) is the number of the (m — 1)-pattern of type o; € A among

{0, et

it implies that

Ou,; (Ta(w) |A22“ (Ta(w)))

Sn+41

= >~ ( the number of occurrences of a; in the rth level of 7, (w))
r=sn+1
Sn41
= > ( the number of occurrences of a; in the rth level of 777"~ (w))
r=sp+1
Sn41
= 7Z+1( the number of the (m — 1)-pattern with the root of type a;
at the rth level of 7"~ 1(w))
Sn+41 .
- ¥ (T 2w)
r=sp+1 \i=1,2,-- kst
a;€0(ay)
Sn41 (7)
- E (s mefel,).
r=sp+1 \i=1,2,--- k s.t.

a;€0(aj)
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Therefore, by Lemma [14] for each w € E;, with P(B;, \ E;,) = 0,

salaj; {kn}oiy)(w)
Oq ( alw )|AS"+1(TQ))

= lim
n—oco ’As"“ (w))‘
ESS (r)
T8 )1, )
r=sp+1 \i=1,2,--- k s.t.
. a;€0(a;)
= lim S
n— oo n r
> o) W)
r=sp+1

T (Inele

i=1,2,+ K s.t. > g((flz) (w)
a;€0(aj) re=sn41

i=1,2,--- k s.t.
a;€0(ay)

and, since P(B;,) = 1, the proof is complete.

The following example gives us the main ideas of Theorem

Example 16. Consider there are two types, a and b, that is, the type set is A =
{a,b}. Let m =2 and it means that the spread depends on the type structure in the
past 2 levels (i.e., generations).

Let ng) = {ai, - ,a5} and Qy = {a?, -+ ,a3,}be defined as illustrated in
Figure and in the bottom of Figure .

Let f: Qéo) X Qo — [0,1] be a pattern distribution function such that

2, ifi=1 3. ifi=3;
flanad)={ & fi=3; flazad)={ 1 fi=g
0, otherwise; 0, otherwise;
L ifi=5; Loifi=1;
flasa?) =4 1. Fi=s6; flanad)={ & fi=s;
0, otherwise; 0, otherwise;
and
L ifi=09;
flas,a?) =4 L ipi=10;
0, otherwise.

Note that each 2-pattern in Qs can be represented s follows:

Oé% (1501, 02); 04% = (a1; 02, a3); 043 (a5 04, 05); Oéi = (ag; as);
Oég (03,041)7 Oéé = (a3;02); 07 = (064,0437044), Oé§ = (044;03,045);
5 = (as;03); afy = (as; )

Moreover, Fz'gure gives an idea how aq grows into 2-patterns with the corre-
sponding probabilities and Figure is an illustration of the pattern distribution f.
So, in this case, if we let R = {Cay, Cazs Casy Cass Cas }» then R is a random 2-spread



THE m-ORDER SPREAD MODELS 25

a a a a b
A = { u/ \u b {‘ ) ‘ b (z/ \] bl l‘l }C Pl
aq ay Qg oy as
(a) The type set A
prob = 2 \pwb -1

/
/\

(b) The spread probability f(ai,-) from oy

b b

N\ | l N\ |
prob = 2 / \pmh =1 pob= %/ \{mh =1 pb= L/ \;:mh =1 pob= A/ \:mh =2 pob= ?/ \Ipmh =1
a a a a a a b b b
VANEVANEE N A AN
A A AT T AT T A

P 2 2 2 P 2
a3 of ag ol a2 ag ad afy

(¢) The spread distribution

FIGURE 7. Illustration of Example

model generated by the pattern distribution f, where (4 is a random 2-pattern and
the distribution of (, is given by

flag,a?), ifa=a; and j =2i—1,2i
P(Co =) = fle. f) = { 0, ’ otherwise.

Now, consider the infinite spread pattern T, with the initial 1-pattern o = a1
induced from the random 2-pattern (., with respect to the random spread model
R. Let A = {a1, a9, a3,a4,a5} be the type set for the induced branching process
{Zn}nzo- From Figure or Figure we can see that, in the induced branch-
ing process, one individual of type ay can produce one child of type ay and one child
of type oz with probability % or can produce one child of type as and one child of
type az with probability %, so its offspring means are
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Similarly, we can compute all the offspring means of individuals of different types:

Mmyo = E(Zu@:o =é&)=1-3=2
msy = E(Z15|Zo = &) = 1- i=%
miz = E(Z11|Zo = €3) = 3;
maz = E(Z13|Zo = €3) = 3;
mgy = E(Zy3|Zo = €1) = 1;
maa = E(Z14|Zo = €1) = 'y
msa = E(Zy5|Zo = €1) = 2;
mis = E(Z11|Zo = &) = %;

mszs = E(Z13|20 = é},) =

and m;; =0, otherwise. Thus, we obtain the offspring mean matriz of the induced

[\

branching process {Zn}nZO :

2 1 1
3 009 03
10 3 00
M=|3 0 0 1 3
0%0%0
0 3 0 5 0

Moreover, the spectral radius of M is p =~ 1.4 and its corresponding normalized
right eigenvector Vv =~ (0.23,0.25,0.22,0.17,0.13). Note that 0(a) = {a1,a2,as},
which is the set of patterns rooted at an individual of type a, and 0(b) = {ay, as}.
So, if we take k =1 in Theorem[15, then we can obtain the spread rate of type a:

Sa(a;1) =v1 +v2+v3 =02340.25+0.22=0.7
and the spread rate of type b is
Sa(b;1) =v4+v5 =0.17+0.13 = 0.3.

That means, in the long run, the proportion of individuals of type a and type b are
about 70% and 30%, respectively, among the population.

For any r-pattern af € P, 1 <r <m—1, let
0r-(af) ={B € A: Blarp) = aj}

and let Oa; (Talat (o)) be the occurrences of the pattern o in Al(1,), where t—s >

7. Then the following theorem gives the spread rate of the patter o} in the infinite
spread pattern 7,:

Theorem 17. Let 7, be the infinite spread pattern with the type set A = {ai}?zl

and {Zn}j’fzo be its corresponding induced branching process with type set A =

{a;} . Let M be the offspring mean matriz of {Z,}°%, with p, @ and V as

defined in Lemma[I3 Let 1 <r < m—1 be any fized positive integer. Suppose that

{kn}22 is a sequence of positive integers such that k, > r for each n and k, — oo
n

asn — oo. Let s, = > ky,. Then, for any a’ € Pp, we have that
r=1

Oar (Tal Asn+1 - )
sa(af; {kn}pzy) = lim — ALt (ra)) 3

— Vi
n—00 |A§Z+1 T(Ta)|

i=1,2,-- 0 s.t.
a; €0, (a})

with probability 1.



Proof.

and

the result can be shown by the similar analogy as in the proof of Theorem

3.2.2. Comparison of two random models. Let R and R’ be two random m-spread
models with the same type set A and let 7, and 7/, be the infinite spread patterns
{Z,,}n>0 and {Z], },,>0 be the corresponding branching processes with the type set

THE m-ORDER SPREAD MODELS

Since, for each w € E;, defined previously,

ASn1T I T T CO TR S ()
ASH T (W)= X ol = X L= X oa,
t=s,+1 r=s,+1 t=s,+1

Oa; (Ta(w) |A§Z{+1 (Ta (w)))

Sp41—T
= > ( the number of occurrences of the r-pattern o rooted in
t=s,+1
the tth level of 7, (w))
Sn41—T
= > ( the number of occurrences of the r-pattern o rooted in
t=sn+1
the tth level of 7™ 1(w))
Spn41—T
= the number of the (m — 1)-pattern 8 with the root at
> p
t=sn+1

the rth level of 77"+~ !(w) such that B|ars) = af)

-2 s )

t=sn,+1 \i=1,2,---,l s.t.

ai€0,(al)
Sn41—T (t)
- "2 s melel,).
t=sn+1 \i=1,2,- 1 s.t.
aieer(a;)
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O

A induced by R and R'respectively. Let M = [m; jlkxkx and M' = [m] ;]kxk

be the offspring mean matrices for {Z, }n>0 and {Z] },>0, respectively. Define
d = min E|Z{"| and D = max E|Z{"| for {Z}n>o. Respectively, we define d’ and
a; e a; e -

D’ for {Z! }n>0.

Theorem 18. Suppose that R and R’ are two random m-spread models with same
type set A and {Zy,}n>0 and {Z]},>0 are the corresponding induced branching

processes with the type set A. Let 7o, 7., d, D, d' and D’ be defined as above.

Then

(i) If D’ < d, then, for any a; € A,

E(O T/ Sn41,_,
i Oy Telazz ) =0,

n—o0 E(Oaj (TD‘|A22+1 (‘ru)))

where {s, 152 s as defined before. In addition, if we let s, = kn for k € N,

then
E(Ow(T&l k(n+1) ))

n—oo E(Oaj( O‘|A’;£L"+l)(7'a)))
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(i) If mj; <m;; for all 1 <i,j <k and there exists a pair (io, jo) such that

mj < my, j,, then

B0, (Talazier(rr))
lim 2 e =0,
n=oe E(O,, (Ta|A§;f+1(ra)))
where {5,152 is defined as before. In addition, if we let s, = kn for k € N,
then
E(Oaj (TMA’;?“)(T&)))

lim =0
n—oo ]E((’)aj (TO‘|A§("+1>(T(1)))

Proof. For the induced branching process {Zn}n20> since

(|Hpm |a_):mgz) fori,j=1,2,--- Kk,
we have

S (n) k (n) .
Z (|Hpal ’aj>:2mj7i fOI‘j:LQ,'“,k,

Similarly, for the other induced branching process {Z, },>0, we have

k ’
ZE(H_[pm |a~):ij(?) for j=1,2,--- k.
7 i=1 7

Therefore, after taking the expectation on the random variables, the proofs in the
deterministic case can be adopted to prove the results in the random case.
O

Remark 19. Theorem provides a strategy to compare two random m-spread

models. Note that
)| -3 5 - 3o

is the sum of all the entries in the zth column of the mean matrix M. Thus, the
result in (i). above tells us that, by comparing the minimum and mazimum column
sums or the corresponding entries of the mean matrices induced by two m-spread
models, we can determine which model will eventually have a greater number of
occurrences of a given type. This strategy can be used for decision-making about the
epidemic disease prevention and control.

4. CONNECTION BETWEEN TOPOLOGICAL MODELS AND RANDOM MODELS

A random m-spread model with a special m-pattern distribution can be viewed
as a topological m-spread model.

Proposition 20. Let R = {(a,}._; be a random m-spread model with pattern

distribution f on ng) X Q. If, for each o; € QSS), there exits exactly one B; € Q.
such that (6;)© = oy and f(as, ;) = 1, then R is a topological m-spread model
with probability 1.

Proof. Since, for each a; € Qﬁ,?), there exists a 8; € Q,, such that f(a;,5;) =1 >0,
if, for each 4, let F; = {w € Q: (n, (w) # Bi}, then

P(F;) =1-Pa, =Bi) =1— f(i, ) =0
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Hence, if we let F' = U._, F};, then P(F) = 0 and, for every w € Q\ F, we have that
Ca; (W) = B; and

R(w) = {COM, (w)7 T aCOéz (w)} = {513 o 751}'
Now, we want to claim that R(w) = {51, -+, i} is a topological m-spread model
for all w € Q\ F. So, for any fixed w € Q\ F and for any §; = (,, (w) € R(w),
since (,, € R and f(«a;,B;) =1 > 0, we know that «; € Q%S) and 3; € Q,,,. Hence,
(ﬁi)g-l) € Q(mo) for all j which implies that

o e
C(ﬂj)gl) €ER, forall j=1,2,--- N

and thus, forall j =1,2,--- ,U[(gli),
S = Cayy» for some Gq ) €R.

Therefore, there exists exactly one 8;; € Q,, such that f(aj;,8;) =1 > 0 and
Ca, (w) = Bjr. This implies that, for any 8; € R(w) and any j = 1,2,--- ,ag),

there exists exactly one 3 € R(w) and (3;:)) = a1 = (Bl)gl) So, R(w) is a
topological m-spread model for all w € 2\ F. Note that P(F) = 0 and hence R is
a topological m-spread model with probability 1. ([

Usually, when some strategies are applied to control the spread of a disease,
the spread pattern will change gradually over time, and therefore, we often can
see a mixed pattern or a transition phase. For this reason, we want to develop a
transition model to describe this phenomenon.

Given two topological m-spread models S and S’ over the same type set A and
with the same parent set S©©) = S'© = {a;}!_; C P,,_1, where | = [S(?)|. Note
that, for every a € S(® = S0 there exist exactly one 8 € S and one ' € S’ such
that 80 = 50 = q.

A random m-spread model R with pattern distribution f is called a transition
model from S to &', if, for any a; € SO =80 ge S, g € S with o; = O =
B the pattern distribution f satisfies the following:

(i) if 8= 7, then f(ay,B) = f(ai, 8') =1 and let z; = 1;
(i) if 8 # @, then there exists a number 0 < x; < 1 such that

flai,B)=1—=z; and f(a;,p') = ;.
In this case, let &£ = (x1,--- ,x;) and we write Sg(Z) for R.

Proposition 21. Let Spr(Z) be a random m-spread model with pattern distribution
f a transition model from the topological m-spread model S to the topological m-
spread model S'. Suppose that, for every a € S = 80 3e S, B €S with
a; = B0 = 'O we have B # . Then

(i) If =1, then Sg(I) = S’ with probability 1.

(ii) If Z =0, then Sg(0) = S with probability 1.
Proof. The proof is straightforward if we adopt similar lines as those in the proof
of the previous proposition. O

Remark 22. If there exists i =1,--- ,1 such that o; € S© =8O and g = B’ for
BeS, B eS8 witha; =0 = 'O then (ii) in Pmposition can be modified
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into that Sp(Z*) = S with probability 1 where &* = (z7,--- ,x}) with z} =1 and

z; =0, elsewhere.

Since the transition spread model Sg(Z) is a random m-spread model, it induces
a branching process {Z, }°°, with type set A = S = &) By Ban et all (2021)
(see also Section in this paper), there is a corresponding random 1-spread
model R = {pg}i)}ﬁ:l to this multi-type branching process.

Now, letting S and S’ be the corresponding induced 1-spread model of S and S’
over A, respectively, we have the following proposition.

Proposition 23. If R is a transition m-spread model from S to S’, then R is a
transition 1-spread model from S to S’. More precisely, if R = Sr(Z) for some
0<Z<1, then R = Sr(Z) with probability 1.
Proof. Without loss of generality, we assume that, for each a; € S =8 ge S
and 8 € S with (© = /(9 = o;, B # B'. Then, since R is a transition m-spread
model from S to S, there exists a vector 0 < & < 1 such that R = Sg(%).

Recall that in Section for B € O, T(B) = (t1,t2, -+ ,t;) is the vector with

tr as the number of the (m — 1)-patterns of type « among { %1), él), e ,5(1(1) },
75

k=1,2,---,1. So, for each a; € S = &) for any B € S and ' € S with
B0 = g0 = @, we have that

165 = (|11
and
1) = (|| o 1], )
Then
(||, [T, ) =rOe) - p@? =)
= flai,B) =i
and
PO (|| oo [T ) = PO - p@ =)
= fla;,p)=1-u;
and hence R = {p&li) L_| = Sg(%¥) is a transition model from S to S'. O

Therefore, if M, M’ and M(Z) are the £&-matrices and mean offspring matrix of
the models S, S’ and Sg(Z) with spectral radii p, p’ and p(&), respectively, then,
by Theorem 3.1.2 in [Ban et al| (2021]), we have the following propositions.

Proposition 24. Under the assumptions in Proposition[21] and under the sup norm
for the matrices and vectors, we have
(i) If & — 0, then p(Z) — p.
(i) If & — 1, then p(Z) — p'.
According to Lemma [T3] in Section 3.1.2, we have that, in the induced system,

the spread rate of the transition model Sg(Z) gradually changes from the spread
rate of S to that of S’ as & — 1. Since the m-spread model shares the same spread
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rate with its induced model, the spread rate of the transition model Sg(%) also
gradually changes from the spread rate of the m-spread model S to that of S’ as
Z — 1. Moreover, we have the following proposition:

Proposition 25. Under the sup norm for matrices and vectors, the map & — p(Z)
18 continuous.

5. NUMERICAL RESULTS

This section presents several examples that numerically demonstrate or verify
the validity of the previous theorems.

5.1. Topological models. The experiment below provides an evidence for the
validity of the formula stated in Theorem |4l Let A be the type set consists of two
symbols a and b, and let a1, as, a3, ay € Py be 1-patterns defined as

a1 = (a;a,a,a,b),
as = (a;a,a,b,b,b),
asz = (b;a,b,b,b,b)
ay = (b;b,0,b,b,b).

Consider a 2-spread model § = {p1,p2,p3,p4} defined by its associated induced
1-order spread model S = {p1, p2, P3, P4} over type set A = {p1,p2,ps,psa} (more
specifically, p; corresponds to p;), where

p1 = (a1; a1, a2, a2, a3),
(19) P2 = (OéQ§C¥1,0[2,Ck4,0Z4,C¥4),
= (063;0617013,&4,@4,014),
(

P4 = 044;04376¥370é47044,a4),

and let k, =2 [logn + 1| so that s, is specified according to (2). One can easily
compute the £&-matrix M associated with model S, which is

1110
21 00
M71012
03 3 3

with v = [0.0905,0.0463,0.3075,0.5558]7 its probability right eigenvector. By
virtue of Theorem [5, we know that

sp(0i; {Fntnzy) = sp(Pis {kn}nle) = T sp(pis[sn, snt1]),

in which the convergence of the limit is reassured in Figure [§] Then, consistent
with Theorem the ratios sp(a; [sn, Snt1]) and s,(; [Sn, Spt1]) of symbols a and b
converge to the corresponding sums of all associated entries in the right eigenvector
2 neo(a) V(M) = v(p1) +v(p2) = 0.1368 and 3°, 5, v(n) = v(ps3) + v(pa) = 0.8632,
as is seen in Figure [0
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Spread rates of 1-patterns for a topological model

1 T T
+Sp(p1; [5n55n+1})
+5p(p2; [snaer—lD
081 7| sp(P3;i [Sn, Snt1])
:H +Sp(p4'-, [sn-,snﬁ»lD
;Cr 0.6 - - Véplg
7777777 T VP2
&: / - v(p3)
Lo 1 e
0.2 \ |
ob—— R R L
10° 10 102
Sn

FIGURE 8. Spread rates Sp(pi§ [sn78n+1]) = Sp(pi; [Snasn+1]) of
the topological 2-spread model defined in . The ratios
Sp(Pi; [Sn, Sn+1]) are observed to approach v(p;) in the figure.

Spread rates of symbols for a topological model

1 —rr —rrr
e Sp(a§ [Sm 3n+1])
_— Sp(b§ [8717 Sn+1])
0.8 N > neo(a) V)
e > neo) VM)
t 06 .
A
-
5,
-~ 04 N
=
w
0.2 i
0 Lol Lol
100 10t 102
Sn

FIGURE 9. Spread rates s,(a;[sn,Sn+1]) and s,(; [sn, Sn+1]) of
the topological 2-spread model defined in . The ratios
sp(a; [sn, Sn+1]) and sp(b; [sn, Sn+1]) are observed to approach
v(p1) + v(p2) and v(ps3) + v(p4), respectively, in the figure.

5.2. Random models. The experiments in this subsection support Theorem
numerically. For the sake of comparison, we consider here a special case of random
2-spread model that is generated by a random 1-spread model. Let A = {a,b}
again be the type set and k,, = 2- |logn + 1] so that s,, is specified according to
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(2). Then, we set Q1 = {a1, @z, a3, aq}, where
ay = (a;a,a,a,b,b),
Qg = (G/, a,a, ba b7 b)a
a3 = (b7 a, b7 ba b) b)7
Qg = (bv b7 b7 ba ba b7 b)a

upon which we choose the pattern distribution function fj : ng) x Q1 — [0,1] to
be

0.6, ifi=1; 0.5, ifi=23;
fola, o) =< 04, ifi=2; folbyay) =< 0.5, ifi=4;
0, otherwise; 0, otherwise,

so one derives via direct computation the associated offspring mean matrix

26 0.5
Mo = [2.4 5.0.]

and its right eigenvector vo = [0.1504,0.8496]7. We note this random 1-spread
model naturally generates a random 2-spread model R that is previously seen as
a byproduct in the induced branching process (Section [3.1.2)). More explicitly, we

define Qéo) = Q1 and, following the convention of ,
(20) QQ — {(67’}/17 e 77021)) : ﬁ77’b € Qh ﬂl(l) = ’72(0)}’

for which a natural pattern distribution function f : Qéo) X Qg — [0,1] of the
random 2-spread model R is given by

@) flo a>={ fola®, ) - TI72, fol(@™) @ alM), it a® —a;

0, otherwise;

and the associated offspring mean matrix can be computed to be

1.8 1.2 06 0
1.2 0.8 04 O
1 15 2. 3
1 15 2. 3

and v = [0.0902,0.0602, 0.4248, 0.4248]7" is the associated eigenvector. If we apply
Theorem [17] with r = 2, then almost surely

M=

Oa, (Ta, |A§Z“ (Taj))

nore AT (7o)
J

= Y v(a) =v(ay).
;€01 (o)
This agrees with the numerical simulation plotted in Figure [10| for the case j = 1,
in which each marked point is taken to be the average over 30 realizations. On the
other hand, Theorem [15]| asserts that almost surely
Oulo sz 1)

lim = Z v(a;) = v(ay) + v(ag)

— Sn41—T
e ‘Agn (Tal)’ a;€01(a)

and
. Ob(Tal ‘A:n+1 (Ta ))
lim u L=

n—00 |A§Z+1*T’(Tal)|

Z v(a;) = viag) + v(ay).

o; €0, (b)
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Spread rates of 1-patterns for a random model
1 T

e Sa(pl [Sm 5n+1D
— Sa(p? [sna SrH—lD
0.8 11— sa(P3: [sny snt1])
% +5(¥(p4 [Sn *571+1D
+ - - Vi
u;: 0.6 - I I Vo
s - V3 =Vy
2,
- 04FE N 1
3
oW
02} 1
0 L L
10° 10

Sn

FIGURE 10. Spread rates O, (7a, |A§Z“(m ) /‘A5n+1 "(Tay)| of
the topological 2-spread model defined by and (| . The sim-
ulation begins with root oy and each data point is taken to be the
average over 30 realizations. The ratios are observed to approach
v(e;) in the figure.

This is captured in Figure in which each marked point is again taken to be the
average over 30 realizations. Furthermore, this is also consistent with Theorem
with = 1 by noting that v(a;) + v(as) = vp(a) and that v(as) + v(ag) = vo(b).

5.3. Relations between topological and random models. Let A = {a,b},
P1, P2, P3, P4 be as defined in , and p| = (a1; a1, g, az). We define topological
2-spread models

(22) S ={p1,p2,p3,pa} and S ={p|,p2,p3,pa}

as well as the transition model Sg(x1,x2,x3,x4). In fact, the transition model is,
by definition, a model depending only on 1. Thus, according to Proposition[24] the
corresponding spectral radius p(z1, z2,2s,24) = p(z1) is continuous with respect
to z;. This is observed in Figure

6. CONCLUSION

When a pandemic persists for a prolonged period, the spread of the infectious
disease becomes increasingly complicated. From many research reports, it is clear
that once a person is infected, he or she may become another source of infection,
even during the incubation and recovery periods. To describe this phenomenon, we
propose two mathematical models from the topological and random perspectives
by means of substitution dynamical systems and the theory of branching processes.
In both proposed models, the type structure of the current generation or at the
current time depends not only on the type structures of the previous generation
but also on the type structures of the past m generations. Therefore, they are called
the topological and random m-spread model, respectively.

In this work, we construct a corresponding induced system and induced branch-
ing process for the m-spread model, apply the classical results from substitution
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Spread rates of symbols for a random model

1 T
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FIGURE 11. Spread rates Oa(Ta1|ASn+1(T ))/|Asn (Tay)| and
sn ay

Ob(Tal|AZZ+1(Tal))/|A§Z“7T(Ta1)’ of the topological 2-spread
model defined by and (21). The simulation begins with root
a1 and each data point is taken to be the average over 30 real-
izations. The two aforementioned ratios are observed to approach
v(a) = v(aq) + v(ae) and v(a) = v(as) + v(ay), respectively, in
the figure.

Spectral radius p of a transition model

4.95 - N

4.85

4.8

T

FIGURE 12. Spectral radius p(z1,x2,x3,24) of the transition
model defined by . The continuous of the function is observed
in the figure.

dynamical systems and the theory of branching processes, and use their matrix rep-
resentations to established a computable method to predict the long-term spread
rate of a type (or a symbol) as well as a pattern within some given range of gener-
ations. As an application, we also draw a comparison between two spread models
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with different initial spread patterns. Moreover, the connection between the topo-
logical m-spread model and the random m-spread model is analyzed and some
numerical results are provided at the end of this paper.
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