EXERCISE 1

. Demonstrate that the large deviation principle may not hold for all measurable
sets without taking closure and interior.

. Show Remark 1.4.

. Show Remark 1.6.

. Prove the Cramér’s theorem for i.i.d. random variables with finite alphabet
(Theorem 2.7).

. Prove Gibb’s inequality: Given any finite alphabet ¥ and u, v € M, (X)), we have
0 < H(v|p) with equality holding if and only if x4 = v. (Hint: using convexity
of zlogx.)



1. Let w, = 1. Suppose I : R — R is a rate function associated with the modified
LDP:

lim sup — log tn,(A) < inf I(x),

n—00 z€A

lim 1nf — log pr,(A) > inf I(x).

n—00 z€A
By plugging A = [a,b] 2 {0} into the first and the second inequality, respec-
tively, we obtain that 7(0) > 0 and that I(z) = —oo for all  # 0. However, if
plugging A = (0,1) into the first inequality, we have 0 on the left-hand side and
—oo on the right-hand side, a contradiction. A similar argument demonstrate
that the following may fail for an obvious reason:

lim sup — log w,(A) < inf I(x),

n—00 €A
lim mf —log pi,,(A) > inf I(z).
n—oo n T€A
2. Suppose B, C B. If it holds for all closed sets and open sets, then obviously it
holds for all measurable set. If it holds for all measurable sets, then it holds for
all measurable sets.
3. Suppose p, is exponentially tight. If F' is a closed set, then
limsupelogp, (F) < — inf I(x)
el

e—0
For all co > a > 0, there exists a compact set K, such that
limsupelog u (KS) < —a.
e—0

Hence,

limsupelog p (F) < max{lim supelog . (FNK,),limsupelog ME(KCCL)}

e—0 e—0 e—0

= lim hmsupslogus(FﬂK )< — inf I(z),

a—00 reFNK,

where the last inequality holds as F' C K, is compact due to the Hausdorff
assumption.

4. If I : R? — R is a rate function associated with the LDP for measures j,, on R?,
then given any continuous function f : R? — R, the measures p,, o f~/ satisfies
LDP with rate

Ip(z) = inf{I(y) : f(y) = =}

In this case,

I(z) = inf Z ()log

vi(f,v)=x

= infsup Z ) log va) —A({f,v) — )
w(a)

Y XeR
v(a)

v(a)
= fA Ylog ————— = fA )log —————
=i 2 v s s = Rt ) vie)los s
= supinf Az — A()\),
AeR ¥
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where
A(X) =log Z wla)eM @),

Alternatively, observe that
A = N w) — H(vlp)
with equality holding when v, (a) = p(a)eM @AM Hence,
H(v|p) > Xx — A(N).
Since A is convex, so is A(A) — Az and

NA)=(f,vy) =xz=A(x)= x—A\) = Slelgﬁx —A(n),

we have

I(x) = itég)\x —A(N) for z € {A"(N) : X € R}.

where the domain is (min, f(a), max, f(a)) since A’ is strictly increasing. For the
endpoint min, f(a) (similarly for max, f(a)), consider v with v(a,;,) = 1 so that

—log ju(a) = H(vlp) > 1) > lim [\ — AN)] = — log u(a,)

This finishes the proof.
5. Note that if 37 a; =3 b, =1

Zailog%: (ij) Zz_ib‘%log% > 0.

J




