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ABSTRACT. Motivated from the study of multiple ergodic average, the inves-
tigation of multiplicative shift spaces has drawn much of interest among re-
searchers. This paper focuses on the relation of topologically mixing properties
between multiplicative shift spaces and traditional shift spaces. Suppose that
Xg? is the multiplicative subshift derived from the shift space 2 with given

¢ > 1. We show that XS(-ZZ) is (topologically) transitive/mixing if and only if Q
is extensible/mixing. After introducing ¢-directional mixing property, we de-
rive the equivalence between ¢-directional mixing property of Xg )

mixing property of €.

and weakly

1. INTRODUCTION

Let A= {0,1,...,m — 1} be a finite alphabet and let Q C A" be a shift space
with the shift map o : Q — Q defined by (o0x); = x;41 for i € N. Suppose 1 < £ is
a natural number. Kenyon et al. [11] defined the multiplicative subshift Xg) c AN
as

(1) XY = {2 = (2)52, € AVt (2401 )nen € Q for all i}

) is multiplicatively

The name “multiplicative subshift” follows from the fact Xg
invariant in the sense qug) C Xg) for all ¢ € N, where II;z = (24,)72;. The
study of @) takes its origin from the multifractal analysis of the 0-level set E4(0)

considered by Fan et al. [§], where
1 n
N. - =
(2) Fe(0) ={x € {0,1}": nh_}moo - kz_:lxka:gk 0}.

The study of (E) is a special case of the multiple ergodic averages A, ®(z) :=
%ZZ;(% O(Tfw,...,Thx) with d = 2, T; = ¢*, and ®(z,y) = x1y;. In the same
paper, they also studied the subset

(3) Xo = {x € {0, 1} : 2;29; = 0 for all i}
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: extensible / Xg): transitive

Q: transitive

Q: weakly mixing / Xg): {-directional mixing

Q: mixing / Xg): mixing

FIGURE 1. Summary of the result

of (E) It is easily seen that X, is a special type of Xg) in which © is the golden
mean shift (it is called “multiplicative golden mean shift” in [IL1]). Moreover, the

box dimensions of X5 is dimp Xy = ﬁ S logf n where F,, is the Fibonacci
sequence: Fy =1, Fy = 2 and F, 40 = Fy41 + F,, for n > 0. Later, Kenyon et
al. [11] obtained the general formula of Hausdorff and box dimensions of Xq. It
is known that the subshift corresponding to the closed invariant subsets of [0, 1]
under the map z — maz (mod 1) has the property that the Hausdorff and box
dimensions are coincident [10]. Even though the Hausdorff and box dimension of X
are not coincident generally (the Hausdorff dimension is less than or equal to the box
dimension), the characterization of the equality is addressed therein. Furthermore,
Peres and Solomyak [15] gave the full dimension spectrum of dimpy F¢(6), and
mentioned that dimgy Xo = dimy E3(0). Beyond X, more dimension results can
be found. Peres et al. [14] considered the multiplicative subshifts Xés)7 for which S

is the semigroup generated by primes pq, ..., pr. Namely,
XS = {2 = (23)72, € AV : 2|5 € Q for all i such that (i, S) = 1}.
A typical example of XS) is
Xo3 = {x € {0, 1}N : Xpropxsy = 0 for all k},

where S is the semigroup generated by 2 and 3. The authors in [14] extended
1] to ngs) and obtained the Hausdorff and box dimensions of Xgls). Ban et al. [3]
approximated the box dimension dimpg (X&S) N Q) for the case where (2 is a subshift
of finite type. Fan et al. [§] gave a complete solution to the problem of multifractal
analysis of the limit of the multiple ergodic averages %Z?:l O(Tiy Tigy ooy Tipr—1)
for k,¢ > 2. We refer to [[7] for a nice state-of-the-art survey of the the multiple
ergodic averages.

The dimensional aspect of the multiplicative subshifts exhibits that the topo-
logical behaviors of Xg ) or Xg) are multidimensional rather than one-dimensional,
which is out of the blue since multiplicative subshifts come from one-dimensional
shift spaces. Such a transformation comes from the multiplicative action on the

shift spaces (cf. [B, 8, 9, 11, 14, 15]). As different types of mixing properties offer
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different phenomena such as positive topological entropy, density of periodic points,
and the domino problem, it is essential to study which mixing properties a given
multiplicative shift satisfies (cf. [5, B, 13, [L6, [L7] for shift spaces over Z? and [l, 2] for
shift spaces over free monoids). This paper aims to connect the mixing properties
of 2 and Xg ). To be more specific, assuming {2 possesses some topological property
P, can we say something about the mixing properties of Xg )2 Are the properties
Xg ) equipped with stronger or weaker than property P? In other words, the goal
of this paper is trying bridge the topological behaviors of the two spaces: one is
additively invariant and the other is multiplicatively invariant. The main contri-
bution of this paper is Theorems EI, @, and @ (cf. Figure m), which explicitly
characterizes different types of mixing properties for multiplicative shifts that is a
difficult task for multidimensional shift spaces. Particularly, the notion of direc-
tional mixing is closely related to the notion of weakly mixing, which, intuitively,
reveals that the specific shift is mixing in some direction. In the following, we de-
note by Bn(Xg)) the set of all the finite prefixes v whose supports s(u) = [1,n]
and write B(Xg)) = Unlen(Xg)). First theorem demonstrates the connection
between transitivity (for Xg )) and extensibility (for 2).

Theorem 1.1. The following are equivalent.

(1) Q is extensible.

(2) Xg) is transitive.

(8) Foru,v € B(Xg)) there exists o € N\ AN such that for any k € Ny there exists
T € Xg) such that z|swy = uw and (Ijy|qem®)]sw) = v.

(4) Xg) s L-directional mixing for some L which has a prime factor p € P satisfying
ptl.

(5) Xg) is L-directional mizing for every L which has a prime factor p € P satisfying
ptL.

The second theorem reveals that Q0 being weakly mixing is an equivalent condi-
tion of /-directional mixing of the associated multiplicative shift.

Theorem 1.2. The following are equivalent.

(1) Q is weakly mizing.

(2) Xg) is L-directional mizing.

(3) Xg) is L™ -directional mixing for every n € N.

(4) Xg) is " -directional mizing for some n € N.

Furthermore, if £ is a prime number, the following is equivalent as above.

(5) Xg) is L-directional mizing for every L > 1.

The last main theorem of this paper, which is rather not that out of the blue
but is still showing there is more to be investigated, indicates that ) is mixing if
and only if Xg ) is mixing.
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Theorem 1.3. The following are equivalent.

(1) Q is mizing.

(2) Xg) is mizing.

(3) For u,v € B(Xg)), there exists N € N such that for k > N and o € N\ /N

Q)
Q

there exists x € Xo' such that z|y) = u and (I}, qe®)]sw) = v.

We organize the material of this paper as follows. Section 2 elucidates the defini-
tions and propositions that are used in this investigation and gives some examples
to illustrate the idea of the proof of the main theorems. Section 3 is devoted to
the proofs of Theorems @, @, and @ Discussions and some open problems are

carried out in Section 4.

2. DEFINITIONS AND EXAMPLES

In this section, we recall some fundamental definitions and facts of mixing prop-
erties for dynamical systems, and then address them to the case of multiplicative
shifts in an equivalent way. The definitions of mixing properties on abstract dy-

namical systems are known as follows.

Definition 2.1. An action 7 : M ~ X of a monoid M on a topological space X

by continuous maps is

(1) extensible if for all nonempty open set U C X and finite set F' C M there
exists m € M\ F with U N 'X # &,

(2) transitive if for all nonempty open sets U,V C X there exists m € M with
UNnmlV # o,

(3) weakly mizing if the diagonal action M ~ X x X is transitive,

(4) mixing if for all nonempty open sets U,V C X there exists F' C M finite
such that U N7, 'V # @ forallm € M\ F,

where 7., () := 7w(m, ).

Let A be a finite alphabet and let Q C AN be a shift space with the shift
map ¢ : AV — AN. That is, the shift map is an action N ~ © of N on Q.
Under the prodiscrete topology, the consideration of open sets of {2 focuses on the
cylinder sets without loss of generality. Denote the set of all admissible words
of length n by B,(2) and set B(Q2) = Up>1B,(Q). For every u € B(f2) and
x € €, let |u| be the length of u and zf; jj = (2;,...,x;) be the projection of x on
[i,7] :=={n € N: i <n < j}. In this particular case, the definition above can be

translated into the following equivalent statements.

Definition 2.2. Let (Q,0) be a shift space. We say that (2,0) is
(1) extensible if for all u € B, (€2) and for all m € N, there exists x € € such that

Tlm+1,m+n] = U3
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(2) transitive if for all u € B,(Q),v € Bi(Q) there exists m € N and z € Q such
that z(1 ) = v and T pmg1,nemek] = U3

(3) totally transitive if o™ is transitive for all n > 1;

(4) weakly mizing if for all u; € B, (Q),v; € By, (), i = 1,2, there exist m € N and
configurations z(* € Q such that x(i)|[1,ni] = u; and x(i)|[ni+m+1’ni+m+ki] = v;;

(5) mizing if for all u € B, (Q2),v € By() there exists N € N such that for m > N

there exists x € 2 such that (1 ,,) = v and Ty i1 nrmir) =0

It follows from the definitions that
mixing = weakly mixing = totally transitive = transitive = extensible.

Roughly speaking, a weakly mixing system transits any pair of open sets to
another pair simultaneously. Furstenberg [10] demonstrated the property holds for

finitely many sets.

Proposition 2.3 (See [10]). Suppose 2 is a shift space. Then following statements

are equivalent.

(1) Q is weakly mizing.

(2) For{ui,uga,...,up},{v1,ve,...,00} C B(Q) there exist m € N and configura-
tions {x DM, satisfying 2D |y, = w; and (c™x)|g,,) = v; for 1 <i < M.

For each shift space 2 and natural number ¢ > 2, the multiplicative shift space
XY is defined as
Q

XY = {2 = (20)52, € AV ¢ (@ign—1)nen € Q for all i}.

We say that u € A is a pattern in Xg) if there exist a finite set S C Nand z € Xg)

such that z|s = u, i.e., x; = u; for ¢ € S. In this case, S is called the support of u

and is denoted by s(u). The multiplicative action I1: N ~ Xg) is defined as

(IMgz); ==x4 for i€N,z € ng).

It is obvious that Xg ) is invariant under the multiplicative map and thus (Xg ), II) is

a dynamical system. Therefore, the discussion of topological properties in Definition
is of interest. Observe that I1,,U C U for each open set U C x§f> and m € N
due to the prodiscrete topology on AY. It can be verified without difficulty that

g) are

the transitivity and mixing property of the multiplicative action II on X
translated in the following equivalent statements, where an auxiliary multiplier |u|

is introduced in for avoidance of the overlaps between the supports of v and v.

Proposition 2.4. A multiplicative shift (Xg),l_[) is

(1) trausitive if and only if for u,v € B(Xg)) there exist m € N and x € Xg) such
that x5y = u and (i, mx) |s) = v;

(2) mixing if and only if for u,v € B(Xg)) there exists N € N such that form > N

there exists x € Xg) such that 4,y = u and (H|u|mx) ls(v) = V.
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The idea of these definitions is to connect the patterns u,v in Xg ) under the
action of multiplicative semigroup of positive integers. Observe that, for each given
integer £ > 2, every natural number n has a unique decomposition n = af*, where
a € N\ /N and k¥ > 0. The following proposition comes from straightforward

examination, and thus the proof is omitted.

Proposition 2.5. Consider the multiplicative shift (Xg)7 {I1;}4en). Then Xg) is

(1) transitive if and only if for u,v € B(Xg)) there exists (o, k) € (N\ /N) x Ny
and x € Xg) such that x|y = u and (H|u|agkl') lsv) = v;

(2) mixing if and only if for all u,v € B(Xg)) there exists N € N such that if
(o, k) € (N\ IN) x Ny with al® > N there exists x € Xg) such that |s,) = u
and (H‘umﬁx) ls(v) = v.

It is note worthy that the definition of multiplicative map Il can be extended
to B(Xg)) as follows: For each ¢ € N, the multiplicative map 11, : UnenAlbm —
Unen AL is defined as (IT,u); = uy; for i € [1, L%IJ], where [1, L%J] is the support
of I u.

For a multiplicative shift Xg) and m,n € N, we define m ~ n if and only if

m .
— = (" for some i € Z. It follows immediately that ~ is an equivalence relation.

n

With this we define Aj;) = {it* : k € Z} NN for each i € N, where [i] denotes
the equivalence class of ¢ with respect to ~. The following proposition comes
straightforwardly from the fundamental theorem of arithmetic.

Proposition 2.6. Let Ay be defined as above. Then
(1) {Ap}tien is a partition of N;
(2) for each o € N\UN, alp C Ay for some [j] # [i]. In particular, aly = Ay

if £ € P, where P denotes the set consisting of all prime numbers.

For the sake of simplicity, we refer to Aj; as A; with an extra requirement that
i is the smallest element of [i] for the rest of this paper unless otherwise stated.
For every u € B(Xg))7 we define ulx, € B(Q) and &(u) as u|a, = (upi-1); for
1<j<|log, %‘J and &(u) := max{n : n < |u|,{n}, respectively. In addition, for
1< ¢ N eN,let A; :== N\ ¢N denote the set of positive integers which are not
divisible by ¢ and A, n := A4 N [1, N].

Example 2.7. Suppose A = {0,1}, £ = 2, and  is the one-sided golden mean
shift. Then
X 1= X§) = AN

If u € A8l and v € A% L8] then &(u) = 7, which means that s(u) VA7 # @. The
support of u and is illustrated in Figure P. Note that in the figure, the elements of
the monoid N is rearranged to sit in the N? lattice in the following manner: If the
set Ay = {Aﬁl) < Af) < ...} is endowed with the natural order of integers, every
integer A@j) -0~ € N has the coordinate (i,75) in the lattice and thus the set of
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21 42 84 168 336 .1344 2688 5376

19 38 76 152 304 608 1216 2432 4864
17 34 68 136 272 544 1088 2176 4352
15 30 60 120 240 . 960 1920 3840
1326 52 104 208 416 832 1664 3328
11 22 44 88 176 352 704 1408 2816

9 18 36 72 144 .- 1152 2304

4 28 56 112 224 448 896 1792

20 40 80 160 320 640 1280
24 48
16 32 64 128 256

F1GURE 2. The multiplicative map II breaks the topological struc-

ture of the support of pattern in Xg). The set [1,8] is the green
region, while the set 96 - [1, 8] is colored in orange. Notably, [1, 8]
is connected while 96 - [1, 8] is broken in the N2-lattice partitioned

by {Ai}ay-

all elements in the j-th is exactly A The supports of u and v are colored in

AW
green and orange, respectively. Observe that the multiplicative map II breaks the
topological structure of the support of pattern. In general, for any u,v € B (Xg))
and v € Xg) such that (ILj,|qer )]sy = v and |s,) = u, the supports of u and

]|y|atts(v) are non-overlapping if af® # 1.

One of the main difference between traditional shift spaces and multiplicative
shift spaces is that the multiplicative map messes up the topological structure of
the underlying space, which makes the investigation of dynamical phenomena of
multiplicative shift spaces much more complicated and diversifies mixing properties
in multiplicative subshifts. The following definition introduces a mixing property
called directional mizing that is related to the weakly mixing property in traditional

shift spaces.

Definition 2.8. Suppose Xg )isa multiplicative shift space. We say that Xg ) is q-

directional mixing for some ¢ > 1 if for u,v € B(Xg)) there exists k € Ny such that

for any o € A, there exists z € Xg) satisfying z[y(,) = v and (Ilyjaqr®)|s(v) = v-
At this point, it is seen through the following example that the transitivity and

directional mixing properties are actually not equivalent.

Example 2.9. The following example distinguishes Theorems @ and @ Let
2 = Xx be defined by forbidden set F = {01}. Then, Q is extensible yet not
transitive, and x§f ) satisfies Theorem EI However, Xg ) is not (-directional mixing.
It can be verified by considering v’ = 0¢,v' =1 € B(Xg)) and o = 1. Under the
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7 28 112 448 1792 7168 28672

24 96 384 ..24576

20 80 320 1280 5120 20480

12 48 192 768 .12288

8 32 128 512 2048 8192

16 64 256 1024 4096

FIGURE 3. The weakly mixing property of 2 implies ng) is £-
directional mixing. When «a - £¥ = 1-4%  the (partial) supports of
v’ and x||u/|a ko) are colored in green and orange, respectively.
See Example m for more details.

should accept v’ since 1 at the the position where v’ is

circumstances, no y € Xg)

located is to the right of 0.

Theorem @ reveals that 2 is extensible if and only if Xg ) is transitive. Example
m yields an observation how Theorem @ holds.

Example 2.10. Let Q C {0,1}" be defined by forbidden set {01}. Apparently,

Q is extensible. We give the equivalence between the extensibility of 2 and the

transitivity of Xg )

0’s.
1. Given that Q is extensible. Suppose £ = 4. Let v/ = 111111 and o' = 1111

be two words in Xg).

a brief examination through the following discussions with two

Consider a = 7, a prime number greater than ¢ = 4 and
&(u') = 6. Tt follows from the extensibility of Q that for any k& € Ny there exists
T € Xg) such that x|y, = u' and (I}, |ae )50y = V'

2. Suppose £ = 2 and Xg) is transitive. To show that u = 101 € B(f) is extensible
at position 5, pick a = 1,k = 2, v’ = 032, and v/ = 1001, there exists y € Xg)
such that y|sy = v’ and (I aemy)|s@y = v'. Let 1= (Yup+i)ien. Then
T[5,7 = 101.

The following example provides an intuitive viewpoint for examining Theorem

Example 2.11. For each P C Ny with 0 € P, the spacing shift introduced in [@]
is defined as

(4) Yp={s€{0,1}N:s5;,=5;=1=1]j—i| € P}.

Let P=Ng\ {2+ 10" : N € N} and Q = Xp. Then ( is weakly mixing but not
mixing since P is thick (see [H] for more details). We use the following examples
to show that 1. Q is weakly mixing if Xg) is (-directional mixing; 2. ng) is
{-directional mixing if €2 is weakly mixing.

1. Let £ = 2 and u; = 11,us = 111,v; = 111,v9 = 11 € B(Q). It is easily seen
that u/ = 1110010000010000, v’ = 111101 € B(X{) and /|5, = 41000, /|5, = us,
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10 60 360 2160 12960 77760
9 54 324 .11664 69984
288 1728 10368 62208
252 1512 9072 54432
180 1080 6480 38830
144 864 5184 31104

108 648 . 23328

72 432 2592 15552
36 216 1296.

FIGURE 4. The figure gives an graphical representation of Example
. Two words v/ = 18,0 = 15 € B(ng)) can be concatenated
when ¥ = 243, where the support of v’ and (II},q: )| s(vr) are
colored in green and orange respectively.

v'|a, = v1, and v'|p; = va. More specifically, with « = 1 and k = 4, there is an
T € Xg) given that x|,y = u" and (I}, |0 )50y = () |50y = v and z; = 0
otherwise. Therefore, uy, vy are connected in |5, and uz, ve are connected in z|a,.
2. Let { =4 and v/ = 111111,0" = 1111 € B(X(Z)). Then [v/| = a0tk = 6-4°, |v'| =
4, and a4 |v| = 24. It follows from Corollary B.9 that there exists M = 2 such that
for every a € Ay, k € No, and i € Ay ||, i|u/|al® = jlFTF¢ for some j € Ay and
¢ < M. To connect u'[5, and v'|5; for i € Ay}, and j € Ay |, let k = 3 be fixed
so that [k, k + ¢ + max; |[u|a, A;l] € [4,10] € P. Then for each oo € Ay
there exists x € Xg) such that x|y = v' and (Il4aapu|2)|sy = v" and z; = 0

+ max; [v

elsewhere. For the case where o = 1, the supports of u’ and x|44|,/|s(»/) are colored

in green and orange respectively in Figure E
Next, we use the following example to verify Theorem @

Example 2.12. Let P = {0,1} U[3,00) and 2 = Xp. Then €2 is mixing since P is
cofinite (cf. [H]) In this case, given u,v € B(R), if x € A" satisfying z; = 0 except
2| ju] = w and Ty 4341, |u/+3+v)] = U, then 2 € Q. We verify directly that 1.
XY is mixing if Q is mixing and that 2. € is mixing if X' is mixing.

1. Suppose £ = 6, u' = 18 and v = 1°. Then, for every af* > 63 = 216, there
exists x € Xg) such that x|y, = v’ and (I}, qe )]sy = v'. For example, when
al* = 243 the support of u/ and v’ in x are colored in green and orange respectively
in Figure H It is seen there that s(u') and s(v’) are indeed separated at a distance
greater than or equal to 3.

2. Let £ = 2. Let v = 1001 and v = 011. It is possible to find u’ := 10000001 €
B£|u|71(X§f)) and v := 0101 € B[\v\—l(xg)) such that u'|p, = w and v'|y, = v.
Then, for every af® > 3 there is y@*) € X% such that y(“zk)|s(u/) = o and
(H|u/|aek y(azk)”s(v') = ¢’. In particular, for every m > 3, the configuration x :=
y™)| 5, € Q satisfies that Ty juf) = U and Thni o] = -
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(a)

FIGURE 5. An illustration for the equivalence between extensibil-
ity of Q and transitivity of Xg ), (A) Whenever ( is extensible,
the transitivity of Xg ) can be derived by separate the given words.
(B) If Xg) is transitive, then Q is extensible.

Notably, none of above relations are equivalent to transitivity of 2. One may
refers to Example @ to see that it is not equivalent to Theorem @ As for Theorem
@, an example is given as follows.

Example 2.13. Let Q C {0,1}" be defined by forbidden set {00,11}. Then,
is transitive yet neither totally transitive nor weakly mixing, and Xg ) satisfies all
properties in Theorem @ However, it is not /-directional mixing. It can be verified
by considering patterns v’ = 0110, v/ = 1011 in Xg), and o = 1. If such y € Xg)
exists, then k is required to be even for u'|5, and v'|5,, and odd for v'|5, and v'|4,.
This contradicts the existence of k. Nevertheless, it is consistent with Theorem
and with Theorem @

3. PROOFS OF MAIN THEOREMS

This section is devoted to demonstrating the main theorems of this paper. We

start from the equivalence between extensibility of  and transitivity of Xg ),

Proof of Theorem B The theorem is proved in the order (3) = (2) = (1) = (3)
and (1) = (5) = (4) = (1). The idea of the proof is provided in Figure E

(3) = (2). It follows directly from definition.

(2) = (1). We prove that for v € B(Q2) and m € Ny there is z € Q such
that 2,1 mtju) = u. Let u/,0" € B(Xg)) such that |u/| = ™, [o/| = (=1
and v'|p, = u. By transitivity of Xg), there are a € Ay, k € Ny and y € Xg)
such that y|se) = v and (I}, |aecy)]s(ry = v'. The proof is completed by letting
i = (Yoprrio1).

(1) = (3). We prove that for arbitrary blocks u’,v" € B(Xg)), and for k£ € N,
there exists y € Xg) such that y|s) = v and (I}, |aecy)]s(ry = v whenever a €
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10 60 360 2160 12960 17 34 68 136 272 544 1088 2176 4352
9 54 324 1944 11664 15 30 60 120 240 . 960 1920 3840
48 . 1728 10368 13 26 52 104 208 416 832 1664 3328
42 252 1512 9072 11 22 44 88 176 352 704 1408 2816

30 180 1080 6480 9 18 36 72 144 .-1152 2304
24 .-5184 14 28 56 112 224 448 896 1792

18 108 648 3888

12 72 . 2592

10 80 160 320 640 1280

36 216 1296 16 32 64 128 256
(A) u € Bs(X®) (B) u € Bs(X))

FIGURE 6. Suppose z € XS) and u € Bg(Xg)). (A)
(%|a,n1445(w))’s are left-aligned since 6 is not a prime. (B)
(%|a,n96s(u))’s are left-aligned since 2 is a prime.

P\{¢} with o > ¢. Note that for each i € Ay |, and j € Ay ||, ([0 [al*Aj)NA; = @
always holds. In other words, s(u/) and |u’|af¥s(v") are separated in the sense every
A; is intersected by at most one of the two sets. The existence of y € Xg) is thus
guaranteed by the extensibility of Q on every A;.

(1) = (5). We claim that for v/,v’ € B(Xg)) and for any a € Ay there exists
y € Xg) such that y|) = ', (Hjyjarky)]se) = v" whenever pF > &(u), p|L but
p1 L. Since p*F > £(u'), it follows immediately that

|W'|alFNNA; =2 for 1<i<E&@W).

In other words, |u'|aL*s(v’) is a subset of N\ Uj<;<¢(u)A;. Therefore, for each
1 € Ay, there exists x; € € such that

Ziljy syl = @A if 1 <i<g(u);

Til ek v'|a,, otherwise, where |u/|aLFA; C Ay;
7:/

log, L) T

since (2 is extensible. Let y € AY be defined by y|s, = x;. Then y € Xg) is the
desired result.

(5) = (4). It holds automatically since (4) is a particular case of (5).

(4) = (1). We prove that for v € B(Q2) and m € Ny there is « € 2 such that
Tlm1,mlu] = U Let v/, v" € B(Xg)) such that |u’| = ™*1, that |o/| = ¢I“I=1 and
that v'|p, = u. By L-directional mixing property of Xg), there is k € Ny and y €
Xg) such that y|,) = v and (11, xy)|sry = v'. Suppose that [u/|LF = i¢ctm+1
for some ¢ € Ny, i.e., [u/|LF € A; for some ¢ {i. The proof is complete by letting
T = (Yigeti) jen- 0

Next, we link the weakly mixing property of €2 and the ¢-directional mixing
property of Xg). Proposition @ implies that the multiplicative transformation
breaks the topological structure of pattern even more significantly in the case ¢
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is not a prime than the case ¢ is a prime. More precisely, given u’,v' € B (Xg))
and k € Ny, for every a € Ay and every i € Ay .|, the product (Ju’|cl®)i can be
represented as j, ;/¥1 T+ for some £ { j,;, where [u/| = a1f% and ¢, ; is the
extra “offset” introduced by the product ajai = j, i¢°i. Hence, (|u'|al*)s(v'|4,)
is not “left-aligned” (see Figure E) Nevertheless, Lemma and Corollary

show that these offsets {ca,i}aca,,ica, /| are bounded.

Lemma 3.1. Given any N € N, there exists M € N so that ApAyn = {ab:a €
Ag, be AgyN} C Uf\iofiAg.

Proof. By the fundamental theorem of arithmetic, there exists the unique prime

factorization of £ as £ = p]"*p5' ... pr. Let
k,,
M=max{| 2 |:1<i<m,ke Ayn}+1,
m;

where k,, = max{m € Ny : p/"|k}. Given a € Ay and b € Ay n, there exists

1 < i < r such that 22| = 0. Since \_Zs‘j < M — 1, it comes immediately that
L%J < M. Hence, ab € UM ¢? A, and the proof is complete. O

Corollary 3.2. Suppose u',v' € B(Xg)) with |u'| = a10¥*. There exists M € N
such that for every o € Ay, k € No, and i € Ay, ilu/|alh = jOFFTFFe for some
jeAsandc< M.

Proof. Observe that there exists M; € N such that a1 A, C Uij\i})ﬁA&mW‘.
Lemma @ shows that there exists My € N so that AgAy 0| C uMa A, Tt
follows that

W[ AglF Ay o) C TR A UM 0 Ay o) © UMGHY R RIT 4
v i=0 s [ i=0
the desired result follows by letting M = My + Ms. O
With the estimation of the offsets, we are ready for the proof of Theorem @

Proof of Theorem . The proof is divided into three parts. First we show that
(1) & (2). After demonstrating the equivalence of (1), (3), and (4), it follows that
(1) & (5).
(1) = (2). Given v/,v" € B(Xg)) with |u'| = oy % for some a; € Ay, Corollary
indicates there exists M € N such that for o € Ay, k € No, and i € Ay},

i|u|alh = i’ Ptk teicen for some i’ € Ay and ¢ .0, < M.

Let
A = {(W]a, w (V]5,) 1 < i < W), 1< <L),
0<c¢< M},

be a finite collection of pairs of blocks in €, where € is the empty word and w("/) e
B(Q) U {e} is chosen so that w(c’j)(v’|Aj) € B(Q). Since Xg) is weakly mixing,
there exists K € N such that for (@,7) € A, there exists W € Bg_|5|(£2) such that



TOPOLOGICALLY MIXING PROPERTIES OF MULTIPLICATIVE INTEGER SYSTEM 13

wwv € B(Q) by Proposition @ Note that K > |u|a,| for every i € Ay, and so
K > k.

Next we show that for each o € Ay there exists x € Xg) such that x|,y = '
and (ILj,/qex—#1 ) |5y = v'. Observe that (I1),/|qex 1 )5y = v" if and only if

|

. K—ky =v'|p, for j€ Ay
7 hog, sttty [y, g = V18 for T € Aejun,
where j' € Ay satisfies (|u/|a*"*)A; C Ay and xj := 2|5, . In fact, for every

J € Agju|, there exists at most one j' € Ay, such that |[u/|alf~FA; C A,
The construction of x is as follows. For i € Ay ., if there exists j € A,/ such
that [u/|afK—F1A; = ¢K+ciaer A; C A;, the discussion in the previous paragraph
implies the existence of word (u’\Ai)@w(civ”m’j)(v’|Aj) € Br_j(Q2) for some w €
B —m)(£2), and thus implies the existence of x; such that

xi|5(u'|/\i) = u/|Ai and xi‘logz lu/‘agf_klj-l-[l,lv’\/\j|] = 'U/|Aj’

which also means that xi\logg PINLECVIN Vipm-1 for m € [1,[v[4,[]; otherwise,
the existence of x; comes from the extensibility of 2. For the case where i €
Ag\ Ay, ||, the existence of z; also comes from the extensibility of Q2. The desired
T € Xg) then follows by letting z|a, = ;.

(2) = (1). To show that for uy, us,v1,v2 € B(Q2) there are x1, 29 € Q and k € N
such that 2;[(,,) = u; and that ;|4 (v, = vi for i = 1,2, let v’ 0" € B(Xg)) such

that uy,us,v1,ve are subword of u/|a,,u'[a,,,, v |A,,V'|A,,, respectively, and that

|u'| = % for some k; € N. Since Xg) is ¢-directional mixing, there is a k € N and

an y eXg)

such that |, = v’ and (I1j/¢xy)|sry = v'. The proof is completed
by letting 1 = y|a, and 2 = y|a,,, -

The discussion of (1) = (3) and (4) = (1) are similar to that of (1) = (2) and
(2) = (1), respectively. Since (4) is a special case of (3), the equivalence of (1), (3),
and (4) then follows.

The demonstration of (1) < (5) is analogous to the derivation of (1) < (3) above
together with the proof of Theorem @ (1) & Theorem @ (5). Thus the detailed

elucidation is omitted for the sake of compactness. O
We finish this section with the proof that €2 is mixing if and only if Xg ) is mixing.

Proof of Theorem , The theorem is proved in the order (1) = (2) = (3) = (1).

(1) = (2). Suppose u',v" € B(Xg)) are given. Since ) is mixing, there exists
No € N such that for all m > Ny, i € Ay |y, J € Ay, there exists x = (i, j,m) €
Q such that a:|[1,‘u/|Ai|] = ul|Ai’x‘[m“r‘U"Ai‘+1,m+|ullAi|+|U/|Aj|] = v'[5,. We claim
that for o € N,k € Ny such that af® > ¢No there is y € Xg) satisfying y|s) =
u' and (1L}, (aer)¥)|s(ory = v', Which is equivalent to mixing property in Xg) by
Proposition E Similar to the proof of Theorem @, it suffices to show that
whenever (|u/|af®)A; C A; for some 1 <i < £(u') and 1 < j < £(v'), there exists
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(©
0 Xo transitivity /¢-directional mixing mixing
extensibility EQ T T
transitivity F T T
weakly mixing F EQ T
mixing F F EQ

TABLE 1. Summary of the main results. In this table, ‘T’ means
that the property in €2 implies the property in Xg) and ‘F’ means
the opposite, and ‘EQ’ means two properties are equivalent.

x; € € such that

xi|[17|u’\Ai\]ZU/|Ai and mi‘ ’U/‘Aj'

w! k ==
log, T 410!, ]

Equivalently, we need to show that log, £2 —log, £ > Ny, where L; = max(s(u’) N
A;) and Ly = min(|u/|al®(s(v') N A;)). Indeed,

L L !
log, = _ log, 2= log, Moafkj > Ny.
) ) Ly
Therefore, €2 being mixing implies that Xg) is mixing.

(2) = (3). This could be proved by choosing proper « or k in (2).

(3) = (1). Given u,v € B(2), let v/,v" € B(Xg)) such that |u/| = ¢£*=1 || =
11 !5, = u, and v'|s, = v. Hence, there exists N € N such that for o € Ay, k >
N there exists y € x§f> such that y[[1,j,/) = v" and (I}, |aexy)| (1,10 = v'- We claim
that for m > N there exists € Q such that 2|(1 ju] = U, Z|[ju|4m+1,jul+m+o]] = V-
Indeed, let « =1 and k = m + 1 > N, there exists y € ng) such that y|s) = v
and (I}, qery)|s(ory = v'. In other words, (y|a,)|1,ju)) = v and

(H‘urlagky)i = Yyplul+m =v; for i= =1, [v].

The proof is then complete by letting x = y|a, - O

4. SUMMARY AND DISCUSSION

Suppose 2 is a traditional shift space and Xg) is the corresponding multiplica-
tive shift space for some ¢ > 1. We investigate the relations between the mixing
properties of 2 and Xg). After introducing the /-directional mixing property, we
reveal some if-and-only-if connection between mixing properties of two systems.
Table m summarizes the main results of this paper. It is seen that there are still
open problems remained to be studied. We list these problems of interest in the

following, some of which are in preparation.

Question 4.1. In Theorem @, (5) is equivalent to the others if ¢ is a prime
number. Does this hold for arbitrary ¢ > 17

Question 4.2. Is there any equivalent condition for Xg ) as transitivity of Q7
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Question 4.3. Do Theorems EI, E, and @ hold for two-sided multiplicative
subshift X ¢ A%?

10.

11.

12.

13.

14.

15.
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