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4. SOME BACKGROUNDS

The general setting for the rest of this note is that X is, unless specified
otherwise, a regular Hausdorff topological space with B, C B, as defined below.

Definition 4.1 (Hausdorff topological space). A topological space X is said to be
regular if for every point x and closed set y there exists disjoint open sets U, V'
satisfying x € U and y € V.

Definition 4.2 (regular topological space). A topological space X is said to be
regular if for every point x and closed set F' 2 {x} there exists disjoint open sets
U, V satisfying x € U and FF C V.

4.1. Existence and uniqueness of LDP.

Proposition 4.3 (uniqueness). A family of probability measures {11} on a regular
topological space can have at most one rate function associated with its LDP.

Proof. Suppose I; and I, are two rate functions associated with the LDP of pu_,
with a point z, satisfying I (x,) < I,(xy). Then, by lower semicontinuity, there
exists an open neighborhood A of x, such that inf, , I,(z) > I (x,), where IJ
is the d-rate function as defined in Definition 3.8. By regularity, we may assume

inf, 5 I,(z) > I (z,) (by choosing a subset if necessary). Hence,

—I{(xy) > limsupelog pu_(A) > liminfelog u_(A) > —I, (),
e—0 e—=0

contradicting I () < I(x,) if letting 6 — 0. O

Remark 4.4.
(1) Regular spaces include all metric spaces.
(2) If X is regular and locally compact, then the LDP Proposition 4.3 can be
relazed by weak LDP.

Proposition 4.5 (existence). Let A be a base of the topology of the topological
space X'. For every A € A, define
£, =1lim ionfslog po(A) and £, :=limsupelogpu,(A),
E—r

e—0
and

[(:E) = Aejélr}i‘eAéA and T(:E) = Aejélr}i‘eAzA'

If I =1, then u_ satisfies the weak LDP with the rate function I.

Proof. We begin by noting the fact that I is indeed a rate function, which follows
naturally from definition.

For the lower bound in LDP, observe that for every open set G and any x € G,
there exists A € A such that v € A C G such that

Lo > Ly >—1(z),

from which the desired lower bound follows naturally.

For upper bound, given any compact set F', we can find for every point x a
neighborhood A, satisfying £ a, < —1I%(x). By compactness, it admits some finite
open subcover {4, }",, and thus
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Lr< max £, < max —I°(z;) < — inf I°(z).

T 1<i<m g 1<i<m zeF
This finishes the proof. O

Remark 4.6. Proposition 4.5 holds for parametrized family {,LLEJ} for any given
oeXif

£ 4 :=liminfelog { inf p1, U(A)] and £, :=limsupelog [sup e J(A)} .
=0 oex 7’ e—0 oex
This may be useful in describing certain processes, e.g., Markov chains conditioned
on initial state o.
We also have a partial converse of Proposition 4.5.

Proposition 4.7. Suppose that {u.} satisfies the LDP in a regular topological
space X with rate function I. Then, for any base A of the topology of X, I =1 =
I with both functions defined in Proposition 4.5.

Proof. Exercise. |
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