STEM AND TOPOLOGICAL ENTROPY ON CAYLEY TREES
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ABSTRACT. We consider the existence of the topological entropy of shift spaces
on a finitely generated semigroup whose Cayley graph is a tree. The considered
semigroups include free groups. On the other hand, the notion of stem entropy
is introduced. For shift spaces on a strict free semigroup, the stem entropy
coincides with the topological entropy. We reveal a sufficient condition for the
existence of the stem entropy of shift spaces on a semigroup. Furthermore, we
demonstrate that the topological entropy exists in many cases and is identical
to the stem entropy.

CONTENTS
1. Introduction 1
2. Preliminaries 4
2.1.  Shift spaces on a Cayley tree 5
2.2. Topological entropy and stem entropy 5
3. Existence of Stem Entropy 7
4. Existence of Topological Entropy 19
5. Generalization of Mixing Property 23
Appendix A.  An Attempt toward the Existence of Topological Entropy 28
Appendix B. Computation of Stem Entropy 29
Acknowledgment 32
References 32

1. INTRODUCTION

Many simplified mathematical models were proposed to understand phase tran-
sition; one of the most famous ones refers to the Ising model. Consider a ferro-
magnetic metal piece, which consists of a massive number of atoms in the thermal
equilibrium. Suppose, ideally, that these atoms are located at the sites of a crys-
tal lattice Z%. Each atom shows a magnetic moment resulted from the angular
moments, which is, for a simplified model, only capable of two orientations. The
set of configurations is X = AZd, where A = {1, —1} represents the orientations
of spins “up” and “down”. The Ising model is defined by specifying a Hamilton-
ian (or potential) describing the interaction between spins and then studying the

*Author to whom any correspondence should be addressed.

Ban and Chang are partially supported by the Ministry of Science and Technology, ROC
(Contract No MOST 109-2115-M-004-002-MY?2, 109-2115-M-390 -003 -MY3 and 109-2927-1-004-
501).



2 JUNG-CHAO BAN, CHIH-HUNG CHANG, YU-LIANG WU, AND YU-YING WU

corresponding Gibbs states. Remarkably, there is a unique Gibbs state for d = 1,
whereas for d > 3, there are infinitely many Gibbs states [17].

The notion of a Gibbs state (or a Gibbs measure) dates back to R.L. Dobrushin
(1968-1969) and O.E. Lanford and D. Ruelle (1969), who proposed it as a mathe-
matical description of an equilibrium state of a physical system which consists of a
vast number of interacting components [12, 13, 14, 15, 19]. Gibbs and equilibrium
states play a crucial role in the theory of thermodynamic formalism for dynamical
systems. A classic example is the investigation of uniformly hyperbolic differential
systems such as Anosov and Axiom A diffeomorphisms. The orbits of these sys-
tems can be encoded as infinite sequences of finite symbols; the collection of these
symbolic sequences forms a superior symbolic dynamical system called a shift of
finite type (also known as a topological Markov chain). After constructing the
invariant measures, the study of their properties is yielded by the construction of
equilibrium states in the sense of statistical mechanics, which turn out to be Gibbs
states [7, 11, 18, 28]. A remarkable fact is that a Gibbs state for a given type of
interaction may not be unique; this, in physical systems, means a phase transition.
On the other hand, equilibrium states are defined by a variational principle. More
specifically, an equilibrium maximizes the system’s entropy under the constraint of
fixed mean energy. While a Gibbs state is always an equilibrium state, the reverse
fails in general. However, equilibrium states are also Gibbs states provided the
given potential function is regular enough [17].

Investigation of Gibbs states for physical models on a Cayley tree has been
received considerable attention recently. One of many motivations is that, in the
study of the Ising model on a Cayley tree, a new type of phase transition was
revealed [23, 21, 22]. Additionally, Zachary showed that, for ferromagnetic or anti-
ferromagnetic systems on a Cayley tree, either the set of Gibbs states contains a
single point or contains infinitely many points [29, 30]. A classical construction of
Gibbs states on a Cayley tree is the method of Markov random field theory and
recurrent equations of this theory; new tools such as group theory, information flows
on trees, and node-weighted random walks have been implemented in the modern
theory of Gibbs states [27].

Aside from the physical significance of systems on a Cayley tree, there are fruitful
phenomena observed in these chaotic systems from the mathematical aspect. For
instance, the topological conjugacy between two superior symbolic systems (shifts of
finite type, to be precise) is decidable; irreducible shifts of finite type are chaotic in
Devaney’s sense; a stronger type of irreducibility is decidable. See [1, 2, 3,4, 5, 9, 16]
and the references therein for more details.

As a Gibbs measure maximizes the system’s entropy on a crystal lattice Z¢, it is of
interest whether this remains true for the system on a Cayley tree. The variational
principle for a system T is described, when one considers trivial potential, as h(T') =
h(p), where p is a Gibbs measure, and h(T') and h(p) stand for the topological
and measure-theoretic entropies, respectively. In the theory of symbolic dynamical
systems on a crystal lattice, the topological entropy is defined as the limit of orbits’
contribution in the ball of finite volumes. Such a definition is well-defined since
7% is an amenable group [8]. However, the absence of Fglner nets in a Cayley tree
makes the definition of topological entropy a controversy; Petersen and Salama
extended the study of topological entropy to systems on a rooted Cayley tree via
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the distribution of orbits on balls [24, 25]. Notably, this is how a Gibbs measure
for a ferromagnetic Ising model on a Cayley tree is constructed (cf. [27]).

It is natural to generalize the definition of topological entropy to systems on a
Cayley graph, which corresponds to a group. Under the circumstance of the exis-
tence of topological entropy, the problem of whether a Gibbs state is an equilibrium
state then follows. In other words, the existence of the topological entropy is es-
sential for the study of the variational principle of shift spaces on a Cayley graph.
This motivates the primary concern of the present investigation.

Problem. What kinds of groups ensure the existence of the topological entropy
of systems on them?

This paper focuses on the existence of topological entropy of systems on a Cayley
graph corresponding to a class of finitely generated infinite semigroups. Let G be
a finitely generated infinite semigroup and let S C G be a finite generating subset
of G. Suppose a binary matrix K indexed by S describes the relations between
any two generators. To be more specific, for s,s" € S, K(s,s') = 0 if and only if
ss’ = 1g, the identity element of G. Observe that the Cayley graphs of these groups
include the rooted Cayley trees and the Bethe lattices (i.e., regular Cayley trees).
In [6], the authors demonstrated that the topological entropy exists for Markov
shifts (or topological Markov chains) on a Fibonacci-Cayley tree, which is a Cayley
graph corresponding to a semigroup whose growth rate is the golden mean.

The investigation starts with introducing the notion of the stem entropy of a shift
space on G, which, roughly speaking, represents the contribution of complexity
on each branch. The existence of the stem entropy follows from the condition
that the matrix K is primitive (Theorem 3.1) or is irreducible (Proposition
3.7). Beyond that, we demonstrate the coincidence of the stem entropy and the
topological entropy provided K is a full matrix, which is equivalent to the condition
that G is a free semigroup.

Section 4 applies the existence of the stem entropy to demonstrate whether the
topological entropy of a shift space on G exists. Firstly, Theorem 4.1 reveals that
the topological entropy of Markov shifts on G exists provided K has a full row,
which is a generalization of [6]. Another main result in this section addresses that,
suppose the summation of each row of K is identical, the topological entropy of a
hom Markov shift on G exists (Theorem 4.3); hom shifts, initiated from physical
systems, are symmetric and isotropic Markov shifts (cf. [10]). It is remarkable that
the topological entropy, once it exists, coincides with the stem entropy (Theorems
4.1 and 4.3 and Proposition 4.6). On the other hand, the regular Cayley tree
satisfies the structure required in Theorem 4.3. An elegant examination of the hard
square shift (or the golden mean shift) on a binary free group goes to Piantadosi
[26].

Section 5 is devoted to graph representation of Markov shifts on G. Under the
restriction of Markov shifts on a Cayley graph, the previous sections’ results are
unified as one. Theorem 5.4 manifests that, generally speaking, if the graph rep-
resentation of the system is strongly connected and has a pivot, then the topological
entropy exists. Most importantly, the strong connectedness of the graph is equiv-
alent to the irreducibility of a one-dimensional Markov shift; a strongly connected
graph representation has a pivot if and only if its associated one-dimensional Markov
shift is mixing. It is seen that these conditions are both decidable (Proposition
5.6).
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FIGURE 1. The Bethe lattice of order 3

Some numerical experiments are carried out in the Appendix for the existence
of topological entropy of general systems on G. Further elucidation is under prepa-
ration.

2. PRELIMINARIES

Let G be a finitely generated semigroup and Sy = {s1,82, - ,s;} C G a finite
generating subset of G. Suppose the relations between the generators of G = (S| R)
are represented by a binary matrix K indexed by Sy as R = {s;s; : K(s;,s;) = 0}.
In other words,

sis; = 1lg if and only if K(s;,s;) =0,

where 1¢ is the identity element of G. The (right) Cayley graph of G with respect
to Sy is the directed graph T such that the vertex set is G and the edge set is
E ={(g,99) : g € G,s € S}. It follows that 7 is an infinite tree. On the other
hand, every g € G has a unique minimal representation g = g1 g2 - - - g, (with respect
to Sk). The length of the g, written as |g|, is defined by

lg| =min{n :g=g1g2- - gn,gi € Sk}

Obviously, 1¢ is the only element of length 0, and g = g192 -+ gn, g; € Sk, is the
unique minimal representation if |g| = n and K(g;,gi41) = 1 for 1 < i < n — 1.
Such a minimal representation is assumed for every element throughout the paper
unless mentioned otherwise.

Example 2.1. (a) Let S2 = {a,b} and K = E5 the full 2 x 2 matrix. Then G is a
free semigroup whose Cayley graph 7 is a binary rooted tree.

(b) Let Sy = {s1, s2, 53,54} and K € {0,1}*** given by K(s;,s;) = 0 if and only
ifi+jis even and 7 # j. Then G = Fj is a free group of rank 2. Figure 2 presents
part of the Cayley graph of Fj.

(¢c) Suppose S = {s1,$2,.-., 8k}, k > 2, and K is the k x k binary matrix given
by K(s;,s;) = 0 if and only if 4 = j. It is seen that G is a free product of k cyclic
groups of the second order, and its Cayley graph 7 = I'*~! is the Bethe lattice
(regular Cayley tree) of order k.
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(d) Let Sy = {a,b} and K = <1 é

graph of G is called the Fibonacci-Cayley tree in [6] since the growth rate of {g €
G : |g] < n} is the golden mean.

> the golden mean matrix. The Cayley

It is noteworthy that this class of semigroups covers many interesting examples
with the exceptions of some simple ones nevertheless, such as N2 or cyclic groups.

2.1. Shift spaces on a Cayley tree. Let A be a set of finite alphabet. A labeled
tree (or configuration) is a function ¢t : G — A for which ¢, := t(g) is the label
attached to g € G, and the set A consisting of all labeled trees is called the full
tree shift or full shift on G. A pattern is a function u : A — A for some finite set
H C G, where s(u) := H is the support of u. We say that a pattern u is accepted
by t € AC if there exists ¢ € G such that tgn = uy for every h € s(u); otherwise, ¢
rejects u. A subset X C A% is a tree shift (or shift space on G) if there exists a set
of patterns F such that ¢ rejects any v € F for all t € X. We write X = Xx and
call F a forbidden set for X. A tree shift X is a tree shift of finite type (TSFT) if
X = Xz for some finite forbidden set F. Let A = (41, A, ..., Ax) be a k-tuple of
binary matrices indexed by A. A Markov tree shift Xa C A% is defined as

Xa:={t € A% : Aj(t,,t,s,) = 1 for all g € G, |gsi| = |g| +1}.

It follows from the definition that a Markov tree shift is a TSFT; conversely, every
TSFT is topological conjugate with a Markov tree shift [3].

2.2. Topological entropy and stem entropy. Let G be a finitely generated
semigroup and A a finite alphabet. Suppose that X C A% is a tree shift. We intro-
duce the following notions which are fundamental units in the present elaboration.

For g € G and n > 0, denote by A%g) the n-ball centered at g as
AW = {gh:heG,|h| <n}

with A4 simply denoted by A,. On the other hand, we define the n-semiball
centered at g as

AY = {gh:he G, |h <n, and |gh| = |g| + |h]}.
Observe that A%g) is the initial n-subtree rooted at g. Furthermore, let
ALt = fs:h:heG,|h| <n, and |s;h] =1+ A} U {1g}
denote the ith branch of the Cayley graph with the root 1.
Notation. Suppose g € G,a € A, and n is a nonnegative integer.
(1) BY = {ue AR is accepted by some ¢ € X}
(2) B,(ﬂc)t ={ue BY . ug = a};
(3) By := BY'®, By, := BY¢;
(4) cY¥ = {ue ARy is accepted by some t € X};
(5) CEIT = {u e ABT s accepted by some t € X}
6) CY9) ={uecC?: ug = a};
(7) CT(LS;(ZH ={ue oIt Ui, = al;
(8) pi := || pidla = |Cal, 1o = (Bl b = [ Bl
(9) " =[O an) = OR)
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FIGURE 2. The support of patterns in Céf;) is a 2-semiball cen-
tered at s;

Suppose G = Fj is a free group generated by Sy = {s1, $2, 51_1, 32_1} for instance.
Figures 2 and 3 illustrate Céfl) and C’é‘;” respectively.

a

Definition 2.2. Suppose G is a finitely generated semigroup and A is a finite
alphabet. Let X C A% be a tree shift and g € G.
(a) The ith-stem entropy of X is defined as
log pgf”)
(1) hGsi) = () (X) := lim sup ————

nooo ALY

The stem entropy, denoted by h(®), of X exists if h(*9) = h(s3) for all 7, 5.
(b) The topological entropy of X is defined as

2) h=h(X) = lim 98P

n—oo |Ay]

provided the limit exists.

Remark 2.3. Suppose that G is a strict semigroup; that is, no element in G has an
inverse element. A straightforward examination indicates that h(*) = h provided
h®) exists. Indeed, BY = O since AY = AY for g € G and n > 0. Later,
Theorem 3.1 yields a sufficient condition for the existence of the stem entropy for
a class of semigroups.

Suppose that G = (Sk|) is a strict free semigroup of rank k; that is, K = Ej,
is a full £ x k matrix. The Cayley graph of G is an infinite rooted tree such that
every node has k children. Petersen and Salama [24, 25] demonstrated that the
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topological entropy (2) of a tree shift (i.e., a shift space on an infinite rooted tree)
exists and that

inf log pn
n—oo |A,|
In [26], Piantadosi considered the golden mean shift Xa a: on F, where A = (A, A)
with A = 1 (1) and A" = (A", A") with A the transpose of A. Recall that
F; = (S4|R) such that R is determined by K(s;,s;) = 0 if and only if ¢ + j is
even and i # j. Piantadosi demonstrated the existence of the topological entropy
of Xa a+ via estimating the growth rate of q,(f"'). The present paper generalizes
Piantadosi’s result to a class of Markov tree shifts on Fj for [ > 2. More precisely, we
show that the limit of the stem entropy exists (Theorems 3.1 and 3.6). Additionally,
the topological entropy coincides with the stem entropy (Proposition 4.5).

h =

3. EXISTENCE OF STEM ENTROPY

This section aims at the exposition of the existence of the stem entropy. A
straightforward examination derives that the stem entropy, which does exist, is
nothing more than the topological entropy provided G is a strict semigroup. There-
fore, the notion of the stem entropy can be seen as an extended discussion of the
topological entropy whenever G is not a strict semigroup. On the other hand, it is
of interest to the interaction between the stem and topological entropies.

Let G = (Sg|R) be a finitely generated semigroup with generating subset Sy =
{s1,82,...,5k}. Suppose that the relation set R is represented by a k x k binary
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matrix K as follows:
s;s; € R if and only if K(s;,s;) = 0.

With abusing the notation, we write G = (Si|K) to specify the equivalence of R and
K. Let A be a finite alphabet and X C A% a tree shift. The main result, existence
of the stem entropy, of this section is split into two theorems. The following theorem
reveals a class of semigroups such that the stem entropy of a shift space on which
exists. Additionally, Theorem 3.6 demonstrates that the limit in (1) also exists. For
the sake of simplification, the notations Sy, K, G, and A satisfy those conditions
above in the remainder of this paper unless otherwise specified.

Theorem 3.1. Suppose that G = (Si|K) is a finitely generated semigroup, and
X C A% is a shift space on G. If K is primitive, then the stem entropy of X exists.
In other words, for 1 <i,j <k,

(A1) lim sup % = lim sup %.

The following series of lemmas are prerequisite for proving the theorem. We
start with a property possessed by a primitive matrix. Recall that a nonnegative
matrix is primitive if it is eventually positive.

Lemma 3.2. Let N be a k X k primitive binary matriz and let p be its largest
eigenvalue. Then, for 1 <i,j <k, there exists c = c(i,j) > 0 such that
N"(i, 5
tim N0d)
n— o0 C,u"
Furthermore, if 1’ is an eigenvalue of N such that the eigenspace corresponding to
u' contains a positive vector, then u' > 1.

Proof. The Lemma is a consequence of the Perron-Frobenius theorem. The proof
of the asymptotic behavior of N is could be found in [20, Theorem 4.5.12]. As for
i > 1, [20, Theorem 4.2.3] assures that p/ = u, and N is primitive implies N™ (%, j)
tends to infinity. These together with [20, Theorem 4.5.12] leads to p’ > 1. O

Lemma 3.3. Let {a,}22,, {c,}32, be real sequences and {b,}52 1, {dn}52, be

positive real sequences. Suppose
lim 9% = lim <t = L.
n—o0 by, n—oo d,
Then n
a c
lim ——" = L.

Suppose, furthermore, that lim,, Z;’}.Lrl b; = +oo. Then

Z?:l aj

lim =—— =1L.
n—00 Zj:l b;
Proof. The equality lim,, . % = L is immediate and thus the proof is omitted.
n+dn

. . - > L a .
or the second part, >mphasize the importance of lir S we provide
For the nd part, to emphasize the importance of lim,, . ZI ' >
=191
the following detailed discussion.

)~ e . C e e ~hora a1 - a+-+ay,
We prove that for all real numbers M > L and m < L, limsup,,_, , 3577 <
ai+---+an

M and liminf, ., e = m, and thus the lemma is proved. By definition of
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limit superior, there is a positive integer Ny such that = < M for all n > Nj.
Then for n > Ny,

a, < Mb,
and
ap+---+a, a+---+an, | AN 41+ Fay
b1+"'+bn bl+"'+bn, b1+"'+bn
mt-tan, ]\ijﬂ»l +- 4 by
bl+"'+bn bl+"'+b77,
ay+ - +ap, ey
by +---+0b,
Since N; is fixed and lim,,_, o Z;l:l b;j = 400, we have
ai + -+ apn ap+---+apn,

+ M) =M.

limsup ——— < lim
n—)oop bi+--+0by 71~>ao( by+---+b,

As for the limit inferior part, there exists a positive integer Ny such that 3= > m
for all n > N5. Therefore,
a]+"'+(1n70,1+"'+(l]\?2 aN2+1+"'+an,

b1 +---+0b, by +---+0b, b1 +---+ b,
ar+--tan, | bnyprto+by
+m .

[)'l+"'+brz b'l"'"""bn

. . . . bNot1++by
By applying lim,, Z?:l bj = 400 again, we have that lim,,_, \I)Zr‘rliern =1

and that

.. .G . ) a; +---+an bn. 4 b

lim inf Gt tan > lim | = S WNs 4 g 2024 S 2l =m.
n—oo by +---+ b, n—oo | by +---+ b, by +---+0,

The proof is thus complete. O

The following lemma gives an explicit expression for the number of nodes in the
initial n-subtree.

Lemma 3.4. Suppose that G = (Si|K) is finitely generated. For1 <i <k, m >0,
n >0 and g > 1, the following statements are true:

(1)

n k
BN =143 Kl (siosy).
=1 j=1
(ii)
k g—1
NN PN ZZ KDL (g ) AGD).
=1 j=0
(iii)
s; n+j(m+1)+1
p£L+)q(m+1 < (sz)H (81) TSI K (si551)

Proof. (i) The length of each element in A$? is at most n. There is one element
of length 0, and for 1 <[ < n, there exists Z?Zl K'(s, s;j) elements of lenth [ in

A‘SlSi)- Hence there are 1+ Z?:l K(Si, Sj) 44 Z?:l K"(si, Sj) elements in total.
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(i) We prove it by induction on ¢. Since A£L+)Tn+1 can be decomposed into
disjoint union of 1 copy of AL, K™*1(s;,51) copies of ALV
of A;ﬁ’“), thus the result holds when ¢ = 1.

Suppose the statement is true for some ¢ — 1 € N. Applying the result in the

induction step, we obtain

sy KL (54, 85) copies

|A(Sl A(Sz

n+(g—1)(m+1)+1 s
n+(g— l)(m+1)+m+1‘ | n+(qg—1)(m+1) |+ZK a=1)( ) (5 Sl)‘Agnl |

=1

The induction hypothesis gives that

k qg—2
LS b + 0N R (s ) [AGD)],
1=1 j=0
Therefore,
|An+q m-+1) ‘ = |An+(q 1)(m+1)+m+1|
|A£L‘1(q 1) m+1)|+ZKn+q 1)(m+1)+1(5 Sl)\A(S’|
~ B+ S e, )3
=1 j=0

k
" Z Knt(a—1)(m+1)+1 (si, 51)|A£21)|

=1
k q—1
S B+ 3T s, AR
=1 j=0

The proof is complete.
(iii) We prove it by induction on ¢. Recall that A%ﬂ_mH is a disjoint union of
1 copy of AL K"+1(s;,51) copies of AlV K"t1(s;, s9) copies of AL? and so
on, where the number of ‘(1(‘(‘(‘1)1‘1])1( patterns of A( si) i pL '), and the number of
(s1)

acceptable patterns of A,(ZJ is pm’) for 1 < j < k. The number p, 7/, ,; could not
exceed pi*) Hle(pﬁi’))ﬁf"“)(%sz), the result is valid when ¢ = 1.
Now we assume the result holds for some ¢ — 1 € N. Then

(si) _ (50
pq(m—i—l)—i—n - p(q—l)(m+1)+n+m+1

k
(Si) s K(q 1)(m+1)+n+1 .
< p(q—l)(m-l-l)-',-n H(pfnl))( )(si,81)
=1
k - ) k
< pglsi) H(pg;‘il))zg;é(Kn+g(m+1)+1)(sz',sl) H (pg,il))(K((Fl)<m+1)+n+1)(8i781)

=1 =1

k
< pgfi) 1_[(],£7slz))25;3(K”J”("””Jrl)(sz',sz)7

the proof is complete. O
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Aside from the elaboration of Lemmas 3.2-3.4, the following lemma, which plays
a crucial role in the proof of Theorem 3.1, further portrays the composition of every
m-subtree in terms of all n-subtree when m > n.

Lemma 3.5. Suppose that G = (S|K) is finitely generated and K is primitive.
Form >0 and 1 <1i,5 <k, the following statements are true:

(i)
|A(S])‘

Kml A(Sz)
lim ——— >0 and Z lim (51, 51)| | =

n+m+1
(i) There exists v > 0 such that

1
lim =0 KTH(mH)“(Squ) Y

q—00 |A CoAmtl g

n+m+1|

for all T > 0.

m+1)+r|
(#i) For allr >0,

q—1 Kr+l(m+1)+1(8i’3j)|A£flj)|

Z lim =!=0 ( =1.
—00 Si
! ‘Aq(m+1)+r|
Proof. (i) Let , 1 <i,7 <k begiven. For 1 <1 <k, from Lemma 3.2 we
know there are positive numbers a; and b; such that
K"(s;
lim 7(83780 =1
n—o00 CL[)\n
and
K"(s;
tim 208

n—o00 bl>\n
Thus using Lemma 3.3, we have

Zf:l K" (sj,51)

lim = =F——— =
n—o0o (lel al))\n
and
k
S KT (s 50)
lim . =1
n— 00 (lel bl))\n+m+1
Since K is a primitive {0, 1}-matrix, Lemma 3.2 ensures that the largest eigenvalue
of K is greater than 1. Therefore we may apply Lemma 3.3 and obtain

A (54)
J 1
(3) lim L = lim + e Yy Ko (s5,91) _

n— 00 ZS 1 Zl 1 alAs n— o0 Zs 1 Zl 1 alAs

and
A (i n+m+1 k Ks
(4) li ‘A5L+)'rn+1 — 1 1+ Z + + Zl 1 (S“ Sl) -1
nggo n+m+1 k bi\s - ningo n+m+1 bi\s B
Zs:l 1=1Y Z Zz 1Y

We also consider
k A" 1) k
21:1 aj A—1 21:1 aj

n k s
(5) lim =m0 -

n+m+1 k R k A(Antm+1_71 k
n—oo Z Zl:l bl)\.s n—o0 Zl:l bl ( — ) by Zl:l bl
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The existence of the limit of {|A(51)\/|An+m+1|}$f:1 follows from (3), (4) and (5).
We also have

~ (s A (s +m+1 k s
|A( ])| o |A1(1J)\ . Zn i Zz 1 b - Z: 1211 WA
lim Gy = lim — . lim lim n+m+1 L
oo |An+m+1 MY el Dy WAS OO |An+m+1| noee Yl D= A
k
= 721:151 > 0.
A Zl:l by

From Lemma 3.4 (ii) we see that

AL =AY (56, 50) | ALY,

1=1
Hence it yields
Z lim Kmﬂi(si’sl)‘ﬁglsw Zz LK (si,50)|A S1)|
it S o A
i 1Bl — AR
e |An+m+1
=1.

(ii) Let ,m > 0 and 1 < 4,5 < k be given. Let by,..,b; be as in the proof of
Lemma 3.5 (i). Then
. K"(s4,85)
lim %)
oo b

=l1lforj=1,...,k

and thus

k n
lim Zl:lK (Si’sl) _
n—o0 Zle bl/\n
by Lemma 3.3. Consequently, using Lemma 3.3 we obtain

?_1Kr+l(m+l)+l(s S]) _

lim T
q—o0 b Zq )\r+l(m+1)+1
and
A (Sl) m T 5
1A gims1)irl o1 +Zq< SR DY S (51785) B
lim i = Jm 2t D) H, =1.
oo Zs 1 b Zq )\l 4o Zs 1 b Zl
Since
q=1/prr4+l(m+1)+1 ) ) qfl r+l(m-+1)+1
K 3} . A
lim =0 ( (s0) L = lim kb] = (m+1)+r
e |Af1(:n+l)+r| a=00 S0 b =1 A
i AL (Aa(mF1) ) A—1
=2 oo \Fk m+1 _ m+1)+r _
9= S b, A 1 A(Aa(m+1) 1)
b; A—1

= 0
2521 bs >\7TL+1 o 1 >

and the number % &.’\7;) does not depend on the choice of r, the proof is complete.

s=10Ys
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(iii) Let 7,m > 0 and 1 < 4,5 < k be given. Using Lemma 3.4 (ii) we see that

k q—1
|Ar+q minl = |ALD] 4 Z RrHmAD L (g s Y AG)|,
j=11=0
Therefore
ritm N K -1 G IAG)
Z i 2oz K D s AW By By K D ) A
q—0o0 |A m+1)+’r| q—0o0 |Aq(m+1)+r|
(s4)
T |Ar+q m+1)| - |AT | .
= lim =1.
q—00 | A (s4) |
q(m~+1)+r
This derives the desired result. 0

With the delivery of Lemma 3.5, we are at the position of presenting the proof
of Theorem 3.1.

Proof of Theorem 3.1. Since K is a primitive matrix, we may choose a positive
integer n such that K" is a positive matrix. We also assume that

(s77) (s5)

: log pm log pim
lim sup Gy T uax lim sup e
m—s 00 |Am1’ ‘ 1<i<k m—oo |A 7 |

From Lemma 3.4 (iii) we see that

pgffr' +1 <p(§1/) H (‘?l) K" sy, el)

which leads to
’ s k n
log il i1 < log pl; s K™ (sp,50)|ARY | log i

Al T A 1A ALY

I’

Recall that Lemma 3.5 gives

Agij)
lim J | >0forj=1,...,k
m—o0 A(Sﬂ)

| m+n—+1

and

> g 8
m—00 ’

Syt
|Am+n+l
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Therefore
k n+1 s1) (s17)
. K"M(sp, sl)|A | log pm
Z lim S hmsupﬁ
m— oo |Amin+l m—oo |Am1/ |
—i log pis"’
= lmsupT
m—00 |Am1 ‘
lo (sy7)
= lim sup 7% Zﬂﬁf;rnﬂ
m=r00 |Am1 n+1‘
lo nsI, K+l (g, A(Sl) 1 gysll)
<lim sup 7ggpl) +thsup (S(Ig /Sl)| | O%il)
m—yoo [AJHC =1 M7® A, In+1| |Ar"|
] Kn+1 sy, 81 Asl) lo gp(ql)
SZW}E& ((51,) 12 s G
|A +n+1| m—ro0 |Am |
and thus
lo g:;z') 1 5;:)
lim sup gps ) = lim sup 07‘2) fori=1,...,k
m—oo |Am1/ | m—oo ‘Aml |
This completes the proof. (Il

Besides the demonstration of the existence of the stem entropy, the following

theorem deduces that the limit in the definition of the stem entropy does exist once
h(s9) = h(si) for 1 <i,j < k.

Theorem 3.6. Suppose that G = (Si|K) is finitely generated, and X C A% is a
tree shift. If K is primitive, then the limit of the ith-stem entropy of X (1) exists,
and

(si)

log pn . log py, .
(A2) lim oe P = inf max O%p : for 1<i<k.
n—oco \A(S n>01<j<k |A5LS-7)\

Proof. Let 1 < ¢ < k and € > 0 be given. We choose an integer m > 0 such that

log i) _ g EE
|A:L1 n—o00 ‘Ansl
and
1 (s1) 1 (s1)
08 P < lim sup ng) TR for | # 1.
AGY] T moee JARY]
For r > 0, ¢ > 1, Lemma 3.4 (iii) gives
k
(s0) (50) Y IZA (KTH 0D ()
pr+q m+1) = )H l) v
=1

which yields

Ing(?;r)zﬂ)w log pi**) n zk: S KI5 ALY log pl)
(si) (si) (si) Als))
|Aq(m+1)+r| ‘Aq(m+1)+r| =1 j=0 |A m+1)+r‘ ‘Aml ‘
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Forl=1,....k,let LU denote the limit of {°125 K™+/(m+1+1(s; 5))|AGV|/|ALY | Jyee
From Lemma 3.5 we know that each L) is positive and the value of L) 4. . .4 LK)

is 1. Taking limit superior at both sides of (6) we thus obtain
log p\1 Yoo

lim sup 7q(m+1)+r Z Lh—="" gpm
| 1Al

q(m+1)+r =1

(si) (s1)
< L(i)(lim inf lo%pé + e) + Z L(l)(lim sup log pn + 6)

n—00 |A£L51) r s 00 | %sz,)|
= L (lim inf Ing%Si) ) + ZL(” hmsup1 ogpi” +¢)
n—oco |A£fi)| = s o0 |A’EL )|
Therefore
Si (si)
li lo gP% b 108 Pyin1)+r
im sup max hmsup(si
n— oo |An 0<r<m q—o0 |A (m+1) +'r|
< L9 (1i logpi” &)+ > LO(1i 1gp551>+)
imin im sup €).
n—00 ‘A( 1)‘ = noo  |A 7(13 )|

Since € is arbitrary, the inequality above leads to

lo ’I(’:l) 1 5137,)
ZLU lim sup gD = lim sup O%i)
=1 n— oo |An n—o00 ‘A K

5) log p'&?)
ZL(Z lim sup 08 Pn

log pr
< L lim inf ng

e JARY] G o JARY)
which also gives
lo (si) 1 %Si)
lim sup gj(v) = lim inf O%(pv) .
n—00 |Ans | n—oo ‘Ansl ‘

It remains to show that the stem entropies equal the infimum. Note that for
1 <1 < k the value of L®) does not depend on the choice of r. Observe that (6)
holds for all m > 0. Taking » = 0 into (6) and letting ¢ tends to infinity, we obtain

Si (s4)
lim logpgl : — 1i lngfZ(m+1)+7"
n— 00 \Agfi) T g |Aq(m+l)+r|
k (s1)
log pm
< L =2fm
; AR
k S;
<3 L0 log piy”’
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Hence
Ing(sl) . logp(sj)
A RGO ()]~ sy (28X TR ()]

The proof is complete. O

Proposition 3.7. The assumption of the matriz K could be loosen so that it is
irreducible while (A1) and (A2) are still valid.

Proof. Let K be irreducible with period P. According to the cyclic structure of
K discussed in [20, Section 4.5], with a proper permutation in index, K has the
following form:

O Ky O --- O 0]
O O Ky --- O 0]
(7) S I
O O O -+ O Kp,
Kp O O --- O (0]
Furthermore, by recursively defining K,, = K, _p for every n > P, the matrix

Ky = K,.K,y1...K.p_1 is a primitive matrix and the spectral radius p(K,) =
p(K)".
The consequence of the above property yields an estimate of the number Lgf 2

of points in n-th level of Aﬁf”. Suppose s; corresponds to the row index I in the
matrix K., which has k, rows in total. Let e; be the k,-dimensional column vector
with all entries 0 except for the entry index by I being 1

k
LG =Y " K"(si,s)
Jj=1
:e?K KT+1 Kr+n 11
= TIC KT+PL”J r+n 11

Thus,
(s4) L(Si)
(8) 0 < liminf ——— < limsup ——— < 00,
n—oo p(K)" n— o0 P(K)"
and by a similar argument used in Lemma 3.3
(s5)
Als) n L(Sa‘) lim inf,, _, o 7{4"‘
(9) liminf | 5] | = lim inf Zl+0 i > 7% oK) w5 >0.
n—00 n—00 nom o (Si . B
‘A +m Z L p(K)m - lim SUPy, 00 p(K)t"*'m

To prove (A1), let n be a positive integer such that K" (s;,s;) > 0 and

. log piy” : log piy’”
lim sup — = max limsup

moo |Als) LISk mooo  |AlD]

. log pS# ) log pg,sﬁ)
lim sup n lim sup

m—o0 ‘A£Zﬂ| N 1<l<k m—00 ‘Agr‘?” )
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By taking limit superior in m from

log iy - log pi;” +§:Kn+1 si,80)|ASY | log plat)

AS il T AL S 1AL 1ARY)
we derive
logpg;?)
lim sup )
m—o0 ‘Z&Tn’
K"+1(SZ Y )‘A(5])| lo gp(SJ)
=liminf (; J limsupT
ALl e AR
Kn+1 . A(SJ) 1 g?)
+ (1 - liminf (S(S’SJ)‘ ) i sup el
e 1A, +n+1| m—oo  |Ap,"|

Kn+1 A
—|A(i“g])‘ m | > 0, which

Equation (A1) follows as a consequence of liminf,, |
mtn+1

follows from (7) and (9).
(s3)

.. . S log p
We divide the proof of (A2) into two parts. That is, limsup,,_, . AG

- () (s )

liminf, o lo%"")‘ and lim,, o0 lTi{’:)l < maxi<j<k lo ﬁg(s" | for every n > 0. For

the first part, let C' be a positive constant depending only on K defined as

1, if p(K)=1;
C:= mP (g g R
min ( lim ECr(ie) jnpe 1807 hmmf o (S))I) , i p(K) > 1,

1<i<k \m—oo PE)™F 250 p(K)meP I

|Adn

and let 1 <4 < k and € > 0 be given. We choose an integer N > P and mg > N
such that for every m > N

(s1) (s1)

log pm log pn
- < lim msup ——5— +¢, for [ #1
AR amee ALY
and that
< limin f )
A% | nee AR

For every m > 0, define r,,, = max{nP > 0: nP +mo+ 1 < m}, ng = min{n >
N : Pln+mgy+ 2}, Py =mo+ng+2and S, = {r, —nPy:n € N}. Thus, for all
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sufficiently large m > N,

log pia’? <\5§§fﬁsm\ gpfnmsm Z Z K™(si,5)|ASY | log plat)
AT AR 1Al ALY ALY
(s1)

mlnS =1 neS,,,U{rm,}

by 3 K e sl B log

=1 nesy A% N
k Krm+mo+1(s Sl)‘A(Sl)(rm+mg+l)| Ing(Sl)(rm+mo+1)
+Z ‘A(éq)‘ ‘A(Sl) |
m (rm+mo+1)

k n A (s Si
Sy KA (el
|A£,i’)| n— 00 |A( )|

=1 neS,,U{rm}
! . A (s0) (s0)
vy KGeslAi (), e
1_ W hmbupw te
=1 neS,,U{rm} m :

Since K is of the form (7), by taking limit superior in m from both sides it yields

1 gsz') K" (s: s A(Si) 1 gsi)
lim sup O%? < | liminf Z (Slls—m minf og p + €
Mm—00 ‘A’ITSLZ)‘ m— o0 neSaD(rm} |A£{j‘) m—>oo ‘A(S i)
+ | 1 — liminf Z % <limsup Og% +e€.
m—oo eSO} |AmL m— oo |Am

In fact, we can show that the coefficient of the convex combination has the following
estimate of lower bound:

liminf Y K" (si,51)| Adiy | >0 > 0.

m— oo (s3)
nESmU{Tm} |Am

To show this we consider when p(K) = 1, |A£,SLZ)| =m+ 1 and thus

lim inf Z Kn(Si,SiMASE) = mo+ 1 > mo +1 = 1 =C
m—>oon€S Sirn} |A$§») mo+1+n0+1_m0+1+2(m0+1) 3 .

For the p(K) > 1,

K™(s:. s A(Sz)

lim inf g —(S“_Sl>|

m—o0 |A(Sl)
neSy, U{rm}

Tm(e. o.)|A (si)

> lim inf K7 (si, 80)| Amo

m—o0 |A(Sz)

(K)T71L+mO+P

Tim . . A (si)
> lim K (sirsi) 1A liminf 2

Tomoee (KT pUE)mOrE msee ALY LT
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Hence, we have

log pis?) logpls?)
lim sup & <C <lim inf —8Pm_ + €

m—00 ‘Aﬁl\ll )‘ m—o0 ‘AE]?/)
Si)
log [),,,
+(1-C)(limsup —=—— +¢]|.
m— 00 ‘Am /
(1) (
. . .o . log p\fi N log 1
Because € > 0 is arbitrary, it follows that lim sup,,_, ., % = liminf, (‘2{)” T
As for the second part, the proof remains the same as that in Theorem 3.6. 0

4. EXISTENCE OF TOPOLOGICAL ENTROPY

Recall that the definitions of the topological and stem entropies collapse when-
ever G is a strict semigroup. Theorems 3.1 and 3.6 yield a class of finitely generated
semigroups on which the stem entropy of each tree shift exists, following the derived
results, this section is devoted to the existence of the topological entropy and the
relationship between the topological entropy and stem entropy. We demonstrate
the existence of the topological entropy for a class of tree shifts on GG, and the topo-
logical entropy is identical to the stem entropy. The considered class of semigroups
contains but is not limited to the class of finitely generated free groups. For the
rest of this article, G = (Sg|K) is a finitely generated semigroup with primitive
matrix K.

Let A = (Ay, As,..., Ax) be a k-tuple of binary matrices indexed by A. Recall
that a Markov tree shift Xa C A€ is defined as

Xa={te A Ai(tg,tgs,) =1 forall g € G,|gs;| = |g] +1}.

The following theorem indicates that the topological entropy of a Markov tree shift
exists provided K has a full row. Moreover, the topological entropy is identical to
the stem entropy.

Theorem 4.1. Suppose K € {0,1}**F satisfies 2521 K(si,s5) = k for some
S; € Sk, and X is a Markov tree shift. Then the topological entropy of X exists and

log pn
h = lim =nl.
n—00 |A |
Proof. Note that every n-block u € B,, can be uniquely expressed as a (k+1)-tuple
(Ut Ul 50y s Ul 552 o 7u|A<sk>) and thus p,, < |A|- H] 1pn *)  As a consequence,
n—1 n—1 n—1

. logp, .. |A| logp |A ! |
(10) lim sup < limsup + =h®

n—00 ‘An| n— 00 |An| =1 |A£zsil| ‘An|

holds by applying Theorem 3.6. On the other hand, p si) < pp, holds naturally,
which further implies

(s4) (s:)

g Pn . log pn gpn (s1) (s)
(11) lim 1nf > liminf ——— = liminf ——— = A% = 1%,

The proof is finished by combining (10) and (11) above. O
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The theorem above asserts the existence of topological entropy of a Markov tree
shift on a Fibonacci-Cayley tree, which was revealed in [6].

11
10
a Markov tree shift. Then the topological entropy of X exists and can be calculated
via a system of recurrence equations.

A Markov tree shift XA on G is called a hom Markov tree shift if A; = A; for all
i,7. From the physical viewpoint, such a system is isotropic and homogeneous; in
other words, two symbols are forbidden to sit next to each other in all coordinate
directions once they are forbidden in some direction. The class of hom shift spaces
plays an important role in the investigation of physical systems. Suppose that the
matrix K has a constant row sum. The theorem below reveals that, not only the
topological entropy of a hom Markov tree shift exists, the stem entropy and the
topological entropy also coincide.

Theorem 4.3. Suppose m = 2511 K(si,85) = 2?21 K(si,s5) for every 1 <
1, < k and X = Xa is a hom Markov tree shift. Then the topological entropy

exists and lim,,_ oo I‘I)ipr =h(®),

Corollary 4.2 (See [6]). Suppose G is generated by Ss with K = , and X is

Proof. Since m = Z?Zl K(si,s5) = E?Zl K(s4r,s5) for every 1 < 4,7’ < k and

Ay = Ay = - = A = A, it follows immediately that q(si’) = qﬁls@) for every
sl, sj € Sk, for Wthh we simply denote gy, in the rest of the proof. Note that since
T s convex, the following inequality holds for every s; € Sy:

| Al
s)VE k
@S = O (gnia)™)
a=1
|Al
|A|Z|A| (Gnsa)™) ™
kE—m |A|
S |.A| m Z(Qn;a)k
=1
|A| m
On the other hand, it can be deduced by applying Minkowski inequality that
|A] | Al

((8))"L7(ZQna 7”>ZQna = Pn-
a=1

By combining the inequalities above , it yields that (pn )) m >, > Al
and thus

m— ( (S ))”l

log ' BIAVY|m —kloglA]  logpl? £ 1AL m — k log| Al
AL A mo|Aal AR EASD 1) 41 m [A]
Slogpn
|An|

logpglsl-) %|A"(;z)| B logp,ELSi) %|A"(:z)|

‘A%Si)‘ |An| - |A£Ls¢)| %(|A%§i)|_l)+1.
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log pi?)
] i ‘A(S i) |
is finished. 0

is proved to be h(®) for all s; € S}, in Theorem 3.6, the proof

Since lim,, o

Example 4.4. A class of groups satisfying the assumption of Theorem 4.3 is the
Bethe lattice, for which the matrices K’s have each diagonal entry 0 and each non-
diagonal entry 1. For instance, the Bethe lattice of order 3 is provided in Figure
1.

An immediate application of Theorem 4.3 is that the topological entropy of a hom
Markov tree shift on a free group exists. Suppose that A = (Aj, A, ..., A). We
denote by A* = (A%, AL, ..., AL) the k-tuple of transpose matrices of A. Theorem
4.3 is further generalized to the following proposition.

Proposition 4.5. Let G = F}, be a free group of rank k. That is, G = (Sax|K)
with K(s;,s;) =0 if and only if |t — j| = k. Suppose X = X a+ is a Markov shift
space over Fy with Ay = Ay = --- = Ay, = A indexed by a finite alphabet A. Then

the limit lim,,_ oo 1?5”‘" exists and equals h(®).

Sy
Proof. For simplicity, we write q,f;a = qff}l) = qfffl), Tna = qffa ) = (qil ), |A7(fl)|

(o1 — — . X (s;
AL = A, and [AGOT] = AT | = |A%] in the rest of the proof.

. . . 1 . log ;..
First, we claim that limsup,,_, . o‘gAqua < h(®) and that limsup,, , . OlgAqf"" <
) 1 (51) . .
h(#). To show this, note that Gl < p(gl) and thus & O _ logp, The inequality

&3S A
then holds by taking limit superior of both sides, and the same arguments apply to
Gnza

Now we claim that lim,, ‘Zil exists and equals h(®). Since it follows from
(10) that limsup,, .. 2622 < h(®) it is left to show that liminf, lfgp" > h(),

[An]
Since pt) = ZaeA(qn a)k (¢n:a)®!, there exists a, € A for each n such that

(qn;an)k - (q;an)k 1> p|" ‘- Hence, by applying Theorem 3.6 and the claim above,

for every € > 0 there exists N € N such that

+ R te)| At
Bhans G, < €T

and that

k*1>i (s

ko (o
(Tna,)" " 2 AP

(4n:a,,)
whenever n > N. This implies

_ (Gha,)" (@,

Tnan
(@) - (@)t
> (M =)A= (A +e)| A} | (2k—2)

— (W =9 [(2k=1)|AT|—(2k—2)| = (R +e)| A} |(2k—2)

3

_ 67(2k72)(h(5)7e)e(h(5)7(4k73)e)\5i|.
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Hence,

Pnsa,, = (q'r—;an)k : (q;;an)k_l . qr:;a71
> (W =a)An] | o= (2k=2)(h) —€) (b1 —(4k=3)e) |AT|

(WO —(@k=3)0) [ An| | o= (2k=2)(hD =€) ,(h) —(4k=3)e) | AL |

Y

= (WO —(@k=3)) (1A +IAL]) | o~ (2h=2)(n—0)

Hence, one obtains

7 > Hmnf R > A

This finishes the proof. (I

Using the same technique as above, one can also obtain a variation of Proposition
4.5 as follows.

Proposition 4.6. Suppose A is a finite alphabet with |A| < 2k — 1. Let Xa at be
a Markov shift over Fy, with A = (A1, Aa, ..., Ag). Then the topological entropy of
X exists and equals h(®).

= AT = A,  and [ACOF] = |ACTDF] =

Proof. For simplicity, we write |Als)
|AF] in the rest of the proof.

By applying the argument in Proposition 4.5, one obtains that
(12) lim sup 29 < p(s)

A

for every s; € Soi. Now we claim that lim, . |£—’;‘ exists and equals h(*). Since it

follows from (10) that limsup,, , ., 222 < A() it is left to show that lim inf,,_, ., 2522 >

‘An| ‘Anl -
h() . Since pgf) = ea Hw#,l qff”a) for every z € Sy, there exists a,,, € A for
)
each n such that J[,_,- qﬁﬁua)w > ]‘?TLTI. Hence, by applying Theorem 3.6 and (12),

for every € > 0 there exists N € N such that

(w) (WP +e) AT

qn;an;z 9
and that
1 () _ )| A
H qg:)gmz > mp;z) > (b e)lAn\7
wH#z—L

for all z,w € S and all n > N. At this moment, it is noteworthy that the
restriction imposed on the dimension of A; leads to the coincidence of some a,, ,, =
Gnyz (21 # 22) by the pigeonhole principle, and thus K(zp,27") = 1. These
two properties together imply that if u,v are admissible patterns in Xz a: with
Ulg = Qnizy = Qnizy = Vig, S(U) = A and s(v) = A% then @ with support
s(w) = Ay, defined as follows, is also a admissible pattern:

o Jve itg=2g gl =l [+ 19'l;
v ug, otherwise.
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As a consequence,
_ (21_1) w
Prjan..; = dnjan;z, ° H QT(L;a)n;zl7
w;ézfl

and

(w)
(2;1) . Hw#z;l qman;zl

Nz

11 L Lo\
wH#z] WEZ, qn?an;zl
> e(h(s)*e)lﬁn\*(h(3)+6)\5i|(2k*2)

_ e(h(s)fe)[(2k71)|ﬁn\7(2k72)]7(h(5)+e)|51\(2k72)

— o (2k=2) (WY —¢) (V) —(4k=3)e)| A} |

Combining all the results above, it follows that

—1
_ (z7) A (w)
pn;an - qn;an;zl qn;a";,zl
w;ﬁzfl

> (W =0)An] | o= (2k=2)(h) —€) (b —(4k=3)e) AT

> (WO —(#=3)0|An] . o—(2h=2)(h) =) o (h)—(4k=3))| A

— (W —(k=3)) (| Anl+IAT]) | ,—(2k—2)(h(V) —e)

Hence, one obtains

pn?‘ln;zl Z h(s) )

lim inf Pn_ > lim inf
n—o0 |An‘ n— o0 | n|

This finishes the proof. O

5. GENERALIZATION OF MIXING PROPERTY

Aside from the straightforward estimation of topological entropy in the previous
section, this section studies from an topological perspective the coincidence between
stem entropy and topological entropy. In fact, the exposition in the following is
inspired by [24, Proposition 3.1] and generalizes the idea of mixing property on hom
Markov tree shifts on a strict semigroup to that on finitely generated semigroup
expressed as G = (Si|K). We begin with defining the following terms.

Definition 5.1. Let G = (Si|K) be a finitely generated semigroup. Suppose
X = Xao C A% is a Markov tree shift on G. A graph representation of X is
a directed graph G = (V,E) with vertex set V. = A x S and with edge set
E ={((a,s:),(b,sj)) € VXV :K(s;,s;) =1,A,(a,b) =1}.
(i) G is called strongly connected if for every (a, s;), (b, s;) € V there is a walk
of length N from (a,s;) to (b,s;) in G (denoted by (a,s;) R (b, s;)) for
some N depending on (a, s;) and (b, s;).
(ii) A vertex (a,s;) € V is called a pivot if there exist s; € Sy and an integer
N € N such that every (b, s;) € V admits a walk (a, s;) ELN (b, 55).
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.
3‘@

FIGURE 4. Graph representation of X 4, 4,
Example 5.2. Suppose G = (S3|K) is associated with the matrix K = B (1)]
11 01
SIS

are the adjacency matrices for the shift space Xa, 4, C A%. Then, the graph
representation of X4, 4, is defined as in Figure 4.

and

To see the definitions above are related to the mixing property, we prove the
following proposition.

Proposition 5.3. Suppose that Xo C A% is a hom Markov tree shift, and G =
(V,E) is a graph representation of Xa. Then,

(i) G is strongly connected if and only if A is irreducible.

(i) G is strongly connected and contains a pivot if and only if A is primitive.

Proof. (i) It is not hard to see that A is irreducible if G is strongly connected, since
for (a, s;), (b, s;) € V, there exists a walk (a, s;)(a1, S5, ) (a2, Siy) - -+ (@n—1,5i,_, ) (b, s;)
and thus aajas - - - a,b is a word admissible by A. We now show the converse, i.e.,
for (a, s;), (b, s;) € V, there exists a walk (a, s;) A, (b,s;). Since K is a primitive
matrix, there exists N such that for every n € N and s;,s; € Sy, there is an ad-
missible word s;s;, 54, -+ 5i,,_,5; by K. On the other hand, since A is irreducible,
for every a,b € A there exists an integer M > N and an M-word aajas---ay_1b
admissible by A. This results in a walk (a s;)(a1, ;) - (@rm—1, Sin,_,)(b,55) in G.
This completes the proof.

(ii) First of all, we show that A is primitive if the adjacency matrix Ag of
G is primitive. Indeed, since Ag is primitive, there exists N such that for all
(a,si), (b, s7) and n > N, there exists a admissible walk (a, s;) — (b, s;) in G. This
naturally yields a (n + 1)-word admissible by A which starts at @ and terminates
at b.

Secondly, we show that G is strongly connected and contains a pivot provided
A is primitive. To this end, we show every (a, s;) € V is a pivot of G. Since K is a
primitive matrix, there exists an integer N; such that for every s; € S; and every
n > Ni, there exists an (n + 1)-word admissible by K which starts from s; and
terminates at s;. On the other hand, since A is primitive, there exists No > N;
such that for every b € A there is a admissible word aa; - --an,—1b by A. This
implies for all n > N there is a walk (a, s;)(a1, 8i;) -+ (@n—1, Si,_, ) (an, s;,) in G.
This finishes the proof of our claim. Note since every (a, s;) is a pivot, irreducibility
follows immediately.
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Finally, it remains to show that if G is strongly connected and contains a pivot,
then Ag is primitive. It is also equivalent to show that G is strongly connected
and there exists (a,s;) € V and N € N such that every n > N admits a walk
(a,8;) 2» (a,s;). Since strong connectedness follows immediately, it is left to show
the latter. Suppose (a,s;) is a pivot such that there exist s; € S, and walks

a, s; BN b, sj) for every b, € A as follows:
J

(aasi)(alﬂ’SlLQ)"'(alJV—l’sh,Nfl)(avsj%
(a7 Si)(a2,27 5l2,2) e (GQ,N—lv Sl2,N—1)(b2? 5j)7

(a’ Si)(a\AL?? sl\A\,2) T (al.A\,Nflv sl\A\,N—l)(blA‘ , Sj)-
Hence, the following are admissible words by A:

aay2---ai,N-1a,
aaz 2 - aQ,N—1b27

aajalz - a4, N-1bj4)-
From these, we are able to construct a word of length n +1 > N + 1 with both
starting and terminating symbol a. For instance, when n = N + 2, we may observe
a1,N—2a1, N—10 = bgas y—1a forsome 1 < k < | A| and thus aay 2 - - - ak, N—1bra1 N—10
is an admissible word by A. This process can be done for N +1 < n < 2N, and
further extension process for n > 2N is done by a proper concatenation with the
prefix aai 2 - - - a1, nya. Now since K is a primitive matrix, we can also prove that for
every s; € S and any sufficiently large n € N there is an (n + 1)-word admissible
by K which starts and terminates at s; simultaneously. Combining these two facts
we are able to construct a walk (a, s;) — (a, s;) for all sufficiently large n, and the
proof is completed. ([

Next, we show that the mixing property in the sense of a Markov tree shift
results in the coincidence between the stem entropy and topological entropy.

Theorem 5.4. Let Xpo C A be a Markov tree shift on G. Suppose G = (V,E)

is a graph representation of Xa. Then the topological entropy h = lim,,_, . l‘oipr

exists and h = h'®) provided G admits a pivot and is strongly connected.

(s4) (s5)
. . . L . . P,.

Proof. First, we show that liminf, . 7‘27[;”‘ = liminf, 7‘57(’;’;)‘ for every s;, 55 €

n n

Sk and a,b € A. Suppose

and

lo (s_’) 1 (s1) _
liminfgiﬁ’b = max{liminf()gpﬁ 18 € Sg,ce Ay =: h.

We show that h = h. To begin with, we gives an order on G so that we are able to
write {g;}}£, = {g € T : |g| = N} in the lexicographical order and introduce the
notation

) A (54)
pg\‘;g;bl’“_ by = Hu € ASN" s accepted by t € Xa,uy, = b;, V1 <43 < M}|.
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Since G is strongly connected, there exists a walk (a,s;) —» (b,s;) in G. As a

consequence, there exists pg{;i.bl i b b = 1and thus

(si;) (s15) (stpr)
pN+n - Z pN,a,bl, - barPr; bll n;b22 e n;blzvvjf
by, bm
(si) (s11) (515) (s5) (stpr)
N;a;by,--- b, bMpn'bll nb22 ’ pni) © Py, bJZI
(si) (s15) (s5) (stpy)
nbllpnbg ’ pn;} : pnb]\;f’

2p

>p

Hence, it yields

V- ; i) ) s
fming EPN > liminf 2B Pn gr, AS]  logply AR logpppy) Al |
n—co \AS\S[JLJ e |A(Sl1)| |AN+n| |A 7)| |AN+n| ‘ASLSW)' |A§\S/+n|

)
1AL

(sy (sy
i1 . A, ) A, M)
- 1s positive for every s; € Sy and lim,, o | |+ l‘H | _
|AN+7L‘ |ANﬂﬂl I

1. It then follows that h > h.
(s4) (S-;)
Next, we show that lim inf,, ;oo ‘g’zi_;‘;)l = limsup,,_, -, |A<5 7 for every s; € Si, and

a € A. Suppose (a,s;) is a pivot in G. Then, there exist N € N and s; € Sj, such
that every (c,s;) € V appears in one of the boundary patterns by, -- ,¢,--- ,bar,

Note that lim,,_, o

and is thus counted in pg\s,f()l,bl <o byy- On the other hand, it follows from the
claim above that for every € > 0, there exists N/ such that for every n > N’ s; € S,

and ¢ € A,

(Sl)

lo —
(13) gi ) >h—e
ALY
Hence,
(s11), (s15) (stpr)
pN+7la_ Z pNabl,- Jbar n;bll n;b22 n;blr\g
by, bm
S D D D
b1, b c:(e,s;) appears in by, by

for every product in the first line is counted no more than |.A4| times in the second
summation in the second line. From equation (13), one may further derive

(1) 1 (si) (s1) (s1,)  (s15)
p]\?Jrn;a 2 Al Z Z PN:asbr, oarPrsoy Prsbs  Prsong
| ‘ c b],“~,bM:
(¢,s5) appears in by, ,bar

(s5) (sy
h YA S, \A " \)
> WZP ‘ i

_ (57) (PO (1AL

x (51
H3.,, 18]
IA\ "
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The inequality above yields that

lo .
lim inf g_I?(JSYY”’a
. ~ (s A (55) A (Stm)
1 (s5) A(S]) o — An] + s An m
> lim 98Pn_ im | |+(h—e) lim | | Zl | |
n— o0 ‘A(SJ)| n— o0 |AN+n| n— 00 |AN+n|
(s x (s5) (s81,,)
Aglsj) _ —|AZT | 4+ An m
= h03) . lim | 3 | + (h—¢€)- lim | | (XS: |
n—00 |AN+n| n—ro0 |AN1+n|
- =, 180
It follows as a result that h(59) = B = h(9) since limn_ﬂmﬁ = 1,
N+4n
()
lim,, 00 llAA{j ) “ > 0 and the righthand side of the inequality is a convex combi-
N+n

nation of (%) and h — e.
We are now ready to prove the proposition. Since it follows from (10) that
logpn

limsup,, _, o, Ta2H < h(®) it is left to show that liminf, . l‘fip” > h(®). For every

a € A, there exist by, by, ... by, € Asuch that p,., > lel psfi)l;bl. It can be deduced
from above that

k (s1)
n 1 n;a lo b, _ A
hmlnf sp > liminf 08 Pn; > lim inf & 1 | 1| = h),
n—oo | n| n—o00 |An| n—oo = |Ansi)1‘ |An 1|
The proof is then finished. O

The corollary below follows immediately from Proposition 5.3 and Theorem 5.4.

Corollary 5.5. If XA is a hom Markov tree shift, then the topological entropy h
exists and equals h\®) if A is primitive.

Finally, we show that the assumption in Theorem 5.4 is finitely checkable.

Proposition 5.6. Let Xa be a Markov tree shift. Suppose G = (V,E) is a graph
representation of X . It is finitely checkable whether G admits a pivot and whether
G is strongly connected.

Proof. Since G is strongly connected if and only if the adjacency matrix Ag asso-
ciated with G is irreducible, it is clearly finitely checkable. To see the admittance
of pivot is also finitely checkable, we define the matrix A,, for all n € Z as follows:

L if (AG)n((a, Si)a (b7 sj)) =1,
0 otherwise.

Anl(ars2), (b.57)) = {

It is then clear that G admits a pivot if and only if there exist s;,s; € Sk, a € A,
and n € Z4 such that A,((a,s;), (b,s;)) =1 for all b € A. Since [{A, : n > 0}] <
2IVI® and A,, is eventually periodic, there exist 0 < Ny < Ny < 92IVI* such that
AN, 4n = AN,4n for all n > 0. In other words, G admits a pivot if and only if there
exist s;,5; € Sg, a € A,and 1 <n < 2IVI* such that A, ((a,s;), (b, sj)) =1 for all
b € A. This implies that admittance of a pivot is finitely checkable. O
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APPENDIX A. AN ATTEMPT TOWARD THE EXISTENCE OF TOPOLOGICAL
ENTROPY

This section presents an attempt toward the existence of topological entropy by
exploiting the composition of colors on the boundary of all n-blocks. Suppose Xa
is given. We denote by a vector v € Zlfws’“‘ the product [, Si)(q%ﬁg))vm,sﬁ. Note
that

W= { Z Ty V:iry € Z,1y # 0 for finitely many v € ZL;AHS”}

vezl S|

[Skl

is a vector space with a basis Zl_f‘ . Define the linear transformation F': W — W

as
1, if vigs,) > 0;

F(V))as)= 7
( ( ))( ’ z) {0, lf v(a,si) = 07

and the simplified representation F*(v) of F(v) as

F* (Y rv-v) = 1 F(v),

where
1, ifry >0

rl, =
{O, if ry, =0.

Define the shift transformation o : W — W by

olv)=o quf;jl)v(a’si) = H Z H Ai(a,b)qéz)

(a,si) (a,s:) b j:K(3,5)=1

Suppose z,y € W. We denote x = y if every term v appearing in F™*(z) admits a
term w appearing in F*(y) satisfying v(q,5,) > W(a,s,) for every a € A and every
s; € Sk.

Proposition A.1. lim, . lfipl" exists and equals h'®) if there exist Ny, Ny € N

and s; € Sy such that o™ (pgfi)) = o™ (p,)

Proof. Denote M = |{g € G : |g| = N1}|, x = o1 (pgfi)) and y = o™2(p,,). Since
x = y, every term v appearing in F*(z) admits a term ¢(v) appearing in F*(y)
satisfying v(q,s,) > ¢(V)(a,s;) for every a € A and every s; € Si. In this proof, we
denote [n,v] for every v = H(a’si)(qﬁf;ﬁ)) (@.si) € W for an emphasis on the size of
the block.

(s4)
Note that since lim,_o0 22822 = 4(5)  there exists

NS
[, Vo] = (ghs )Y (gri )Y )
appearing in z such that lim, .. lolgﬁ[z\;l] = h(®). Hence, for every € > 0, there
exists N € N such that
log[n, vy,] o B .

A
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and that o)
log qnsj)

|A£LS]‘) ‘

for every n > N, b € A and s; € Si. Hence,

log afaiz, (Vi) (anesn) o

<h®) —¢

M — (Vn)(am Sl )

(h®) —e) — () +¢)

R U
and thus
log q’gsﬁlm)
2 h) — 2Me.
A%
Now observe that | Al )
0g Pn n, Vn (s)
> > h'® —2Me,
Anl = Al T
for all n > N. The proof is thus finished. ([l

APPENDIX B. COMPUTATION OF STEM ENTROPY

In this section, we provide the pseudo codes for 1. computation for topological
entropy of Markov tree shift on the Cayley graph and 2. computation for stem
entropy of Markov tree shift, shown in Algorithm 1 and Algorithm 2 respectively.
In the following, we denote by ® the entrywise product of vectors.

input : A = (A;,As,---,Ay): d binary matrices of dimension k.
iter: maximum of iterations in execution
€: threshold for convergence
output: h: approximation of entropy, where h,, := 10’5172#.
1 Function normalized_tree_entropy (A, iter,e)
2 f)O = (ﬁO;hﬁO;Qa"' 7pO;k)t — (]-7]-7 71)t;
3 Ty < 1;
4 to < logrg;
5 ho < t0/|A0‘;
6 for n € {1,2,--- ,iter — 1} do
7 I_)n = (ﬁn;hﬁn;% o apn;k)t — (Alf)n—l) (ORERNO) (AdI_)n—l);
8 Tp < MaXq Ppia;
9 Pn < f)n/rn;
10 tp < d-tp_1 +logry;
11 ho < tn/|Avl;
12 if |hy, — hp—1] < hp1 - € or h,, < € then
13 ‘ break;
14 end
15 end
16 return h
17 end

Algorithm 1: Topological entropy of hom Markov tree shift on the Cayley
graph
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Remark B.1. The idea behind Algorithm 1 is given as follows. Suppose
Pn = f(pn—l) = (Alpn—l) (ORERNO] (Adpn—l)
Po = (131, al)t‘

It is shown (see for example [4]) that the above system is exactly the vector of the
number of blocks:

Pn = (pn;hpn;la to 7pn;k)~
Let {r, > 0 : n > 0} be a given sequence of positive real numbers. Define the
normalized system as

{pn = g(Pn1) = L B2

po = (1/ro,1/ro, -+ ,1/ro)?

It is noteworthy that the following equality holds:
= f"(po)
= g"(po) - (O (1) r(n)
=P (O ()" @

Since 7, is chosen to be the maximal element in p,, in Algorithm 1, the maximal
element in p(7) is 1 and thus

0

(14) tn, = logmax pp.q = d"logrg +d" ‘logry + -+ +d’logr,,

and
IOg maxg Pn;a
|An‘

In fact, if r,, is defined as in the algorithm, then r,, is a rational number and

hy =

log max, Pnsa
(15) h(Xa) = lim == = Z log . G

In particular, if X(4 4.... 4y is @ hom Markov tree shift with A an essential matrix
, i.e., for every b € A there exists b € A satisfying A(a,b) = 1, then |A|? > r, > 1
for all n > 0 and

-1 -1
Zlogrn- T < <h(Xa) < Zlogrn- dn+1 Z dlog|Al - dn+1

n=0 n=0 n=N+1

Remark B.2. As an analogy of Algorithm 1, the numbers of blocks satisfy the
following recursive system.

pSLSj) _ (Alpslsi)l)K(sj,sl) ® - (A p(bd)) (s5,84)

p(()sj) = (17 1a ) 1)t

In the same manner, given any positive sequence of {r,(fj) :n > 0,s; € G}, one
may define the normalized system as

p = (A, 7(81)) (5']‘75'1)@.'_@(A f);Sd)l) ej,sd)/m(fj)
(51) (1/7"(8]) 1/TOS] Lo ,1/74(()5]))15.
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input : K: binary matrix of dimension k.
A = (Ay,As, -, Ay): d binary matrices of dimension k.
iter: maximum of iterations in execution

€: threshold for convergence
(s5)

output: h(5): approximation of entropy, where h( )

[An]

1 Function normalized_mctree_entropy(A,iter,e)

2 for j € {1,2,--- ,d} do

5 py) = (pé‘si),ﬁffé),-o ,zﬁéiz)) (1,1, 1)
4 i) max, p& a);

5 t(sJ) — logr(gj)

6 h( ) ) /|A(Sj)|.

0 o I

7 end

8 forn€{1,2,~~~,iter71}do

9 for j€{1,2,--- ,d} do

t
1o pi) = (piﬁ&ﬁié),- PR e
(Aip 51))K(51751) loRNO) (Adpgff)l)K(sj’sd);

11 (SJ) — 1;

12 I‘)ﬁﬁ) = (pﬁ,i)mﬁﬂ),- ,pfﬁk)) “— ﬁ%])/rﬁﬂ);
13 Elsj)<—K(sj,:)~(t5LS_l)l,--~ , SL )1)+logr7(L ),
14 i i) 1A,

15 end

6 if 0 A — A < S0 RS e or b < € then
7 ‘ break;

18 end

19 end

20 return (h(sl); h(sa); ... h(sd))
21 end

_ logmaxa pnia

Algorithm 2: Stem entropy of Markov tree shift

f
Denote by f = <f17f27"' afd) and g = (917927"' 7gd) the map Pn—1 — Pn and

the map pp_1 LN Pn, respectively. Similar to the above,

(16) &) = 1 g™ g py)
(17) s B, ) )
(18) = plsa) - exp(t(si)),

where max f)gfj ) =1 and

(19) tlsa) = logmaxp(gfa).
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Ay A, ‘ stem entropy topological entropy | iteration
[0,1;1,1] [1,1;1,0] 0.1261881372008 | 0.1261881372008 37
[1,1;1,0] [1,1;1,0] 0.2332621211030 | 0.2332621211030 34

[0,1,0;1,0,1;0,1,0] | [0,1,1;1,0,0;0,1,1] | 0.1681464340595 | 0.1681464340595 36
TABLE 1. Numerical experiments on the stem entropy of
X4y, 45,4t 4y over the free group (log is computed with base 10.)

Ay A, ‘ stem entropy | topological entropy | iteration
[0,1;1,1] [1,1;1,0] 0.1261881372008 | 0.1261881372008 37
[1,1;1,0] [1,1;1,0] 0.2332621211030 | 0.2332621211030 34

[0,1,0;1,0,1;0,1,0] | [0,1,1;1,0,0;0,1,1] | 0.1681464340595 | 0.1681464340595 36

TABLE 2. Numerical experiments on the stem entropy of

XAy, 45,4t 43 over the free group (log is computed with base 10.)

Aq ‘ Ay stem entropy ‘ topological entropy ‘ iteration
[1,1;1,0] | [1,1;1,0] | 0.2178219813166 | 0.2178219813166 82
[0,1;1,1] | [0,1;1,1] | 0.2178219813166 | 0.2178219813166 82
[0,1;1,1] | [1,1;1,0] | 0.1267559612313 | 0.1267559612313 73
[1,1;1,0] | [0,1;1,1] | 0.1267559612313 | 0.1267559612313 73

TABLE 3. Numerical experiments on the stem entropy of X4, 4,

over Fibonacci-Cayley tree generate by Sk, where K = [1,1;1,0]

(log is computed with base 10.)

Hence

 logmax, o2

s = -
A5
which tends to the stem entropy of Xa.

The experiments are done with mpmath library of python under the following
configuration: the precision digits for floating-point number dps=>5000, the thresh-
old e = 1E — 50, and the relations K = (1,1,0,1;1,1,1,0;0,1,1,1;1,0,1,1).
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