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9. APPLICATIONS

9.1. Large deviations for finite state Markov chains.

In this section, we study the large deviations of Markov chains. Let X be a finite
alphabet and IT = {7 (%, j)}‘ii‘:1 be a stochastic matrix, i.e., a nonnegative matrix
with sum of each row 1. Consider a Markov chain {Y}},-, with the transition
probability II, for which we denote by PI the Markov probability measure with
initial state o € %, i.e., the probability measure satisfying

n—1
PrM =y1, Y, =y,) =7lo,y) H T(Yis Yis1)-
i=1

In the following, we consider the empirical mean

Z, = ika
k=1

where X, = f(Y;) with f:¥ — R?% a given function. To express the logarithmic
moment generating function, we introduce the nonnegative matrix
ﬂ-)\(iaj) = 7T<i7j)6<)\’f(j>> (27.] € 2)
Theorem 9.1 (Perron-Frobenius). Let B = {B(i,j)}Li‘:l be an irreducible matriz.
Then B possesses an eigenvalue p (called the Perron—Frobenius eigenvalue) such
that:
(1) p >0 is real.
(2) For any eigenvalue X of B, |A| < p.
(8) There exist left and right eigenvectors corresponding to the eigenvalue p that
have strictly positive coordinates.
(4) The left and right eigenvectors u, 6 corresponding to the eigenvalue p are
unique up to a constant multiple.
(5) For every i € ¥ and every ¢ = (gol, ""90\2\) such that @; >0 for all j,

1= 1=
. e s .1 oo
Jingoﬁlog J§:1B (Z’J)%‘] :Jggoﬁlog L_l ;B (j,l)] = log p.
Proof. See, for example, Wikipedia. O

Theorem 9.2. Let {Y,} be a finite state Markov chain possessing an irreducible
transition matriz TI. For every z € R? | define

I(z) = Asgﬂg{% z) —log p(IT,)}

Then the empirical mean Z,, satisfies the LDP with the convez, good rate function
1. Explicitly, for any set T' C R? | and any initial state o € %,

1 1
—inf I(z) < liminf —logP7(Z, € T') <limsup —logP7(Z, € T') < —inf I(2).

zell n—oo 1 n—oo N zel

Proof. Consider the logarithmic generating function

A, (X) :=1logET [e<)‘7zn>].

n

By Gértner—Ellis theorem (Theorem 8.7), it is enough to check that the limit
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A = Tim 2A, (nA)
= 1uam — n
nooomn "

exists, is finite and differentiable everywhere in R, and satisfies A()\) = log p(IT,).
To begin, note that

An(>‘) = IOg Z ]PU‘IT(Yi =Y K’L = yn) He</\)f<yk)> = logz (H)\)n(avyn)

Y1y Yn =1 Yn
Since II, is irreducible, we have
A() = log p(IL,).

To show that it is differentiable, we apply the implicit function theorem. Explicitly,
consider the functions F,:R X R> x R — R x R®I, parametrized by y e R,
defined by

F?;(p, z,\) = ((y, ) — LIz — pz).
Clearly, F, is continuously differentiable. Hence, it suffices to show that for every A,
with the associated Perron-Frobenius eigenvalue p, and left and right eigenvectors
Yo and z of I, satisfying (yg, o) = 1, we have (1) F, (pg, 2o, Ag) = 0 and (2) the
Jacobian matrix

%) O %
p,xF;/O (pOVT()v 0) - -z, H)\ _ PoI-
0

is invertible. Indeed, (1) is clear and (2) holds for if otherwise, there exists (u,v) €
R x R*I\ {(0,0)} such that

<y0’ v) =0,

<y0a —xo + 1T v — Pov> =0,
which is impossible. This implies, by the implicit function theorem, that there
exists a continuously differentiable function A+ (p(A), (X)) on a neighborhood
of A such that F (p(A),z(A),A) = 0. In particular, A = log p(II,) = log p(A) is
continuously differentiable on a neighborhood of A,. The proof is finished by noting
that Ay is arbitrary. O

As a corollary, we have the following.

Corollary 9.3. The empirical averages LY (i) = %Zzzl 1,(Yy,), with i € 3, satis-
fies the LDP with the good rate function

I(q) = sup {(X,q) —logp(IL,)} = {Sup“>0 2jex 0 log[@lﬁb} 1€ My(Z),
AeRd o0 q ¢ My(2)
where T, (i, §) = 7(i,7)e* and the inequality between vectors is compared entrywise.
Proof. The first equality follows immediately from Theorem 9.2 by taking
f= (10, ).

To prove the second inequality, we first note the one inequality is more obvious
than the other: By taking u to be the left probability eigenvector of IT, , we see the
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inequality “<". To prove the other inequality, assume ¢ € M;(X) and choose \; =
log [u ;/(ull) ] so that ull, = u and that p(II,) = 1. Therefore, by definition,

e ol ]

finishing the proof. O

We also consider a derived process {(Y,Y,,1)}rso of consecutive pairs to obtain a
Sanov’s theorem. Such a process has the transition matrix II? defined by

T ((k x £, x 5)) = 1,(i) (i, 5).
As is discussed in the following, one can determine the large deviations of the pair
empirical measure

H
<.
Il
—_

<.

and call ¢ shift-invariant if ¢; = ¢5.
Theorem 9.4. Assume that I1 is irreducible. Then for every probability measure

S oqu(D)H(q(- |2) | w(4,-)) if ¢ is shift-invariant,
I(q) = ! :
00 otherwise.

Proof. By Corollary 9.3,

_supz q(i, g log[ H(2 } supZ:q”loglZ - 1
z,' 2,7

u>0 JES u>0 jex

If ¢ is not invariant, then ¢ (j,) < ¢2(jy) for some j,. For u such that u(-,j) =1
when j # j, and u(+, j,) = e*, we have L,(q) = oo if we let @ — 0.
If ¢ is invariant,

U, ;927
S i log| ST
i,jeX Zkuk,qu(z)
Hence,

—su 7 o 7](]1()
qu il b alis lg{Z uy 34, J)]

u>0 ; i,jEX

_sup{ qu (- 1g) | /(- |J))}7

u>0

where u'(- |7) = Zi(u’(i),j) and ¢'(- [j) = 5, gty <z>j This implies
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(@) <D ai()H(g(- i) | 7(i, ).
€X
Taking u > 0 approaching ¢ proves the theorem. O

9.2. Random walks in R<.
In this subsection, we assume that 2, = R?. Define

1 nt
=-) X, 0<t<1,
n —1

and let u,, denote the law of Z,(-) (as a measure on L*([0,1])).

Theorem 9.5 (Mogulskii). The measures p,, satisfy in (L>([0,1]),] - | ) the LDP
with the good rate function

fA* t))dt if ¢ € AC, ¢(0) =0,
otherwise,

where

AC ={f € C([0,1]) : f is absolutely continuous}.

Remark 9.6. The derivative in Theorem 9.5 is well-defined and satisfies the
fundamental theorem of calculus ¢(s f p(t)dt since ¢ is absolutely continuous.

Definition 9.7. Let (¥,d) be a metric space. The probability measures {y,} and
{fi.} on ¥ are said to be exponentially equivalent if there exists a probability space
(€, B,,P.) and two family of Y-valued random variables {Z.} and {Z, } with joint
laws P. and marginals {u.} and {fi.}, respectively, such that {w: (Z.,Z.) € I} €
B, and

lim sup e log P, (T5) = —oo,

e—0

where

Proposition 9.8. Suppose p1. and fi, are exponentially equivalent. If fi, satisfies
the LDP with the good rate function I, then so does u. with rate I.

Proof. Since I is good, it suffices to show the p, satisfies the weak LDP with rate
1. For the upper bound, we observe that for every compact set K and every x €
K, there exists a finite open cover {Ami}ij\i1 such that for every § > 0,

z;, € K and ir}‘f I(x) > I°(x;).
xe z;

Hence,
limsup e log 1 (K) < limsup e log[fi. (UY, 4;) + P.(T})]
e—0 e—0

< — min I%z,) < — inf I¢
< - min mm_;& (z),

which proves the upper bound when letting § — 0. As for the lower bound, for
every open set G, there exists G° := {y € G : d(y, G) > 0} such that
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1e(G) 2 1:(G°) + B(G°),
amounting to

lim ionfslog 1 (G) > — inf I(z).
e—

rcGo

The proof is hence complete by taking § — 0. O
Lemma 9.9. Let ji, denote the law of Z, (-) in L*°(]0,1]), where

2u(ty= 2,0+ (1= ) 0.1

is the polygonal approzimation of Z,(t). Then the probability measures p,, and fi,
are exponentially equivalent in L>°([0,1]).

Proof. The sets {w: |Z, — Z,| > n} are obviously measurable. Note that

N X
Z,(t) — 2, (1)) < ol
n

Thus, for any n > 0 and any A > 0,
B(1Z, — Zy| > n) < nB(1X; | > ry) < nE [N e,

Since D, = R?, it follows, by considering first n — oo and then A — oo, that for
any n > 0,

lim sup — log]P’(HZ —Zy|>n)=—

n—oo

Therefore, the probability measures u,, and ji,, are exponentially equivalent. O

Lemma 9.10. Let X consist of all the maps from [0,1] to R¢ such that t = 0 is
mapped to the origin, and equip X with the topology of pointwise convergence on
[0,1], namely, the product topology. Then the probability measures fi, of Lemma
9.9 (defined on X by the natural embedding) satisfy the LDP in this Hausdorff
topological space with the good rate function I of (9.1).

Lemma 9.11. The probability measures fi,, are exponentially tight in the space
Cyo([0,1]) of all continuous functions f:[0,1] — R? such that f(0) =0, equipped
with the supremum norm topology.

Proof of Theorem 9.5. Note that Cy([0,1]) is a measurable subset of (X, prod)
explicitly, {f : [0,1] = R?: f(0) = 0} is closed and C([0, 1]) is Borel since

coy= 0 U{ 0,1 >R sup [f(y) — f(2)] < 1}.
zeQN[0,1] m=1n y,2€B,,-1(w) m

In addition, since [, (Cy([0,1])) =1, we have that {f,} satisfies the LDP in

Cy([0,1]) (in ). Since (a) f,, is exponentially tight in X' by Lemma 9.11 and (b)

the product topology is coarser than the norm-induced topology on Cy([0,1]), we

infer from Theorem 5.2 that {f,} satisfies the LDP in (Cy([0,1]),] - |lo)- Finally,

since C([0, 1]) is closed in L*°([0,1]), {f,, } satisfies the LDP in L*°([0, 1]). O

Lemma 9.12. Let J denote the collection of all ordered finite subsets of (0,1].
For anyj:{0<t1 <ty < <ty gl} €J and any f:[0,1] = R, let p;(f)
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denote the vector (f(tl),f(tz), ,f(
{,un op;l} satisfies the LDP in (Rd>

Ij(z) = i(té —tq)A” <Z£_Z£_1>’

= by—tp 4

)) € (Rd)m . Then, the sequence of laws

t .
|l
f with the good rate function

where z = (zl, '“’z\j\> and ty =0, 2y = 0. In particular, {fi, op;l} satisfies the
LDP also with rate 1.

Proof. Note that j, o p;* is the law of the vector
ZTJL = (Zn<t1)7 Zn(tQ)a x3) Zn (t|j|>>'

To study the LDP, we apply Gértner—Ellis theorem (Theorem 3.5) and the
contraction principle (Theorem 5.1) to the following transformed vectors

Vi = (Zn(tl)’Zn(tQ) — Z,(ty), --~7Zn(t\j\) - Zn<t\j\—1>>a
which satisfies the LDP with rate function (by writing y = (yl, ...7ym) and \ =

(}\1, ceey )\ljl))
5]
M) =Dttt ().

= tp—tp
where
I3
A;(N) = Z(te —t_1)A(A).
=1
The LDP for { by, © pj_l} holds as a consequence of exponential equivalence. O

Corollary 9.13. For any j € J, {ﬂn opj’l} satisfies the LDP in (Rd)m with the
good rate function ;.

Proof of Lemma 9.10. By Dawson-Gértner theorem (Theorem 5.10), the rate
function governing the LDP is
k
ty) — o(t,—
In(p) = sup Dt —teg)A” <c,0( ) — ol 1))

0<ty<t;<..<t,<1 j—] ty— 1t

Since A* > 0, we may assume without loss of generality that ¢, = 1.
We first demonstrate that I,- = I. By convexity of A* and Jensen’s inequality,
it is clear that I,- < I. For the other inequality, first assume ¢ € AC and write

[kt|+1
Sl @(s)dsift e[0,1),
Yp(t) =9 F )
S els)ds ift=1,
%

so that



38

Ix(p) = h,fﬂiﬁlfg; %A* (k[go<f;> —@(T)D = li,gglf/lA*(¢k( t))dt

1
/hmlan (1 (%) dt>/ A (¢
0

where the second line follows from Fatou’s lemma and lower semicontinuity of A*.
If o ¢ AC, there exist § > 0 and s7 <t} < ... <sp <ty such that

lim Zt? —sy =0 and ZH@ ty) —p(sp)l = 6.

n—0 T

Observe that by non-negativity of A*,

k
< Plt) — (s
L)z s S —spar(HZE)

0<sy <ty <sp<ty<...<sp<ty 17 ¢~ 5

k
= sup Z[O\b P(ty) —@(sp)) — (tg — se)A(A,)]-
0<s; <t;<85<ty<..<5, <ty y—7
Ay A ERY

If one chooses, for any p > 0,
t —
Ay :p.w and M = sup A(N),
le(te) — e(so)ll IAl=p
it follows that I-(¢) > pd — oo as p — 0. O

Proof of Lemma 9.11. We first claim that given any real-valued random variable
X ~ v, we have E[e?*(%)] < oo for all § < 1. Indeed, by Markov’s inequality and
Lemma 3.4,

E[e(;A;(X)] :/ e‘sAi(I)du(aﬁ)—l—/ eéA’L(m)dy(x)

—0o0 x

- dv(x) *©  dv(z)
= /_oo V((—00, 2])? +/Z o[, 000

By integration by part, the former integral can be evaluated as

- dv(z) 1 - dv(z)
_— = — - 6 -
= e I i =
and thus is bounded from above by (1 — §)~1. Since a similar estimates holds also
for the latter integral, the claim is proved.
We now apply the inverse contraction principle to fi,, in Cy([0, 1]) when equipped
with the supremum norm topology. Denote by Xj 7 the J-th component of X, by A,

the logarithmic moment generating function X7, and by A the Fenchel- Legendre
transform of A;. We claim that fi,, is exponentially tight via the closure of the sets

1
K, =N}, KJ where KJ := {(p € AC: (0) = 0,/ A5(¢,(0))do < a}.
0

ddZ; (t) = XLntJJrl and hence
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1 & ;
i, (KS) < Pl — A5 (X .
Mn( a)idlrggagxd (’ﬂ; J( z)>0{>
By Markov’s inequality and our claim,
1 s (xd
—log fi,,(KS) < —ba+ logd + max logIE[e‘SAJ(X{)} — 00 as @ — 00.
n 1<j<d

It remains to show that K, is precompact by the Arzela—Ascoli theorem (uniformly
bounded and equicontinuous). To this end, observe that by convexity of Aj and
Jensen’s inequality, for any ¢ € AC and any 0 < s <t <1,

A;<@j(t)§0j<8)>< 1 /tA§(<p'j(9))d9<ta

t—s T t—s — S

Since A%(z) > M|z| — max{A;(M),A;(—M)} for all M > 0, we deduce from the
inequality above that for all 0 <t —s <,

Iy () = 9,(5)] < - (+ S max{ A, (M), A,(~M)}),

from which the equicontinuity follows naturally, and so does the uniform bound-
edness due to the fact ¢(0) = 0. O

Mogulskii’s theorem (Theorem 9.5) extends to the laws v, of
H
Y.()=e) X, 0<t<1
=1

Theorem 9.14. The probability measures v, induced on L*([0,1]) by Y. satisfy
the LDP with the good rate function I in Theorem 9.5.

Proof. It suffices to prove the LDP on arbitrary subsequences ¢, \, 0. To this end,
let e, = \_%J so that 4, ~satisfies the LDP with rate I. It suffices to show the

exponential equivalence, namely,
1
. logP(|Y. =2, [>3d)——oc.

Indeed,

. —2, | <2e, 1g§a§m\Xi|7

implying, due to the fact 0 € Zﬁm

1 1 1 b
—1logP(|Y, —Z, |>6)<-—logn,, + 1og1P>(|X1| > ) — —o0.
nm " " nm nm 26

O

Now consider the process w,(t) = w, with w, the standard Brownian motion. We
study the LDP of w, in Cy([0, 1]). To this end, consider the space H; := {fot f(s)ds :
f e Lo, 1])} equipped with the norm [¢f 5, = @] 2

Lemma 9.15. For any d € N and any 7,£,6 > 0,
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P( sup (0] > 6) < ades.

0<t<r

Proof. Observe that

2
P sup (0] 2 ) =P sup Juf? > e716%) <a- P( sup (w,)? > fl)
e

0<t<t 0<t<r

By time rescaling,

1)
Pl s >0 <d-P| s > .
(&ggTIwa( B ) < (Ozggluwlu) >

Now for one-dimensional Brownian motion,
2
]P’( sup H<w8)1H > n) < QIP( sup (w,), > 77) = 4IP< sup (w,), > 77) <de T,
0<t<1 0<t<1 0<t<1

where the equality follows from the Désiré André’s reflection principle. O

Theorem 9.16 (Schilder). The measure {v.} satisfies, in Cy(]0,1]), an LDP with
good rate function

1. )

I (o) = d 2 le@)? dtif o e H,
w(®) .

o0 otherwise.

Proof. Observe that @, (t) :=w_(e|%]) is the process of Y, with X, the standard
normal random variables in R? with
_Jal?

5

Hence, by Theorem 9.14, we have that the @, satisfies the LDP on L*°([0, 1]) with
rate function I,. Now that @, and w, are exponentially equivalent:

by 2
A(N) =logE[eMX)] = % and A*(z)

(|, — w,| > 6) < (H + 1)1[»( sup |, ()] > 5) < 4deV(1 4 e)e T,
13

0<t<e

Hence, w, satisfies the LDP with rate I, on L°°([0,1]), which carries naturally to
Co([0,1]). O
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