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2. METHOD OF TYPES

The method of types refers to a combinatorial argument addressing random
variables taking values in a finite alphabet ¥ = {al, Gy, ...y a{‘z‘}}, which made its
debut in Example 1.1 and will be revisited in this section in a systematic and more
purely combinatorial fashion.

To demonstrate the argument, we consider the case with i.i.d. random variables
(Y;)2, taking values in ¥. By writing M;(X) (which can be identified as a subset
of R*!) to mean the space of all probability measures (laws) on ¥ and assuming
the law of for each Y; is u € M;(X), we denote by P, the joint law of (;)2,, i.e.,
the probability measure on RY.

Definition 2.1. The empirical measure (law) LY of a finite sequence y =
(Y1, Yas -y Up) € X" is the measure in M (3) that catalogs the proportion of occur-
rences of a,’s; namely, LY = (L¥(a;), ..., L¥(ay)) with

¥a) = 3 1, (1),
=1

Below are some related notions.
o (support of measure v) ¥, = {a; € ¥ : v(a;) > 0}.
(empirical distribution associated with y) £, = {L¥ : y € X" }.

o (sequences associated law v) T, (v) = {y : LY = v} for v € M, (2).
(

o (variational distance) For v,v" € M, (X), dy (v,v’) := %Za62|u(a) —v(a)|.
We have the following fundamental estimates of the size of T),(v) and £,,.

Lemma 2.2.

(1) ‘Tn(V)‘ = (nu(al),nu(aT;),...,nu(aN))'
(2) 1< £, < (n+1)=

Proof. (1) It follows from a combinatorial argument. (2) Note that

’I’L»Cn = {(ka)aEZ : ka € Z+7Zka :TL},

aex

where the latter set has cardinality

|Z]-1 .
n+|X| — 1) n+i
= < 1)l
( i 1:[1 < (n+1)
as desired. O

In the following, we estimate the large deviation probabilities.

Definition 2.3 (entropy). Let v,n € M;(X).
o The entropy of v € M;(X) is defined as
H(v)=— Z v(a)logv(a).
acll
e The relative entropy of v with respect to 7 is defined as



H(v[n) = v(a)log :EZ;
acyl

We adopt the convention that 0log0 = 0 and Olog% = 0.

Remark 2.4. Let M, (X) be endowed with the variational distance. Then,
(1) My(u) is compact.
(2) H(-) is continuous on M, (X)
(3) H(-|p) is continuous on the compact set {v € My(X): %, C Zu}'
Lemma 2.5. Ify €T, (v), then the following hold.
(1) B((%,.... Y,) =y) = e nHOHHE),
(2) (n+1)"FlenH) < T (1) < enH®),
(8) (n+ 1) Fle=nH¥ir) < PH(L?{ =v) < e~nHWp)
Proof. (1) The case X, C X is trivial, as F,((Y},...,Y,) =y) =0 and H(v|u) =
—oo. Assuming ¥, C ¥, we have by definition that

P}L((K? cey H M mj a) = e_”(H<V>+H(’/|M)).

aex

’ﬂ

(2) The second inequality follows immediately from the following:
1> B((Y,...Y,) € T,(v) = e W [T, (v)].
To prove the first, we claim that if ¥, C ¥, then

P(LY €T, ( H )””(“) B H (nv'(a))!

— _ V(a>n1/(a)—n1/(a) > 1.
P(LY €T, ( AL (a) iy (nv(a))!

—
Indeed, the second last expression is of the form ?—,'(%) "™ and the inequality is

validated using the fact TZ—!! > gm—L.
Y
PV(LTL € Tn(”)) > n”[zaez v'(a)=3, 5 I/(a)] -1
By(LY € T,(v)) —
To prove the the desired inequality, observe that
L= Y B(LY =v)<|&| B(LY =v) = |£,| e ™MW T, (v)].
v'el,
The proof is finished by applying Lemma 2.2.

(3) Combining (1) and (2), we arrive at the estimate

B (LY =v)) =|T,w)| B((Yy,....Y,) =y) <|T,(v)] e "IV = el

whereas the other inequality follows naturally. O

Theorem 2.6 (Sanov). For every set of probability vectors in M;(X),

—inf H(v|p) < hm 1nf log P,(LY €T)

vel

< hmsupflogP (LY el) < inlﬁH(z/m).
ve

n—o0

Proof. By Lemma 2.5, we obtain the upper bound for the probability in question:
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P(LYeT)= > BJ(LY =v)<[TNL,| e nithernc, Hik
vel'ng,

< (n 4+ 1)/Slemninterng, Holw),

yielding immediately the proposed upper bound:

1
limsup —log P,(LY €T') < —liminf inf H(v|p) < — inf H(v|p).

n—oo N n—oo vel'ng, vel

To prove the lower bound, we begin with an analogous estimate

B(LYeT)= 3 PB(LY =v) > (n+ 1) Hlemmheroe, Hl,
vel'ng,

Since sup,ep, (s dv (v, £,) < %, for every v € I with &, C ¥,,, one can find for
every sufficiently large n a v, € 'N .4, such that v, — v and that ¥, CX,.
Hence, by continuity of the relative entropy,
1

liminf —log P,(LY € T') > —limsup H (v, |pn) > —H (v|p).

n—oo N n—oo
This proves the theorem, for v € I is arbitrary as long as ¥, X, and H(v|p) =
oo whenever ¥, ¢ ¥, O

As an application of Sanov’s theorem, a version of Cramér’s theorem concerning
the large deviations of the empirical mean of i.i.d. random variables is proved. Let
f X — R be a function and consider the large deviation principle of the empirical
average Sn = 2?21 f(Y;). For convenience, we identify f as f € R*¥ so we may
write S, = (LY, f) as an inner product. Sanov’s theorem then imply the following
theorem.

Theorem 2.7 (Cramér). For any set A C R,
1 A
— inf I(z) < liminf —log P,L<Sn € A)

vEA n—oo MNn

1 N
<limsup —log B, <Sn IS A) < —inf I(x),

n—oo N vel

where I(zx) =inf,,, ¢_, H(v|p). The rate function I(x) is continuous on the
interval [min,cy, f(a), max,cx, f(a)] and satisfies there

I(z) = ilég[m — AW,

where

A(N) =log Z pla)eM @),

acx
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