EXERCISE 2

. Prove Jensen’s inequality for real-valued random variables: Let X be a real-
valued random variable and ¢ : R — R is convex. If E(X) and E(¢(X)) are
defined, then E(¢(X)) > ¢(E(X)) with the convention ¢(+o0) = lim,_, . ¢(z)
and ¢(—o0) =lim,_,  p(z).

. For X; ~ Poisson(f), A*(z) = 0 — z + zlog(%) for nonnegative z, and A*(z) =
oo otherwise.

- For X, ~ Bernoulli(p), A*(x) = xlog(%) + (1 —2)log(}=%) for 2 € [0,1] and
A*(z) = oo otherwise. Note that D, = R, but A* is discontinuous.

. For X, ~ Exponential(f), A*(x) =60z — 1 —log(fz) for x >0 and A*(z) = o
otherwise.

. For X, ~ Normal(0,02), A*(z) = £
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Throughout the exercise, we let g(z, A) = Az — A(A\) so that 0,9 =z — A’ ().
1. We make use the property of convex functions that

p(z) =sup{az +b: p(x) > ax + b for all z € R}. (0.1)

The left-hand side is by definition larger than the other, and thus it remains
to show the remaining. To this end, it suffices to show that for all (z,y,)
satisfying ¢(x,) > y,, there exists a linear function (x) = a(x — x,) + y, such
that p(x) < ¢(x) for all x. Essentially, this is achieved by choosing

e [Sup pl@) —plxg) ¢ P@) —(p(xo):l
<z r— Xy > T — T
_ [hm g PO = 0(F0) o @@w(%)} ,
T r—x T— T — T

Now that (0.1) coincides with
o(z) =supf{ax +b: p(x) > ax +b for all x € R, a,b € Q}, (0.2)

one can enumerate the linear functions on the right-hand side by (¢;):2; and
obtain

E(p(X)) 2 E( max ¢,(X) ) > max ,(E(X).
If E(X) € R, then the proposition holds by letting n — oco. If E(X) = oo (similar
for E(X) = —o00) and ¢(o0) > —oo, then right-hand side of the above still
converges to ¢(o0), while the proposition is trivial when E(X) = co and ¢(c0) =
—00

Note that P(X, = k) = £¢ and that

> ghe—t
k!

> (g ANk -0
A(N) =log LMk — logz 7( c k)' © fer — 6.
=0 =0 .

To derive A*(z), we calculate the derivative:
Ohg=1z—N(\) =z — 0

By monotonicity of A’()\), we derive A*(x) in the following cases.
(a) If z <0, then d,¢ < 0 and hence

A(z) = lim g(z,\) = {_0 ife=0,

oo if z <0.

A——00

(b) If x>0, then there exists A € R such that z =A’(\) (i.e., A =1log(%)),
and hence

A(z)=g(z,\)=0—x+ xlog(%).
Straightforwardly, A(X) = log(pe* 4 (1 —p)) and
A
pe
= — A/ = _—_ —
By monotonicity of A’(A), we have the following.
(a) If z <0, then d,g < 0 and hence
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« . —log(l —p) if z =0,
A (m):ABmoog(m’)\):{oo st =) if z <O.

(b) If x > 1, then 0,9 > 0 and hence
A*(z) = lim g(z,\) = {
A—00

(c) If z € (0,1), then there exists A € R such that = = A’()) (i.e., A = log U2

—logpifx =1,
e%) ifx<0.

p(1-z)
and A(\) = log %)7 and hence
T 11—z
A (x) = g(x,A) =zlo ()—i—l—xlo( )
(@) = g(a,\) = alog (£ ) + (1~ o) log 1
4. Note that X; ~ Ge_em]l[o)oo)dx and that
_ > Az p,—0x _ it A 2 07 .
A()\)log/o e e dm{log@—log(&—)\) it A<4.)
and that
1
=z—NN=z——r0.
Nhg=z1 (A =2 09—\

By monotonicity of A’()), we have the following.
(a) If 2 <0, then 0,9 <0 for A < § and hence

A(o) = lim_gto) = {2, 100
(b) If z € (0,00), then there exists A < 6 such that z = A’(\) (e, A=60—1),
and hence
A (z) = g(x, A\) = 0z — 1 — log(0z).
5. Note that X; ~ #e_gdx and that

V2mro?
> ROt © 1 et g2
AN) =1o eM . e 22dx = +lo / e 22 dx=
?) & /Oo V2mo? 2 5 o V2702 2

and that
hg=z—N\) =z—0c2\

Hence, for all z € R there exists A € R such that = = A’()) (i.e., A = %) and
that

72

A (@) = g(wN) = 5




