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B. PROBABILITY THEORY

B.1. Basic inequalities.

Proposition B.1 (Borel-Cantelli). Let (S,)""
probability space (X, B, u). Then,

. < 1 .

,u(hm sup Sn> < ]\}lm Z w(S,,)
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L be a sequence of events in a

Proposition B.2 (Markov). Let X be a nonnegative random variable. Then, for
every a > 0,

w(X >a) <at-E[X].
Proposition B.3 (Holder). Let X,Y be non-negative random variables. Then, for
D, q € [1,00] satisfying % + % =1,
E(XP)Y/PE(Y )7 > E(XY),
where the equality holds if and only if X = cY for some ¢ > 0.

Proof. Without loss of generality, assume E(XP) = E(Y?) = 1 to paraphrase the
proposition as 1 > E(XY) with equality holding if and only if X = ¢Y for some
¢ > 0. Under the circumstances, it is not hard to verify the Young’s inequality

XP Y4

XYy < —+ —

q
holds if and only if X? = Y?. The paraphrased proposition then follows by inte-
grating both sides. |

Proposition B.4 (Jensen). Let X be a real-valued random variable and ¢ : R —
R is convex. If B(X) and E(o(X)) are defined, then E(p(X)) > o(E(X)) with the
convention o(+00) = lim,_,  o(x) and (—o0) =lim,_ , _ p(z).

Proof. We make use the property of convex functions that
o(x) =sup{az +b: p(z) > ax + b for all z € R}. (B.1)

The left-hand side is by definition larger than the other, and thus it remains to
show the remaining. To this end, it suffices to show that for all (z,y,) satisfying
o(xg) > Yy, there exists a linear function ¥ (x) = a(z — ) + y, such that p(z) <
() for all x. Essentially, this is achieved by choosing

o [sup SR 20)=vlon)]

<z T — Xy T>Tq T — Xy

= [lim infM lim sup M] ]

T—=Tg T — Ty T T — Ty
Now that (B.1) coincides with
o(x) =sup{ax +b: p(x) > ax+bforall z € R a,be Q}, (B.2)

one can enumerate the linear functions on the right-hand side by (¢,)$°, and obtain
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E(p(X)) 2 E( max ¢,(X) ) > max v,(E(X).

If E(X) € R, then the proposition holds by letting n — oco. If E(X) = co (similar
for E(X) = —o0) and ¢(00) > —oo, then right-hand side of the above still converges
to ¢(00), while the proposition is trivial when E(X) = co and ¢(c0) = —c0. O

B.2. Radon-Nikodym theorem.

Definition B.5 (absolute continuity). Let p and v be defined on a common
measurable space (X, B). We say v is absolutely continuous with respect to p,
denoted by v <« p, if v(A) = 0 for every A € B satisfying u(A) = 0.

Theorem B.6 (Radon-Nikodym). Suppose v, are two o-finite measures on a
common measurable space (X,B) and v < u, then there exists a B-measurable
function f: X — [0,00) such that for every A € B,

:/ fdu.
A
B.3. Laws of large numbers.

Theorem B.7 (Weak Law of Large Numbers). Suppose (X;)2, are i.i.d. and
E(X,) = 0. Then, n™" 2:21 X, — 0 in probability.

Proof. Equivalently, we can assume X, is nonnegative and E(X;) < co and prove
nt 2?21 X, > E(X;). Let M >0 and X; =Y, +Y,, with ¥, ; = max{X,, M}.

Immediately,
l
n
On the other hand,
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The theorem is proved by combining the above. O

Lemma B.8 (Kronecker). Suppose a,, >0 and a,, / co. Then 221 aytr, < oo
implies a;* Z?Zl x; — 0.

Proof. Writing b,, = (a;l — a;ll) with ag! := 0, one may use summation by part
to deduce

n n
ant Y wi= ) ai Za 7 +Z ”IZG*%
i=1 i=1
The last expression converges to 0 as n — oo. O

Proposition B.9 (Kolmogorov's Criterion of SLLN). Suppose (X;)$2, are inde-
pendent such that E(X,,) =0 and 32 i~ Var(X;) < oco. Then, n=' 3" X, —
0 a.s.

Proof. By virtue of the independence, one observes that
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which, in particular, implies Z =i jg finite almost surely and in turn implies the
conclusion by Lemma B.8. O

Proposition B.10 (Strong Law of Large Numbers). Suppose (X;)2, are i.i.d. and
E(X,)=0. Then, n! Z?zl X, =2 E(X;) as.

Proof. It suffices to prove the case E(|X,|) < oo, for if otherwise, one may still
apply the result to Y, = min{M, X,,} for every M > 0 if E(X;) < oo (resp., Y, =
max{—M, X, } X, if E(X7]) > —o0) so that E(|Y,|) < oo and that ¥, < X (resp.,
Y, > X,,), leading to the conclusion by letting M — oo.

To begin, truncate X,, to define

Y, =1x, <X — E(Xalix, <ny)
Then, verify the assumption of Proposition B.9

i=1 i=max{1,|X|}

P(%,| < 1>+E(|X1|2 > W%)

i:‘X1|
P(|X;] < 1) + 2E(]X, ).

to deduce
1 (oo}
=3 Y, =0 (B.3)
st

On the other hand, by the Borel-Cantelli lemma,

P(|X,,| > n infinitely often) < lim 5upZ:]P> |1 X, >1i) < hm bupE(|X1|).(B.4)

n—oo i=n

Combining (B.3) and (B.4) gives that

Jim ;X = Jim 7 ;(Y +E(1X0] Lx,12y)) = E(X0).
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