3. CRAMER’S THEOREM IN R

The aim of this section is to establish the large deviation principle for i.i.d. ran-
dom vectors in R?. Let (X;)$°; be i.i.d. d-dimensional random vectors each of which
is distributed with respect to the law p € M, (Rd), and let p,, be the law of S’n =
= X;. Write T = EX].

Definition 3.1. The logarithmic moment generating function associated with the
law p is defined as

A(N) = log E(eX0). (3.1)

Definition 3.2. The Fenchel-Legendre transform of A(\) is
A*(z) = sup [(, 2) — A(V)]. (3.2)
AeRd

3.1. Cramér’s theorem in R.
The subsection is devoted to the proof of the following theorem.

Theorem 3.3 (Cramér). Let X, u,,, A, and A* be as defined on R. Then, {u, }
satisfies the LDP with the convex rate function A*, namely,

(1) For any closed set F, limsup,, .. Llogp, (F) < —inf,cp A*(x).

(2) For any open set G, limsup,,_,. +logp,, (G) > —inf, . A*(z).
Furthermore,

(8) If0 € 25,\, then A* is good.

Before delving into the exposition, we should first demonstrate the role played by
the logarithmic moment generating function. For real-valued random variables, the
key inequality in need to establish the upper bound of the LDP (i.e., (1.2)) is
Markov’s inequality: For all A > 0,

pin [, 00) < 67AIE<6>‘§"> — e AT (E(eUG))”

1
= lim sup — log u,, [z, 00) < igg =z + A(N).

n—oo N

Similarly,

1
li —1 — < inf —Ax + A(N).
im sup - log i, (—00, 2] < Inf —Az + A(A)
These observations hinted at a candidate of rate function and urges a closer
inspection on them.

The following lemma provides clear a picture of A and A*.

Lemma 3.4. Let A and A* be as defined. Then,
(1) A is a convex function and A* is a convex rate function.
(2) Either of following holds.
e If A(N\) < 0o only when A =0, then A* is identically zero.
o If A(N) < oo for some A > 0 (respectively, A < 0), then T < oo (respec-
tively, T > —oo) is well-defined. Under the circumstances,
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A (2) = {sup»o[)\x — AN if ? (3.3)

i

r 2>
supy<o[Az —AN)] if z <

which satisfies
> A* is decreasing on (—oo,T| and increasing on [T,00), and
> inf, p A*(z) =0 and if T € R, then A*(T) = 0.
(3) A is differentiable in D, with A'(\) = (E(ele))_lE(XleAXl) and
N =2 = A(x) =z — AN).
(4) If 0 € DDA*,< I;hen A* is a good rate function. Moreover, if Dy =R, then

limy,, = 00.

[
Proof. (1) By Holder’s inequality, given any A\, \" € R and any ¢,¢" € [0, 1] satisfying
t+t =1,

10gE<e<t>\+t/A/7X1>) < tlogE(e(A,Xl)) +t 10gE(6<>‘,7X1>>,
proving the convexity of A. The convexity of A* follows from definition:

ileng)\, te+t'x) —AN)] < ti‘éﬁw’ z) — AN+t ilég[()\, 'y — A(N)].

To prove the lower semicontinuity, observe that for any A € R and any = € R,

liir;anf<A,y> —AN) =\ z) — AN,

implying lim inf,_,, A*(y) > A*(z). The non-negativity of A* follows from the fact
A*(z) > (0,z) — A(0) = 0.
(2) The case Dy = {0} is automatic. If A(\) < oo for some A > 0, then, due to

the fact that e* > x for all z > 0,
E[Xlﬂ{xlzo}] < A‘lE[eO"Xﬁ]l{XIZO}] <A lexp(A(N)) < oo,
meaning both E((\, X;)) and A(\) are well-defined. Hence, by Jensen’s inequality,
Z = A"tlogoexp(E((\ X)) < ATA(N) < .

The arguments proceeds similarly for A(A) > —oo whenever A < 0.
We then proceed to prove (3.3) and its related properties. Since now T is well-
defined, by Jensen’s inequality, for all n < 0 and x > Z (similar for n > 0 and 2 < ),

<77’$> - A(77) = 10gE(€<n’z7X1>) < <77a Z *I> <0= <0,$> o A<O)a (34)
from which (3.3) follows. Moreover, (3.3) implies the monotonicity on (T, oc0)

and (00,7). Finally, if T € R, then by (3.4), inf .z A*(z) = A*(T) =0. If T = —oc0
(similar for T = —o0), we deduce from Markov’s inequality that for all A >0

log p[z, 00) < loge=ME (e X)),

from which it follows that 0 < inf p A*(z) < lim, - A*(x) < 0 as desired.

(3) The differentiability follows from the dominated convergence‘t‘heorem. Let
Az (0 x| _
folw) = €972 6 that £.(2) — 2™ ase — 0and [fo(2)] < 7Y o py (o)
whenever |¢| < 4. Since E(hg(X;)) < oo for all sufficiently small §, we may apply the
s(A

dominated convergence theorem to derive the derivative of A. Finally, the function
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g(n) = (n,z) — A(n) is concave and thus g’(A\) =0 implies g(A) = sup, g g(n),
proving the proposed property.

(4) Suppose [A_, A, ]| C D, is a non-degenerate interval containing 0. Then, for
Ae A A]
AN

lim ian (2) > lim inf| Asign(z) — ——= | > min{—X_, A, } >0,

implying A*(z) — oo as |z| — co. Hence, the sublevel set ¥,.(«) is closed and
bounded for all & < oo, and A* is good. When D, = R, then the result follows by
letting A, = —A_ — oc. O

Proof of Theorem 3.3. (1) For economy, let I, = inf, .p(\, ) — A(N). If Ip =0,
then the inequality is trivial. Hence, we assume I > 0. Under the circumstances,
the numbers =, = inf[Z,00) N F' and z_ = sup (—oo,z| N F are different from 7.
By Markov’s inequality, for all A > 0 and \" < 0,

() < 1[4, 00) i (=00, 2_] < e-(ha)=A0) - gnl(¥1a)-60))
By Lemma 3.4,
,U,n(F) < 6—7LA*<$+> + e—nA*(J;,) < 2€IF.

Taking the normalized logarithm and letting n — oo yields the desired inequality.
(2) It suffices to show that

lim infl log pt,,(—3,0) > inf A(X) = —A*(0), (3.5)
n A€eR

n—oo
for it is once proved, one may simply consider the translation Y = X — x to deduce
that the logarithmic moment generating function Ay (A) = A(X) — (A, x) and that
A} (z) = A*(z + ), which in turn imply
1
lim inf —log w,, (x — 6,z + &) > —A*(x).

n—oo n

This proves the desired lower bound.

To prove (3.5), assume first that (a) pu(—o0,0) >0, (b) p(0,00) >0, and (c) p
is boundedly supported. Under the circumstances, (a) and (b) imply A(X) — oo
as |A| = oo, and (c) implies A is finite on R. Consequently, by Lemma 3.4, there
exists n € R such that

A'(AN) =0 and A(N) = irelﬂf{A(n).

define a probability measure p by

B () = AN,
dp

Observe that
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/ o) dpi(,)

> L\<n€

-/ SO AN (e )i,

>y ,\<ns

> enA A)—ns\)\\un(_& E).

By Lemma 3.4,
Ey.,(X) = / A=A () = (E(eM)) TE(X; M) = A(A) = 0

Hence, by the law of large numbers,

lim f,(—e,e) =1.

n—oo
Hence, for all 0 < & < ¢,
1
hlgmf log p4,,(—8,0) > liniinfﬁlogun(—s,s) > AN — el

proving (3.5) by letting € — 0.

Now if support of y is not bounded, fix M > 0 such that (a) u[—M,0) > 0, (b)
(0, M] > 0. Hence, by letting v be the normalized law of X; on {|X;| < M}, we
have that

P (—0,0) > / H 1 g ar (7)) dp(zy)--dp(x,)
%Z:‘ L €(=0,0) i=
- Vn(_(Sv 6) ’ M[_Mv M]
and that the logarithmic moment generating function associated with v is

M
log/ eMN® dp(x) —log u[—M, M) =: Ay (N) — log u[—M, M].
M

Hence, by the case of bounded support,

1
lim 1nf logun( g,€) > log p|[—M, M| + lim inf — logv,,(—¢,€) > inf A,,;(N),
n—oo N AER

n—oo
and therefore, by writing I, = —infy g Ay (A) and I* = limsupy,, oo Iy,
lim mfflog,un( ) > —TI*. (3.6)
n—oo

Since A, is increasing in M, so is —I,;. Therefore, I* > —oco and the level sets
{A: Ay (N) < —I*} are decreasing compacted sets, admitting some A, in their
intersection. By monotone convergence theorem,

M) = lim Ay (Ag) < =1 (3.7)

Combining (3.6) and (3.7) proves (3.5).

Finally, if ;1(—00,0) = 0 or u(0,00) = 0, then A is monotone and infy z A(N) =
log 11({0}). Therefore, p,,(—9,0) > u,,({0}) = u({0})™, implying (3.5).

(3) It follows from Lemma 3.4(4). O

3.2. Cramér’s theorem in R?.
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In this section, we prove the Cramér’s theorem in higher dimensions. In contrast
with its one-dimensional counterpart, we need additional assumptions for the full
LDP.

Theorem 3.5 (Cramér). Let X;, p,,, A, and A* be as defined on RY with d > 2.
Assume further that Dy = Re. Then, {u,} satisfies the LDP with the convex rate
function A*, namely,

(1) For any closed set F, limsup,,_,., +logu, (F) < —inf,cp A*().

(2) For any open set G, limsup,,_,, +logp,,(G) > —inf, . A*(z).
Furthermore,

(3) If 0 € Dy, then A* is good.

Remark 3.6. The theorem will be revisited, if time permits, later with the following

generalizations.
(1) Even without the assumption Dy = R?, the weak LDP holds.
(2) If 0 € Dy, then the full LDP holds.

Our starting point is a number of properties regarding logarithmic generating
function.

Lemma 3.7. Let A and A* be as defined. Then,
(1) A is a convex function and A* is a convex rate functi(_fn.
(2) A is differentiable in D, with VA(X) = (E(e™X0))) "E(X, M%) and
VAN =z = A*(z) = (A, ) — A(N).

then A* is a good rate function. Moreover, if Dy = R%, then
()

||

(3) If 0 € j)/A‘f

hm\x»—)oo

= Q.

Proof. (1) Same as Lemma 3.4(1).

(2) The gradient can be obtained through a similar calculation as in Lemma
3.4(3), from which the differentiability follows naturally as it is continuous ﬁA. To
prove the remaining property, define

0y(8) = {tn+ (1= A, 2) — A(tn + (1 — A)
to paraphrase the property as g, (1) < g,(0) for all y € D, and all ¢ € [0, 1]. To this
end, observe that g, () is concave in ¢ and that
9y(0) = (n =X, x) — (n = A, VA(A)) =0,
proving the proposed intosquality.
(3) Note that if 0 € Dy, then there exists p > 0 such that the p-ball centered at
the origin is contained in p(2D,) and

A*(x) > plx| — sup A(N) = oo as |z| — .
Al =p

The case D, = R? follows similarly. O

Definition 3.8. The d-rate function associated with I is

I’(z) = min{](x) -4, %} (3.8)
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Proof of Theorem 3.5 for R?. (1) To prove the upper bound, it suffices to show
that for every closed set F' and every ¢ > 0,

1
lim sup — log p1,,(F) < — inf I°(x), (3.9)

n—oo N TzeF
where I° is the d-rate function associated with A* defined as in (3.8).
We first prove (3.9) for any compact set F. Choose for each x € I an \, € R¢
and a open neighborhood A, of x such that
</\$’ '7:> - A(ﬂ?) > Ia(x)a
inf {</\ac7y> - </\$,1‘>} 2 _57
yeA,

Applying the Markov’s inequality yields

pn(4,) < B(en((erS)=0rl)) exp(—n- inf () - <Az,x>1),

YEA,

which in turn implies
1

Now that F' is a compact set, one can find a finite open cover {Azi}ij\i1 with z; €
F such that

1
1 — < 4§ - i )< §— i 4
hr?_%lp - logp,, (F) <o 122\[[ (z;) <0 wlgﬁ[ (z),

proving (3.9) by letting § — 0.
It remains to show that p,, is an exponentially tight family (See Remark 1.6).
Let H, = [—p,p]¢ and 17 denote the marginal law of u on the j-th coordinate, so

that ,un(Hpc) < Ej:l wlh[—p, p]¢. Since 0 € Dy, Lemma 3.7 then implies

1
lim lim supflogun(Hpc) < —0.

P70 npnosco N
(2) For the lower bound, we need to prove that for every = € D,. and every § > 0,
1
lim inf — log u,, (Bs(x)) > —A*(y). (3.10)

n—oo N

To prove (3.10), assume first that = VA()) for some A\ € R? and define a proba-
bility measure p by

dfi

— A-AN)
s (y)=e

Observe that

1 1 -
L log i, (By(x)) = AN — (A, ) + ~ log / eI df ()
" " By(x)

> AQ) — (A, ) — 81A] + - log 1, (By(x).

By the dominated convergence theorem and Lemma 3.7,
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EXIN#(XI) /meO\,x)—A(A)dM(x) — (]E(e()\,@))*lE(Xle(/\,Xl)) _ VA()\) =y,

and thus, by the weak law of large numbers, lim,_,  log i, (Bs(y)) = 1. Conse-
quently,

lim inf ~ log 11, (Bs(y)) > AN — (A, ) — 5| = —A*(2) — 6|,

n—oo n

which proves (3.10) as
1 1
lim inf — 1 Bs(y)) > lim lim inf — 1 Bs(y)) > —A*(x).
im inf ~log uy, (B5(y)) 2 lim lim inf —log i, (B5(y)) = —A*(2)

To extend the lower bound (3.10) to cover any x € Dy., we introduce i.i.d. multi-
varlate normal random variables V, that are independent of X, and define Y, =
X, + W M > 0. Denote by A,, the logarithmic moment generating function of
Y, and v,, the law governing SM) — 1 Z Y. Clearly,

A =A(n)+ — |n|?
m(n) (n) 2.7\[ In|*,
and

A*(z) = sup[(n, ) — Ap(2)].

neR
Since 0 € DOA implies T is finite, we have, by Jensen’s inequality, (n,z) — A(x) <
0 and
lim sup sup (1, z) — Ay, (n) < limsup sup ——— |n|* = —o0
P00 In|>p P00 In|>p 2M
Hence, the supremum of g(\) := (\,z) — A(\) is attained at some finite \ € R,
and, by differentiability of A,;,
0=Vg(A) =z—VAyN).

Thus, by the discussion above, for every § > 0,

hmlnfflogl/ (Bs(z)) > —A*(z) > —o0. (3.11)

n—oo nN

Now that S has the same distribution as S, + \/— where V' ~ Normal(0, I) is
independent of S we derive

o (Bus(2)) = v (By(2)) — B(V] = v/Fmd) (3.12)
with
lim sup — logIF’(|V\ > \/76) < —@ (3.13)

Combining (3.11)-(3.13) proves (3.10). O
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