
EXERCISE 4

1. For multivariate normal distribution 𝑋1 ∼ Normal(𝟎,𝚺), determine its LDP.

2. Consider a family of real valued random variables {𝑍𝜀}, where ℙ(𝑍𝜀 = 0) = 1 −
2𝑝𝜀 , ℙ(𝑍𝜀 = 𝑚𝜀) = ℙ(𝑍𝜀 = −𝑚𝜀) = 𝑝𝜀.
• Prove that if lim𝜀→0 𝜀 log 𝑝𝜀 = −∞, then the laws of {𝑍𝜀} are exponentially 

tight and satisfies the LDP with the convex, good rate function

𝐼(𝑥) = {0 𝑥 = 0,∞ otherwise.
• Let 𝑚𝜀 = −𝜀 log 𝑝𝜀 and define Λ(𝜆) = lim𝜀→0 𝜀𝔼[𝑒𝜆𝑍𝜀/𝜀]. Prove that

Λ(𝜆) = {0 |𝜆| ≤ 1,∞ otherwise,

and its Fenchel-Legendre transform is Λ∗(𝑥) = |𝑥|.
• Observe that Λ(𝜆) ≠ sup𝑥∈ℝ{𝜆𝑥 − 𝐼(𝑥)} and Λ∗ ≠ 𝐼 .

3. Let 𝑋1,…,𝑋𝑛,… be a real-valued, zero mean, stationary Gaussian process with 

covariance sequence 𝑅𝑖 = 𝔼(𝑋𝑛𝑋𝑛+𝑖). Suppose the process has a finite power 𝑃  

defined via 𝑃 = lim𝑛→∞∑
𝑛
𝑖=−𝑛𝑅𝑖(1 −

|𝑖|
𝑛 ). Let 𝜇𝑛 be the law of the empirical 

mean ̂𝑆𝑛 of the first 𝑛 samples of this process. Prove that {𝜇𝑛} satisfy the LDP 

with the good rate function Λ∗(𝑥) = 𝑥2
2𝑃 .
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1. We first show the LDP for 𝑋1 ∼ Normal(𝟎, 𝐼) admits a pdf

𝑓(𝐱) = (2𝜋)−𝑘2 exp(−1
2
‖𝑥‖2).

In this case, the logarithmic moment generating function is

log∫𝑒⟨𝜆,𝐱⟩𝑓(𝐱)𝑑𝐱 = log[∏
𝑑

𝑖=1
𝑒
𝜆2𝑖
2 ∫𝑒−

(𝑥−𝜆𝑖)
2

2 𝑑𝑥] = ‖𝜆‖
2

2
.

By solving the quadratic optimization problem, we have

sup
𝜆∈ℝ𝑑
[⟨𝜆, 𝐱⟩ − ‖𝜆‖

2

2
] = ‖𝐱‖

2

2
.

Now if 𝚺 = 𝐴𝑇𝐷𝐴 for some orthogonal matrix 𝐴 and (positively) diagonal 

matrix 𝐷, we have 𝐴𝐷1
2𝑋1 ∼ Normal(𝟎,𝚺). By the contraction principle, it 

gives the rate function 𝐼(𝐱) = 𝐱𝑇Σ−1𝐱
2 .

2. Regardless of 𝑚𝜀, for every 𝑀 > 0 we have, under the assumption,

lim sup
𝜀→0

𝜀ℙ(|𝑍𝜀| > 𝑀) ≤ lim sup
𝜀→0

𝜀 log(2𝑝𝜀) = −∞,

proving that 𝑍𝜀 is exponentially tight. Now given any set 𝐴, we have that

lim sup
𝜀→0

𝜀 log 𝜇𝜀(𝐴) = {
0 if 0 ∈ 𝐴,
−∞ otherwise.

Since 𝐼 is clearly a good rate function, the property above shows that 𝑍𝜀 satisfies 

the LDP with the rate 𝐼 . Now that

Λ𝜀(𝜆) = log 𝔼[𝑒⟨𝜆,𝑍𝜀⟩] = log(1 − 2𝑝𝜀 + 𝑝𝜀𝑒𝜆𝑚𝜀 + 𝑝𝜀𝑒−𝜆𝑚𝜀)

If lim sup 𝑝𝜀

Λ(𝜆) = lim sup
𝜀→0

𝜀Λ𝜀(
𝜆
𝜀
) = lim sup

𝜀→0
𝜀 log(1 − 2𝑝𝜀 + 𝑝𝜀𝑒

𝜆𝑚𝜀
𝜀 + 𝑝𝜀𝑒−

𝜆𝑚𝜀
𝜀 )

= max(0, lim sup
𝜀→0

𝜀(1 − |𝜆|) log 𝑝𝜀).

The proposed expression holds under the assumption 𝜀 log 𝑝𝜀 → −∞. By taking 

the Legendre transform, we have that

Λ∗(𝑥) = sup
𝜆∈ℝ
𝜆𝑥 − Λ(𝜆) = |𝑥|.

Finally, observe that 𝐼∗(𝜆) = 0 for all 𝜆.
3. To this end, observe that the vector (𝑋1, 𝑋2,…,𝑋𝑛) follows a multivariate 

Gaussian distribution with covariance matrix 𝚺𝑛 = (𝑅𝑖−𝑗)𝑖𝑗, where 𝑅−𝑖 = 𝑅𝑖 
for all 𝑖 ∈ ℕ. To simplify the discussion, we make use of the fact that 𝑛 ̂𝑆𝑛 is a 

normal distribution with variance

𝔼[(𝑛 ̂𝑆𝑛)
2
] = 𝑛 ∑

𝑛

𝑖=−𝑛
(1 − |𝑖|

𝑛
)𝑅𝑖.

Observe that
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Λ(𝜆) = lim
𝑛→∞

1
𝑛
Λ𝑛(𝑛𝜆) =

𝑃𝜆2

2
and

Λ′(𝜆) = 𝑃𝜆.

By Gartner-Ellis theorem, we have ̂𝑆𝑛 satisfies the LDP with good rate function

Λ∗(𝑥) = 𝑥
2

𝑃
− 𝑥

2

2𝑃
= 𝑥

2

2𝑃
.


