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6. LDP ON TOPOLOGICAL VECTOR SPACES

In the previous sections, we have obtained from the Markov’s inequality a natural
candidate of rate function A*. In fact, this candidate is the rate function for many
general processes, and for this reason we will study the function systematically in
this section. Throughout the section, X is a Hausdorff real topological vector space.

Definition 6.1. Let I’ be a Hausdorff real topological vector space and u, €
M, () be the probability measure associated with Z,.
o Define the logarithmic generating function as A, : X* — (—00, oq]

A, (A) =log E(e%))

o Let A(M\) = limsup,_,, en,. (2) and write A(X) = A()) if the limit exists.

o Define the Fenchel-Legendre transform A* of A as
At(x) = sup [(\,2) — A(N)].
AeX*

6.1. General upper bound.

Theorem 6.2.
(1) A is a convex on X*
(2) A* is a convex rate function.
(8) For any compact set T' C X,

lim sup € log 1 (T') < — inf A*()\)

n—oo zeT
Proof. (1) By Holder’s inequality, given any t,t" € [0, 1] satisfying t + ¢ = 1,
logE(ew‘”W’ZE)) < tlogE(eZe)) +¢/ logE(e<)‘/’ZE>),
proving the convexity of A . and hence A.

(2) The convexity of A* follows immediately from definition. To see A* is rate
function, note that (a) it is non-negative

Ke(w) > (0,A) — K(0) = 0,

and that (b) it is lower semicontinuous, as z — (z, A) — A(\) is continuous for all
Ae .
(3) Choose for each € T'an A\, € X™* and a open neighborhood A, of z such that

</\xvz> _K(‘T) 2 15<I),

where I is the é-rate function associated with A* as defined in (3.8). Applying the
Markov’s inequality yields

0 R (g (20— (2)).

which in turn implies

clog 1 (A,) < 6 — {@z, 1) — e, Q)]
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Now that T' is a compact set, one can find a finite cover {A11}£1 with x;, € T
such that

lllgjélpslogug(F)_5 min I°(z;) < 6 — inf I°(z),

proving the theorem by letting § — 0. O

6.2. Rate function and Fenchel-Legendre transform.

A large class of topological vector spaces, for example when X is the space
of finite measures on Polish space, is actually locally convex. For this reason, we
expect good properties regarding LDP for such spaces.

Theorem 6.3. Let X be a locally convexr Hausdorff topological vector space. Assume
that pu. satisfies the LDP with a good rate function I. Suppose in addition that

AN = limsupeA,, (i\), AONSIVAR (6.1)

e—0
(1) For each A € X*, lim__g e, (2) eaists, is finite, and
A(X) = sup[(A, z) — I(x)].
zeX
(2) If I is convex, then it is the Fenchel-Legendre transform of A, namely,
I(z) = A*(z) = sup [(A, z) — A2)].
AeX*

(8) If I is not convex, then A* is the affine reqularization of I, i.e.,
A* =sup{f: f<I,fis convex}.

Proof. (1) Fix A € X* and v > 1. By assumption, Varadhan’s lemma (Theorem
5.4) asserts

. A\
ll_f}f(l)EA#E <€> = igg[()\, z) —I(z)] < 0.

Since A is convex and A(0) = 0, it follows that A > —oc.
(2) It follows from the duality lemma (Lemma D.1).

(3) By (1),

A(z) = I (x) = sup yigijMw —y) +1(y)] < I(x).

By Hahn-Banach separation theorem (Theorem C.2),
sup{f: f<I, fisconvex} =sup{A+c: A+c<I, A€ X* ceR}.
If I > A+ c, then it is necessary inf,c o I(y) — (\,y) > ¢, or equivalently,

inf(\,z—y)+1(y) > (\z)+c,
yeX

from which the claim follows. O

Theorem 6.4. Suppose that {u.} satisfies a weak LDP with a convex rate function
1, and that X is a locally convex, Hausdorff topological vector space. Assume that for
each A € X, the limits Ay(t) = lim,_ oA, (t\/e) exist as extended real numbers,
and that Ay(t) is a lower semicontinuous function of t € R. If for every A € X*
and every a € R,
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inf I(z) < inf A} (2),

z:(\,x)>a z>a
then I = A*, and consequently, A* controls a weak LDP associated with {p_}.
Proof. By the assumption,

sup((A.#) ~I(@)} = sup_swp {(A.) ~ 1(x)

a€R z:(\,z)>a

>supla— inf I(z
- a€£|: z:(\,z)>a ( ):|

> sup {a — inf A*j\(z)} = sup[z — A5 (2)].
a€R z>a zeR

Note that A, is convex with A,(0) =0 and is lower semicontinuous. Therefore,
it can not attain the value —oo. By the duality lemma (Lemma D.1), sup,cp[z —
A3(2)] = Ay (1) = A(\), proving

sup{(\,z) — I(z)} > A(N).

zel
By Lemma 5.5, we have

AN = sup[(A, @) — I(2)]

el

Combining the above gives I* = A. Applying the duality lemma (Lemma D.1) again
gives A* =1 = 1. O
6.3. Convexity consideration.

Lemma 6.5. Let A be a base for a Hausdorff topological vector space X, such that
(1) I = I and that (2) for every A;, Ay € A, ZA1+A2 > %(éAl +£A2>- Then the
rate function I of the weak LDP for {u_} is conver.

Proof. 1t suffices to show that I(%ﬂ) < w for all x,y € I, as the assertion
amounts to that I(tx + (1 —t)y) < tl(x)+ (1 —t)I(y) for all z,y € X and all t =
k-27" with £k =0,1,...,2" and n € N. By lower semincontiuity, the inequality
further extends to hold for all ¢ € [0, 1].

To prove the claim, our starting point is the observation that the Hausdorff
TVS is regular, which follows from the fact that + : X' x X' — X is continuous. By
virtue of the regularity and lower semicontinuity, we can find for every z,y € X a
neighborhoods A € A of Z5¥ A, € A of x and A, € A of y such that A D A, +
A, satisfying

s(T+y — 1,— 1 1
1 (5 2 Za 2 5 (Taen,) 2 La, + L£a, 2 5T0) + 51(0).
This conclude the proof. O

Corollary 6.6. Suppose that {u.} is exponentially tight, satisfies (6.1) and the
assumptions of Lemma 6.5. Then {p_} satisfies in X' the LDP with the good, convex
rate function A* .

Proof. By Lemma 6.5, {u,.} satisfies a weak LDP with a convex rate function.
As {u.} is exponentially tight, it is deduced that it satisfies the full LDP with a
convex, good rate function. The proof is concluded by Theorem 6.3 (1) and (2).0
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7. APPLICATION - CRAMER’S THEOREM IN POLISH SPACE
For convenience, we write

Sn:%iXiandggl: ! zn:X
i=1

n—m =m+1

Theorem 7.1. Let X is a locally convex, Hausdorff, topological real vector space,
and X;, t,, A, and A* be as defined. Assume the following hold.
(1) There is a closed, convexr subset & of X such that u(€) =1 and & can be
made into a Polish space with respect to the topology induced by X .
(2) The closed convex hull of each compact K C & is compact.

Then {u,} satisfies in X (and &) a weak LDP with rate function A*. Moreover,
for every open, convex subset A C X,

lim log i, (A) = —inf A*(z).

n—oo

Remark 7.2. The theorem, in particular, applies to separable Banach spaces, or
M, (%) with ¥ a Polish space.

As a corollary of the theorem, we generalize the Cramer’s theorem to the following.

Corollary 7.3 (Cramér). The sequence {11,,} of the laws of empirical means of R?
-valued i.i.d. random variables satisfies a weak LDP with the convex rate function
A*. Moreover, if 0 € ZiA, then {p,} satisfies the full LDP with the good, convex
rate function A*.

Proof. The weak LDP is a consequence of Theorem 7.1, from which the full LDP
follows due to the exponential tightness. O
7.1. Proofs.

Lemma 7.4. Let Theorem 7.1(1) hold true. Then, the sequence {u,,} satisfies the
weak LDP in X with a convex rate function I.

Proof. The lemma follows from Lemma 6.5 with a base A of topology consisting
of convex (open) sets, as argued in the following.

Note that for all convex set A, u,,(A) = u,, (AN E) and thus £ 4, = £ 4 exists by
subadditivity. In addition, we know that for any convex open sets A; and A,,

Mn(Al):U’n(AQ) = PM(Sn € A17‘§721n € A2>

N 1 1
<FE, (S2n € 5(141 + Az)) = ﬂ2n<§(A1 + A2>)a

from which the weak LDP holds for {u,,} with rate function

(@) = — AE%&EEAéA'

O

Lemma 7.5. Let Theorem 7.1(1)(2) hold true. Then, for every open, convez subset
ACX,

lim 1 log p1,,(A) = — inf I(x),

n—oo N TEA
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where I is the convex rate function in Lemma 7.4.
Proof. By definition,

€A

Hence, it suffices to prove the other inequality. To this end, we first make use of
the subadditivity to approximate the limit and tightness to approximate the set
A. Specifically, for all § > 0, there exist N € N and compact set C' C A such that

1 1 _ — .
L < wplogun(A) +6 < +log iy (€6(C)) +20 < Lgy(c) < — inf I(2),

where the third inequality follows from subadditivity. This completes the proof.
Proof of Theorem 7.1. In light of Theorem 6.4, it suffices to show that

1 ~
ﬁlog]E{etQ""S”q =log E[e!™X0] =: A, (1)

is lower semicontinuous and
inf I(z) < ir>1f Aj(z) for all a € R and X € ™.
z>a

z:(\,x)>a

The former follows obviously from Fatou’s lemma. As for the latter, we consider
the following two cases: (1) A =0 and (2) A # 0.
(1) We assume A = 0, so that

«n_ JO ifz=0,
M) = {oo if @ 0,
Given that p,, (X) = 1, it follows from Lemma 7.5 that inf, .4 I(z) = 0. Hence, the
proposed inequality holds.

(2) Note that the half-plane H, := {x : (\,z) > a} is convex and open. By
Lemma 7.5,

— inf I(z) =<y >sup L .
L, 10 = = 3p Lo

To conclude the proof, define Y; = (\, X;) and Z,, = > Y sothat the logarithmic
moment generating function of Y] is exactly A,(¢). By one-dimensional Cramér’s
theorem (Theorem 3.3), we have

inf Ly, =0 [— ;2551@} =~ inf Iz),

This proves the theorem. O
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