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ABSTRACT. In this article, an analogue of topological sequence entropy in a
Markov hom tree-shifts, say hfop, is defined. We explore various aspects of
htsop over tree-shifts, a quantity originally proposed for the characterization of
topological dynamical systems and analogously defined in this work. These
aspects include the existence of the limit in topological sequence entropy, its
relationship with topological entropy, a full characterization of null systems
(systems with zero htsop for any sequences), and the upper bound as well as
denseness of all possible values. A short discussion is also given in the article
regarding the relationship between this quantity and a variant called induced

entropy. These results as a whole provide an overview of the hfop.
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1. INTRODUCTION

1.1. Motivations. Let A = {0,1,...,m — 1} be a finite set and 7 be infinite,
locally finite, connected graph without loops and with a distinguished point vertex
e. A full shift A7 on T is the set of all funchions x:T — A. Suppose Aisamxm
binary matrix indexed by A, a Markov hom® tree-shift, say Ta, is the set consisting
of all z € A7 with A,_ .. =1, where 4 is the parent of u. The concept of T4 was
first introduced by [[], and refers to a sort of shift space defined on free semigroups
(cf. [20, [1]). The topological behavior and entropy theory has been extensively
studied during the last decade, see (cf. [2, B]) for the topological behavior, ([1])
for the classification theory and (cf. [4, 24, 25]) for the entropy theory. It is worth
noting that since the amenability is no longer true for 7, that is |A,\An—1]/ |As]
does not tend to 0 as n — oo (cf. [[q]), where A,, denotes the set of all vertices of T
whose distance from 0 is at most n, 74 has an abundant and interesting phenomena
which is different from the shift spaces defined on N or on amenable groups.

The notion of sequence entropy was first introduced by Kushnirenko [19], and is
an useful invariant which has close relationships with the topological behaviors of a
measurable dynamical systems ([27, 21, 11, 12, 23, 14, 116, 13]). Precisely, suppose
f € C(X) and X is a compact metric space. Let S = {s,}52, be a sequence of
natural numbers and « is an open cover of X, denote by f~la = {f"1A: A € o},
and define

1

(1) htsop(f,a):limsupflogN(f_sla\/...\/f_s"a),
n—oo N
where N(«) is the minimum cardinality of the cover « and oV ={ANB: A € a,
B € B}. The topological sequence entropy of f with respect to S is defined by
hfop(f) = sup hfop(fv a),

acOC(X)
where OC(X) is the collection of all open covers of X. If (X, B, u, f) is a measure-
theoretical dynamical system, the measure-theoretical sequence entropy hﬁ( f) can
be defined in the same way by replacing N () with Hy, (o) = = 4, (A) log pu(A).
The general theme is that several mixing concepts can be investigated via sequence
entropy both in measure-theoretical and in topological dynamical systems [[14]. We
also emphasize that such concept is equivalent to the study of the nonautonomous
dynamical systems (NDS) (see (E)) mentioned by Kolyada and Snoha [[17]

(2) (Xaf17f2af37"') = (X;f51af327515f337525'")'

1.2. An analogue of topological sequence entropy for Markov hom tree-
shifts. The aim of this article is to extend the notion of topological sequence en-
tropy of a symbolic dynamical system in multidimensional lattices 7. First, we
provide the definition for the topological entropy of T4 below. To clarify, we re-
strict ourselves to the conventional 2-tree in this study.

Let ¥ = {0,1} and let £* be the set of words over X. More specifically, ¥* =
Un>0X", where " = {wiwy - w, : w; € ¥ for 1 < i < n} is the set of words of
length n € N and X% = {¢} consists of the empty word €. A subset of words L C X*
is called prefiz-closed if each prefix of L belongs to L. A function u defined on a
finite prefix-closed subset L with codomain A is called a pattern (or block), and L

IThe word ‘hom’ indicates that the rule, i.e., the matrix A, on every generator of the tree 7
is the same. We refer the reader to [§] for the definition on Z¢ and complete bibliography there.
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is called the support of the pattern. For n € N, let A,, = UZ:OE’“ denote the set of
words of length at most n. We say that a pattern w is a block of height n (or an
n-block) if the support of u is A,,, denoted by height(u) = n. Let T4 be a Markov
hom tree-shift, we denote by B, (T4) the set of n-blocks in T4. The topological
entropy of T4 is defined as

(3) hop(Ta) = tim 281 Bn(Ta)l

n—o0 |An|

Note that the limit (E) defining 0, (T4) exists [24] and is actually the infimum of
W [25]. For T being a golden-mean treed, the limit of (B) also exists, and
more general results for the existence of the limit (B) can be found in [5].

Let P C ¥* be a subset of words, P is called a prefiz set if no word in P is
a prefix of of another one. The maximum length (resp. minimum length) of P,
denoted by lmax(P) (resp. Imin(P)), is the length of the longest (resp. shortest)
word in P. A finite prefix set P is called a complete prefix code (CPC) if any
x € ¥*, such that |z| > | P|, has a prefix in P. Suppose P = U,,>0 P, is a collection
of CPCs, and we call P reqular if lax(Py) < lmin(Pn41) for n € N. In what follows,
we assume P = U,>oF, is regular. Let F' be a finite subset of T, we denote by

P+ F :=Up,>o{P,+ F}. For m € N, we set
Trm = {ye AP*2m .y =a|p 1 a,., ¥n € NU{0} and for some = € T4}.

Set P, = U?z_olpi and P, + A, = Uz;_ol (P; + A,,). The number of the n-blocks on
P + A, is denoted by B, (T2 ™), that is, B,(T2 ™) = {#|p,+a,, : ¢ € Ta}. We
define an analogue of the topological sequence entropy for a Markov hom tree-shift
T4 on T below.

log | B.(T}™)|

hiop(T2A ™) = lim sup 7l
_ log|Bu(T]™)]
(4) = llgsolip —2?2_01“3” ,
and
5) heon(TE) = T huop (T7™)

The intrinsic meaning behind Aoy (ﬁ;m) is that if we project ﬁ;m along some
infinite path 7 = (€, Ty, TngTnye- - ) from T, where 7,, € {70, 71} stands for the
generators of 7. The value in (E) becomes

log ‘{xhﬂ”’l m—lo. 5L € XA}
<6) htop(Tf;m|T) = limsup izo Yjzo (si+i) ’

n—00 n

where X 4 is the subshift of finite type (SFT) with the adjacency matrix A for
some {s;}22, € N that is induced _from the projection of P along the path 7. It
is worth pointing out that form (fj) shares the same concept with the definition
of b, (f,c) (cf. @)) Hence, hiop(T2 ™) may be considered an analogue of the
topological sequence entropy defined on the multidimensional lattice 7. The main

2That is, the relations between the generators of the group G = (S2|R) are represented by a

bt } and Ss = {a,b} (ct. [5]).

binary matrix K = |: 1 0
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purpose of this article is to establish some fundamental properties of htop(ff), and
to understand how the lattice 7 affects the topological sequence entropy.

As the study of hiop(T]) for an arbitrary sequence of CPCs P is extremely
difficult. For clarity, we first restrict ourselves in this article to cases where P =
Un>0P, is “uniform” and m = 0 (i.e, the O-cylinder A). More precisely, given
S ={sp}rlo € N with sop =0 and setf £§ = U2 ;3. Define

TS ={ye A%y =z
Similarly, we have A = UP/'S% and B, (T5) = {x|A§ 1z € Ta}. We define
hiop(TH) as

sy, for some z € Ta}.

log ‘Bn(ff)’

(7) htop(TZ) = limsup T
and denote it by hy,,(Ta) := hiop(T7).

1.3. Main results. The principal results are presented below.

1. (Fundamental properties of hfop('ﬂ)) In Section E, the fundamental properties

of the hfop are demonstrated. The existence of hf;p(TA) is, of course, the first stage

of this study. Theorem provides the necessary conditions for the existence of
hfop(TA) that is associated with the primitive property of A. We also construct a

specific S C N where hfop(ﬂ) does not exist. In other words, hfop(ﬁ) does not

always exist in general.

Recall the works of Newton [22] and Goodman [12]. Let S = {s;}2, C N, and
Us(n, k) = {si+j :0 <i < 1,0 < j < k=1}. Define K(S) = limyoc limsup [Us{nk)|
where K (S) is well-defined since limsup n~! |Ug(n, k)| is an increasing non-negative

— 00

)

function of k. Let (X, f) be a flow and suppose X has finite covering dimension
(see [12]). If 0 < hyop(f) < 00, Theorem 4.4 [12] indicates that

(8) hiop () = K (S)htop(f)-

Theorem @ gives an analogous result as (E) for 7;39. However, the equality does
not hold in general, and we provide the lower and upper bound for hfop(TA) instead.

Let (X, f) be a topological dynamical system and U is an open cover of X.
Huang et al. [L4] proved that if hy,(f,U) > 0, then for each infinite sequence
S C N one has hi,p( f,U) > 0. Under some conditions on .S, Theorem @ presents
a similar result by showing that

htSop (TA) > htOP (7;‘)

Goodman [[12] introduced the notion of topological sequence entropy and stud-
ied some properties of null systems which are defined as having zero topological
sequence entropy for any infinite sequence. It is a natural question whether we
have characterization of the null systems for 77. Theorem provides such a
characterization. We point out that the characterization is for general 7}? , the
tree-shifts on 7. Moreover, if 7 = 77, the condition is finitely checkable.

2. (The supremum of sequence entropies over all subsequences of N) Section
E discusses the supremum of sequence entropies over all subsequences of N, and
below is a description of the motivation. Let X be a compact metric space and

3That is, P = £} and P, = 2% for all n € NU {0}
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f+ X — X be continuous. Let hi5,(f) be the supremum of topological sequence
entropies of f over all subsequences of N and H*°(X) be the possible values of
hgs, (f) for all continous maps f on X. The value hig,(f) is also known as mazimal
pattern entropy which is introduced in [15]. It is known that

(9) H>(X) C {00,0,l0g2,l0g3,...},
and if X is a finite tree or the unit circle S1, then H>°(X) = {00, 0,log 2} (cf. [2§]).

Some related results can also be found in [1§]. Similarly, we define

top(TA) - SU.p htop(TA)7

that is, () is no longer true. We emphasize that Theorem is interesting since
this phenemena cannot happen in 1-d SFTsH Although (E) is not true for hgy,(Ta),
Corollary @ shows that g, (Ta) = h,,(Ta) and both of them dominate h¢op(7a),

where htLOp(TA) is called the topological surface entropy since it has the same intrinsic

where ’TfEis a tree-shift. Theorem @ demonstrates that kS (Ta) € (log4,logh),
(

meaning as the surface entropy? introduced by Berger and Ye [§]. Furthermore, we
also prove that the set {h”(74) : Ta is defined on d-tree and A is irreducible} is
dense in [dlog 2, 0) (Theorem B.6). This indicates that the set of possible values of
hgs,(Ta) is not the discrete set of the logarithm of integers or co. On the contrary,
they form a dense set of some interval in R. This result is novel and unlike previous
results of hyg,(f), where f is a 1-dimensional map.

3. (The induced entropy) In Section {, we introduce the concept of the induce
entropy as follows. For S = {s,}°2,; C N, which is an increasing sequence, the
associated sequence K = {k,}52 is set as k, = Sp41 — Sp for all n € N, that is,
the length of the interval [s;,, $,+1]. Note that K is not necessary increasing. The
shift 7i"? induced from Ty is defined as

(10) Tj;md:{xGAE Ak”7 >0foralln>0, weA,, i€ {0,1}}.

The difference between TS ind and T# is that 77 is a ‘projection’ of Ty along Y% and
Tf iind i the set of x in which the symbols of z,, and x,,; obey the rule of A¥» for all
n>0weA, and i€ {0,1}. The induce entropy, say htopl)('ﬂ) = htop(TAS indy g
similarly defined. It is obvious that if S = {n}2, we have hj, (Ta) = hfo;l()i)(TA) =

hiop(Ta). The reason we define hfoé 2
to extend the concept of the hS

Ty

(Ta) is because there are more than one way
to multidimensional lattice 7. It is nature to

(Ta) and hy'" (T4). Theorem @ indicates

top
understand the relations between h?

top top
that hiz(, )(TA) > hS (Ta) > htop ) under some assumption, and the above two
inequalities are strlct (Exampl Finally, Theorem introduces a similar
characterization as Theorem of the null systems for 74

2. FUNDAMENTAL PROPERTIES OF hf, (T4)

2.1. Existence of htsop(’TA) This subsection is devoted to the existence of the

limit in the definition of the A2

top- From now on, the standing assumption of the

4We leave it to the reader to verify that if X 4 is an 1-d SFT, then hes,(oa) € {0,log 2}, where
o 4 is the standard shift map on X 4.
5That is, htLop (Ta) is the growth rate of the possible number of patterns on the nth level of T
as n — 00.
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discussion is that S = {s,}52, is an increasing sequence of nonnegative integers
and thus the sequence of differences K = {k,}°2, defined as k, = Sp11 — S, is
a nonnegative sequence. Under this assumption, we present the following theorem
regarding the existence of hfop('ﬂ).

Theorem 2.1. Suppose A is primitive, i.e., a matriz admitting a positive integer
n € N such that A™ > 0. Then, the following assertions holds.

1. If lim,_,o k, exists, then htsop(ﬂ) exists as limit.

2. There is a sequence K = {kn}%, such that limsup,_,. kn > na >

liminf,, o k., and hfop(TA) does not exist. a

Proof. We note that the (1) of the theorem is similar to that for the topological
entropy, and a proof is given right below. As for (2), it involves the properties of
the topological surface entropy, and the proof is postponed to the end of Section

We first prove the proposition when S is an arithmetic progression. By denot-
ing S, = {rn}%,, we note that 75" is itself a tree-shift, for which hfgp(ﬂ) is,
by definition, the topological entropy of ’TfT and thus the existence of the limit
follows from an identical argument as [24, Theorem 2.1]. For general S = {s,}22,
satisfying the assumption of the foregoing proposition, let N be an integer such
that k,, = r for all n > N. For n > N, we note that each u € B, (T} is composed

of an element in By (T4 ) rooted at the € and 2° elements of Bn(TA{”}iﬁ“) rooted
at elements of 3°~. This implies

2°N

|Bu(TE)| < |BN(T)| | Ba-n(T3)

and thus
lim sup 7log |Bn(7:f)’
o A
< lim s 28 1 BN (T2 2 - log ’B"_N(TAST)
(11) = A |AS]
223 [AS | og|Buow(TEN)]
= 1. . = h T
N e I

On the other hand, by setting M = inf,;>s, ¢, it is not hard to see that every
u € Bn,N(’TA{SHN}":“) is composed of 2"M =5~ elements in B,,_n (743 *°"). Thus,

1
‘Bn(’]}s)’ Z ‘Bn—N(']jSi*N}i:O) Z ‘anN(TXM+ST) oM —spn .
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Now that Bn_N(TXMJrST)

’BM_1(7jfr)

> ‘Bn—N-l-M(TAST)

, the inequality above

yields
.. .log |Bn(7jf)| o log ‘BniN(7'A{Sq‘,+N}i:O)
lim inf ————> = liminf _
n—00 |A,’€| n—00 A{s,,_}_VN}i:O
log BM—1(7fT) log ‘BH_NJFM(TET)‘
(12) > lim inf —

n—o0  orM-—sy ’A{Si}rVN}fio "
n—

rM—s {SiJrN}(')io
I

log | B -1 (T57))

B TC Y R hisy(Ta)
n—N+M
Combining inequalities (@)(@), one obtains
log ’Bn (Tﬁg)‘ S
n1~>oo W - htOP(TA)
and the proof is completed. ([

2.2. Relations between h?
max{i : $; < n}. Define

Ug(n, k) = {wr:weX® 0<i<n,|v| <k}

top(Ta) and hiop(Ta). Let 0 <n, k € N, and m(n) =

Decompose Ug(n, k) into sets of vertices in consecutive levels as Ug(n, k) = U?(:%)Alc;,
where

[=A{wv:lwl=c v <1},
and b(n) is an integer such that cyn) + lpny < n. Let 07 = [Af| and 0° = [¥7],
define
Sily o

fn(n)

(13) K(S) = lim limsup

k=00 nooo osi

Since Ug(n, k) is an increasing positive function of k,

K(S, k) := limsup ﬂ)li
n—oo :';((;L oSi

is an increasing non-negative function of k. Thus, K(5) is well-defined and may be
00. Define

m(n) s,

gn+l _ m(n) _s; ’An\U'ZO s

(14) C(5) = lim (ZZZO S T
n— 00 Z:”:'(;l) osi n— 00

e

whenever the limit exists.

Theorem 2.2. Given S = {s,}>2, and s, — o0 as n — co. Let K(S) and C(S5)
be defined as above, then we have

hi(Ta) < K(S)h(Ta).
Furthermore, if K(S), C(S) < oo and A is primitive, then we have
Rip(Ta) > K(S)h(Ta) — C(S) log 2.
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Proof. 1. We first prove that hj,,(Ta) < K(S)h(Ta). Since

_ log|Bn(T4)
hi=h(Ta) = Jim =S
exists, for any € > 0, there exists an integer N > 0 such that % —h| <e
for [ > N, ie., for [ > N, we have

(15) |Bl(7j4)| < €2l+1(h+€)-

Choose n and k large enough such that Ug(n, k) = Zf(:%) Aj" and l; > N for
0 <i < b(n). For a finite set F of T, denote by

Talr = {w € {0,1}F : w = t|r where t € T4}

the set of the projection of T4 with respect to F* C 7. It is clear that if E C F C T,
we have Talp C Ta|r and thus |Ta|g| < [Talr|. Note that {c;}2") C {s;}70" for
all n € N, it follows that for all 0 < i < m(n), A}’ is a subset of Alcj for some

0 < j < b(n). Therefore,

)nluzv;(gb)zsi S‘TAIU?;%")A? <

Tal pny aei | -
A |Ui(:T(L))Al,L~L

Since Aj" and Alcj are nonoverlapping for 0 < ¢ # j < b(n), we have

b(n)

< <1 Bu(TP" .
=0

(16) [Talmgose,

Talype ac

Combining (@) and (@) we have

b(n)
(citlit1) (pye)
Tal mese, | < 2 (hte),
Talpiosa| < T1 ¢
1=0
Thus,
log‘ﬂ m(n) ws, b(n) oe;+1;+1
U, X8 . 2 B B
i=0 < szo (h + 6).

Z;i((?) oS - Z;i(g) oS
Since K(5) is the limit of increasing sequence K(S, k), we have

log ‘7?4\ m(n) s
hf;p('TA) = limsup —1——=0 =1

n—o00 er;%l) oSi
< limsup Z:z:?n— (h+¢)

noee S 0%

b(n) | Aci

= limsup (h+¢)
= limsup % (h+¢)
n—o00 2187' oSi

= K(S,k)(h+e)
< K(S)(h+e).
top(Ta) < K(S)hiop(Ta).

Since ¢ is arbitrary, we have hy
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2. Suppose K(5) and C(S) < oo, we claim that
hs(Ta) > K(S)h(Ta) — C(S) log 2.
Recall that € is the root of the tree 7. For a € A we denote by
B2(Ta) = {w € B,(Ta) : w(e) = a}.
For 0 <1 € N we set a(l) the symbol of A such that ‘Bl@(l)(TA)’ < |Bf(Ta)| for all
a € A. Since A is primitive, it follows from [24] that
i 081Ba(T4)l

n—o00 gn+1

= h(Ta),

for all @ € A. Let N € N be the same as above, we have |Bj*(T4)| > 2 (h=e)
forall I > N. Let n and k large enough such that Ug(n, k) = Z?(:%) Ajand l; > N
for 0 <4 < b(n). Since

(s on) 0
’nlu:”:(gl)zsi 2 - Z TA‘UI;(:%)A;‘Z Z E!:) ‘Bi (TA)‘
Thus,
ntl_yym(n) s; (L
log | Tal g [ 2277175587 s B (Ta)|
=2 > gei_ 1 % 7]
Z;Z%L) oSi —~ Zi:(o ) i
s %(h —¢)
Yz 0%
1_7(") A
= limsup %(h —¢)
n—oo i=0 O’S'i
b(n) 5Ci
= lim sup &(h _ 5).
n— oo m(n)

Yli—o O

Since K(5), C(S) < oo, we have

log ’7j4 |U;":'<(;L>Esi

hiop(TR) = limsup
P\’ A =00 Z:’;(g’) oSi
2n+1 _ Em(n) Si
> K(S)(h—¢)— lim —= 7" ) 1og2
n—o0 Z:’;S’ oSi

= K(S)(h—¢) —C(S)log2.

This completes the proof. ([l
The following theorem gives that positive topological entropy implies positive

R

Theorem 2.3. Let A be a primitive matrix and let na be a positive integer such
that A™4 > 0. If k, > na for all sufficiently large n, then

hfop (TA) Z htop (7:4)
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Proof. We will construct a subset of T4 such that hf, (74) > logs where s is the
maximum row sum of A. Let a € A be a symbol attaining s. Since k,, > n4 for all
n € Z,, for each b € A there is a path from b to a in exactly k,, steps. The tree ¢
will be constructed in following steps, on row sy — 1 assign a at every vertex, then
each vertex on the row sy has s choices. For each symbol on the row sg, there is
a path such that this symbol reach the symbol ¢ on the row s;1 — 1 = sg + ko — 1.
Then on the row s1, each vertex has s choices. Repeating the same process on each
Sp—1=s50+ Z?:_Ol ki —1 and sg + Z?:_Ol k; = s, rows, we have that every vertex
on row s, will have s choices. It is easy to check the tree t € T4. Then

loo sX0 0 127
B (Ta) > lim —oo OE
n—roo Si

Zi:O

The proof is complete due to the fact that hyop(74) < logs. O
We remark that there is an A such that hf,,(Ta) > hiop(Ta) (see Thoerem @)

= log s.

2.3. Characterization of the null systems. The following theorem provides an
equivalence condition for hom tree-shifts.

Theorem 2.4. Let X C A%+ be a shift space and define

n = cA: na € B, X .
= max l{a Wna +1(X)}
We have htSOp(TX) > 0 for all S = {8,352 if and only if r, > 1 for all n € N.

Equivalently, this means X is a shift of finite type containing only finite elements.

Proof. Let T be a d-tree (d > 2). If r,, = 1 for all sufficiently large n, then |Tx]| is
finite. This implies |B,,(7%)| < |Tx| for all n € N and for all S = {s,,}5°,. Thus,
hiy(Tx) = 0. If rp, > 1 for all n € N, then for any S = {s, }32, there is a sequence
of words {ws, —1}22, such that

{a € A:ws,_1a € B, (X)}| > 2.
This implies

|Bn(TX)] = 27"

Then we have

log |§n(T)§)| N d5210g2 N d—1 log2 > 0
Do A% i A% d
for all n € N. Thus, h;?;p(’TX) > 0.

Now note that if X is a shift of finite type which contains only finite elements,
then clearly r, > 1 for all sufficiently large n. Conversely, if there exists N € N such
that r, = 1 for n > N, then it is easy to see X can be determined by the forbidden
set which consists of all words of length N + 1 not appearing in X. Therefore, X

is a shift of finite type and has finite members. (I

3. THE SUPREMUM OF hS OVER ALL SUBSEQUENCES OF N

top

3.1. Topological surface entropy. This subsection carries out the discussion of
the relationship between hfop and topological surface entropy of a hom tree-shift
Tx. For convenience, we denote by L,, the sets 3", over which the following two

sets of patterns are defined:
B (Tx) ={tle, : t € Tx} and B}, (Tx) = {t|r, : t € Tx,t|sw) = u},
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where u : s(u) — A is a function on a finite subset s(u) of 7. We simply write
BE..(Tx) when s(u) = {e} and u(e) = a. In the same vein of the topological
entropy, the topological surface entropy is defined to be the growth rate of BL(Tx)
written as .
htLop('TX) = limsup M.
n—o00 |Ln|

This growth rate is shown in the following proposition to exist in the decreasing
manner.

1 L
Proposition 3.1. Let Tx be a hom tree-shift. Then, %
addition that Tx = Ta is a hom Markov tree-shift with a primitive adjacency matriz

L L
71%“3";:‘(7}” and minge 4 71%“3";:‘(7}” increase to h*(Tx).

is decreasing. If in

A, then both max,c 4
Proof. Tt follows from the property of shift invariance that
|Briaa (Tx)| < [ Ba (7x)

If, in addition, Tx = T4 with A primitive, then by placing two elements of BE.,(Ta)
side by side, one obtains an element of BY,,.,(74), and thus

| d

L L d
glea_i( |Bn+1;a(TA)| Z Iglea_,i( |Bn;a(TA)| )
. L . L d
IaIéI_E|Bn+1;a(TA)| Z %12|Bn;a(7j4)| .
Hence, monotonicity follows immediately. On the other hand, by assuming that A
is primitive with AN > 0, we have
AT B (Ta)| < max | Bro(Ta)| < By (Ta),

| d

N
L : L L
gleajl( ’Bn;a(n) < gélﬂ ‘BnJrN;a(n)} < Ianeajf ’Bn+N;a(7j4)

)

and thus the proposition holds. (I

An immediate consequence of the proposition above is that the topological sur-
face entropy is an upper bound for hf;p, which is stated in the following proposition.
Proposition 3.2. Let Tx be a hom tree-shift. If S is strictly increasing as assumed,
then for alln > 0,
log | B ()] _ o log | BE(Tx)
AZL T o sl
Therefore, hy (Tx) < hl (Tx).

top top

Proof. The proposition follows as a result of

B, <[[|BL|] and |AS|=|up, L,
=1

= Z |L5i .
=1

The proof is finished by taking the limit from both sides of the inequality. O

Corollary 3.3. Let Tx be a hom tree-shift and S be strictly increasing. Then,
hiop(Tx) < hisy(Tx) = hip,(Tx).
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Proof. The idea behind the corollary is the same as that in [26].

It follows from the definition that Ao, (Tx) < hfgp(TX), so it is left to show
the remaining equality. Since Proposition E indicates that hfop(TX) < hip,(Tx)
for every strictly increasing S, the last step of the proof is to show this upper
bound can be attained by any increasing sequence S with unbounded gaps. For

this choice, there exists a subsequence s,,, of s, such that lim,_, \A; = 1. Since
|BE, (Tx0)| < | Bu, ()] we have
' log | B, (T%)
hfop(TX) = lim sup 7‘ AS %)l
n—oo |A]
o B TOL o B, (T3] L
T oo ‘Ai i—00 |st |A7Sh‘
log | B (Tx)|
> i R S S p— .
=L e
This completes the proof. ([

In the following, we are going to deduce the asymptotic behavior of topological
surface entropy with respect to the number of generators d, and therefore we will
denote by T(@ the d-tree to put an emphasis on the number of the generators.

Remark 3.4. We claim that, for any hom tree-shift 7x, the number htLop(T)((d) )
approaches the limit lim,,_,, logr, (as d — oo), where r,, is defined in Theorem
. To show this, it is noteworthy that

d
log | BL,(TL)|

max
L\

= logry,.
uGanl(T}({d))

is independent of dimension d. Since r, is decreasing, we take ngy such that r,, =
lim,,, o 7, and apply Proposition and the pigeonhole principle to deduce that

d d d
10g | Bag—1(TA™)|  1og (| Bag—1 (T)] - max, . i [ BE(TE)))

log rp, +

L A

log | B, (T\")|

>hl (T®) = inf log‘Bﬁ(T)({d))‘ : log‘Bﬁ(TP(fd))‘
> hipp(Ty ') = inf ——F—e0r = —_—
L%

1
n—oo ‘ L(d) n—oo
n

LY

d
. , log | BE,(TL")|
> lim logr, = lim max _
n—o00 n— o0 UGanl(T)(f)) ‘Lgld)

The result then follows due to the fact |A,—1]/ ‘L%‘?‘ tends to zero. As a conse-
quence, this limit lim,, ., logr, is the logarithm of an integer. It is noteworthy
that this result is also obtained for the irreducible hom Markov tree-shift in [26],
and this limit is expressed therein as the logarithm of maximal row sum of the
adjacency matrix.
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3.2. The supremum of hip of all subsequence of N. We provide in the fol-
lowing an example whose maximal pattern entropy fails to be the logarithm of an
integer.

Theorem 3.5. There exists a hom Markov tree-shift Ta over 5-tree such that
hes,(Ta) € (log4,log5).

Proof. Let T4 be a hom Markov tree-shift over 5-tree determined by the adjacency
matrix

11110
01 1 11
A=11 0 1 1 1
11 0 1 1
1 11 01
We show that log4 < hg5,(Ta) < log5. We first prove that hig,(Ta) < logh. An

immediate consequence of the definition of A is that the set B¥(74) does not contain
any surjective function and thus has no more than 5% — 5! elements. Proposition
@and @ then yields

log | B (T4)| _ log(5° — 5!)

o0 <
h’top(n) = ‘L1| = 5

< log 5.

As for lower bound, since
Blo(Ta) o (5310123 u (23)1,
Bﬁ;o(’ﬂ) has at least 42° 4+ 1 elements. Applying Proposition @ and @ results in

log | B, (Ta)| o log(425 + 1)
|L2| - 25
The proof is complete. O

hiop(Ta) >

> log4.

Since the idea behind the above theorem forms the backbone of the second part
of Theorem R.1|, we are at this point ready to give a proof.

Proof of the (2) of Theorem @ Under the assumption A is primitive, we claim
that hl(T4) = h(Ta) if and only if A is an all-one matrix. Since sufficiency is
clear, we shall only prove the converse by considering a contrapositive statement.
Suppose a € A is a symbol whose row sum M is the maximum among all rows. The
discussion is divided into the following two cases: (1) M = |A|, and (2) M < |A|.
In the first case, it is clear that h%(T4) = log M and it follows from [4, Theorem
2.2] that h(T4) < log M since A is not an all-one matrix. For the second case, note
that

|BY 1.a(Ta)| = [{u € BL (Ta) : Aa, ty) = 1,Yw € Ly, }|

na+1la

+ ‘{u S B£A+1;a(7j4> : 3w € Ly, Ala,ty,) = 0}’

> M‘L"A+1|
since A is primitive and the latter term in the second line is clearly nonzero. There-

L

(T2

fore, hE(Ta) > %ﬂ > log M while h(T4) < log M. To prove the the-
ng+1

log
orem, it is sufficient to take a sequence S that contains arbitrarily long intervals
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while but that the gaps k,, is an unbounded sequence. It is then clear that
log ’Bn (T4 )|

li =hn*

msup =75 (Ta),

. log |BL(TE

hnrggf gw < h(Ta) < hX(Ta).

O

3.3. The denseness of hfop. In this section, we show that given any d > 2, the

set of all possible values of hf;p.

(17) H(Ld) = {htLOp(TA) : Ta is on d-tree and A is binary and irreducible }

is dense in [dlog 2, 0).
Theorem 3.6. Ford > 2, H(Ld) is dense in [dlog2,00).

Before proving above theorem, we need some necessary notations. For £ > 1, let
ye = {yi}_, be a sequence of positive integers. Given y, and N > 1, an irreducible
directed graph G = Gy,.n can be constructed as follows. The vertex set V(Gy,.n)
of Gy,.n is defined by

N+£ N+/4
V(Gyon) = |J Vi= | {viy 1 1< <mi},
=1 =1
where

(18)

- 1 for1 <i<N,
v YN4t4+1—i YN4t—i = ---- Yo for N+1<i < N+ /L.

For N+1<i< N+4+{land1l<j<ynyier1—q, we define

(i—1 5
Vi;j:{w:W)HSkSW}
YN+e4+1—1 YN 4414

Then, the edge set E(Gy,.n) of Gy,.n is defined by

N
E(Gy,.N) = <U {e(va,v8) 1 vy € V; and :vg € Vi+1}>
i=1

U (Nﬁl {e(vij,va) 1 va € Vz‘+1;j}>

i=N+1

U{e(vomvl;l) L Vq € VN—‘,—Z},

where e(vq,vg) means an edge from v, to vg. Clearly, Gy, n is an irreducible
graph.

Given n > 1, for any finite sequence b,, = (b1, ba,--- ,b,), we define the (left)
cyclic shift map o(b,,) = (b2, b3, ,bn, b1). Denote by S(b,,) = {c™(b,,) : 1 <m < n}.

Proof of Theorem @ Given a sequence of positive integers y, = {y;}¢_;, £ > 1,
and N > 1, the irreducible graph G = Gy,,n can be constructed as above. First,
for n > £, by considering the case that the symbols on L,,_; belong to Vyis—;,
0 <i</{—1,1it can be verified that

dn—l+l

n n—1
(19) Bi(Tay,x) =i -8 -yl
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which implies that

| an_an—1_ gn—l+1
hL(TGyz;N) > lim ogY1 Yz d"m Yo

= logys + 3logys + -+ + 71 log ye.
Secondly, it is clear that B[ (Ta,, v) < Bn(TG,,,v)- We then have that

. log B, (Tc ;N)
hiop(TGy,n) < limsup—— T
n—oo
. 1Oan(7_G . )
(21) = hmsupleé’N hmsupllL |‘
n—o00 " n—00

= 75 uop(Tay,.x)-

For convenience, v;.; is labeled by 1. Let
1 1<i<N
Yntotri—i NF+F1<i<N+L

For i > N +1+1, m; = m, where i = r(mod N +1) and ng = ny¢. Then, by the
construction of G, it is easy to verified that

n 1 TGW N Hm1+1
From [25, Theorem 3.3], since G is irreducible,
. log Bn;l(TGy ;N)
Ntop (TGy[,N) = 11$S£PT~
Let zy1¢ = (mNye,MN4o—1, -+ ,m1) be the finite sequence. By (@),
log Bn;1(Tgy£;N)

hiop (TGW;N) = limsup A

n— oo

= hrnsupIA ‘Zd logm;t1

n— oo

N+L;
= W( max {;logwl—l—dlzlogw2+---+(j]}Hlong+g}>

WN+eES(ZN40)

N+€gg_
W( max { logw1+dlzlogwg—l—-u—i—dl@logwg}).
weES(ye)

Hence,

(d— 1)W1£§(>; {d log wy + d2 log wg + - d%logwg}
I3 l

(d — 1)0<I£%71 {2108 Yms1 + -+ + g log Yo + s logys + -+ + 7108 Y | -
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In particular, consider y, = {y;}¢_, withy; =2% a>1,and y; € {27 : 0< j <
d — 1} for 2 <4 < /. From direct computation, we can conclude that

A Ruop (T, ) = (= 1) (§logys + F logya ++ -+ 7 logye)

£—m m
<~ (é - dl—#ﬁ»l) 10gy1 > 2:1 (% - #) lOgym-i-i - Z (% - ﬁ) 10%3/1‘
i=

=2

& (3= gr)logyr > 255 (4= i) (4 — gberr) log 241

U

2
& logy; > ﬁ (é — dm%) log 2¢-1

e azd (5 gam).
for 1 < m < ¢ — 1. Hence, if a > d, then

. 1 1 1
i Fop (Tay,ﬁw) =(d-1) (d logys + —5logya + -+ 5 logye> :

for all £ > 1. Combining with (@) and (@) yields that
. 1 1
(23) ngnoohép(TGw;N) =logy; + p logys + -+ =y log ye.
It can be easily checked that
{I\}iinoth (TGW;N) Ty > 2% and yi € {2j 0<j<d—-1}for2<i< /{0 > 1}
is dense in
[log y1,log y1 +log2).

Clearly,

log(y1 + 1) < logy: + log 2

for 3, > 2¢. Therefore, Hgd) is dense in

U logy,logys +log2) = [dlog2, ).
y1>2¢

The proof is completed. O

4. THE INDUCED ENTROPY

Let S C Z; and K = {k;}2, be defined as before. If so = 0 and &k, = 1
for all n > 0, that is S = {i}2, we have hi,,(Ta) = hiop(Ta) clearly. Another
concept, namely ’Tf ’md, is introduced in (L() and the topological sequence entropy
of hfg;z)(ﬂ) is similarly defined.

Since 7f’md or 74 can be seen as a sort of NDS, this study could be useful
for further development of the entropy theory for symbolic dynamical systems on
tree (or countable graphs), results in this area is sparse, some results on Markov
chain can be found in [29, [10, 9]. Furthermore, as we described above, the sequence
entropy has a close relationship to the mixing properties of a dynamical system,
which is an interesting direction for future study.
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4.1. Characterization of the null systems.
Theorem 4.1. Let X4 C A%+ be a Markov shift space and

n = max Ha € A:wya € Bpi1(Xa)}-

n

We have hy:®) (Tx) >0 for all K = {k,}22, if and only if r, > 1 for allm € N.

top

Proof. If r, = 1 for all sufficiently large n, then |T4| is finite. This implies
|Bn(TZ)| < |Ta| for all n € N and for all S = {s,}52. Thus, ki, (Ta) = 0.
If r, > 1 for all n € N, then for any S = {s,,}22, there is a sequence of words
{wn—1}22, such that

{a€ A:w,_1a € B,(Xa)}| > 2.
This implies
|Bu(TZ)] = 2

Then we have

S.,ind
log‘Bn(TX n )‘ y d™log?2 - d_ll 0 0
- - >
Siod T Sid T 4 ®
for all n € N. Thus, hiit) (Tx) > 0. O

4.2. Comparison betweem h>:" (Ta)s hipy(Ta) and hiop(Ta)-

top

Theorem 4.2. Ifk, > na for alln > M, then
Biop (Ta) 2 1y (Ta) = hiop(Ta).
Proof. Tt is clear that htso;l(f) (Ta) = logm, then the proof is complete by the Theorem
and the fact that hf,,(7T4) < logm. O

The following example obtain the strictly case in Theorem @
Example 4.3 (hS;(i) (Ta) > b3,

top top
and T4 be the 2-tree with

(Ta) > hiop(Ta)). Let s = 0and k,, =4,Yn € Z,

110
A=10 0 1],
100

then Ay, (T4) > log2 by the proof of Theorem @ (2), and we also have log2 >
htop(Ta). In fact, since A is a positive matrix, we have hij;i)(n) =log 3. On the
other hand, Proposition and @ imply that

log 5 10g|BlL(7}§)|
89 _ CBIBVTL S , (7%) 2 1 ()

log 3 >
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