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ABSTRACT. This paper features an analog of Sanov’s theorem for finite-state Markov
chains indexed by rooted d-trees, obtained via the method of types in the classical analysis
of large deviations. Along with the theorem comes two applications: an almost-sure type
convergence of sample means and a formula for the Hausdorff dimension of the symbolic
space associated with the irreducible Markov chain.

1. INTRODUCTION

This paper presents a version of Sanov’s theorem for finite-state Markov chains indexed
by d-trees, accompanied by a number of folklore theorems regarding the distribution of
canonical finite-state Markov chains together with a touch of their interplay with the
dimension theory.

The investigation of the tree-indexed Markov chains was initiated by Benjamini and
Peres [5]. In their work, those authors studied the tree-indexed random walk on a (count-
able) graph in an attempt to understand the behavior of sample paths in a collective
manner. In particular, they investigated the recurrence and ray-recurrence to provide in-
sight into the behavior of random walks. Aside from that, this type of random model has
connections with various mathematical fields, including percolation theory. To be precise,
the percolation on the rooted d-tree can be modeled by a Markov chain involving only
two states: “open” and “closed”. Considerations of such problems are taken in the work
by [6]. Furthermore, another frequently explored aspect of the non-conventional Markov
chains is their entropy, which is also the theme of the first part of this work. In this
direction, researchers attempt to extend well-established theorems for canonical Markov
chains, including the law of large numbers, Shannon-McMillan-Breiman theorem, and er-
godic theorems, to the tree-indexed systems. This line of research traces its origin back
to [7], in which the authors studied stationary random fields on rooted /unrooted d-trees.
Subsequent works, such as [I8, @], have also made progress in this field. Noteworthy
contributions regarding deviation inequalities are also provided by [13], [14] and [I7].

Let (X;);en be independent and identically distributed random variables taking values
in a finite subset of R, say A = {logay,--- ,logay}, with the probabilities p1,pa, - - pk,
respectively. As a well-known result, the law of large numbers guarantees that the sample
mean converges almost surely to the expectation of the random variables, namely,

k
1 n
- z; X, - EX| = Z:lpj log a; almost surely.
1= Jj=

Based upon the theorem, researchers later delve into investigations of a more intricate
description of the distribution, e.g., the central limit theorems and the large deviation
principles. In this direction, we propose the following analog of Sanov’s theorem for tree-
indexed Markov chains.

Theorem 1.1 (Sanov). Let {X,: g € T} be a Markov chain defined as in Definition [2.1]
with the matriz A satisfying (AO) and (Al]), and A be a nonnegative matrixz of the same

dimension as M such that A,y > 0 if and only if A, > 0. Then, for any Borel subset S
1



2 JUNG-CHAO BAN, GUAN-YU LAI, AND YU-LIANG WU

of R,
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We should note that results regarding large deviations of tree-indexed Markov chains
are also considered in [8] for trees generated by a Galton-Watson process for which the
probability of producing zero offspring is positive, which does not hold in our case.

The second part of the article is motivated by still another aspect of the tree-indexed
Markov chains; namely, the “size” of the outcome space of labeled trees. Such a space
of outcomes, also known as Markov hom tree-shift, is a special type of symbolic systems
introduced by Aubrun and Beél [I]. Subsequently, Petersen and Salama [15] [16] introduced
the topological entropy for such spaces, as an analog of topological entropy for traditional
shift spaces, to study their complexity. As it turns out, the topological entropy could also
be interpreted as the box-counting dimension under a proper metric (see ) Inspired by
this observation, this paper aims to investigate the Hausdorff dimension under this specific
metric and relate such quantity to the eigenvalues of some nonlinear transfer operators as
follows. Drawing inspiration from the classical thermodynamic formalisms, the candidates
of transfer operator La , : ]R“;‘O — R“;‘O for r = (ro,r1,- -+ ,1p—1) € R]io are defined to be

(2) ‘CA,T (x) = ‘I]Aﬂ'pfl ° ‘I]Aﬂ“p—2 0--0 ‘IIAJ“O (33)’

where WA <(z) = (ATz)*. The Hausdorff dimension is then associated with the eigenvalues
of the nonlinear operator, as is seen in the following main theorem of this section.

Theorem 1.2. Suppose Ta is a Markov hom tree-shift with an irreducible adjacency ma-
triz A with period p. Then,
-1

p—1 ¢
(3) dimy 7a = min  min (ZHT%_1> -log pa,(Lar)

r€Rpa A €P(A) \ i

where s(g) is the parent node of g defined in @,

p—1

(4) Rnd:{re(o,d]p:nri:l},
i=0

and

(5) pa;(Lay) =sup{a: Lar(u) =aueC;\{0}}.

Notably, if A is a primitive matriz, then p = 1 and La , = AT for all r € Riq = {1},
and thus dimy Ta = log p(AT) is the spectral radius of A.
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At this stage, two main concerns with the theorem arise: the existence of nonnegative
eigenvectors and the attainment of min,eg, ,. To address the former issue, the proof of
the theorem is postponed until after a brief introduction on the nonlinear Perron-Frobenius
theory (Section , in which such existence will be resolved. As for the latter issue, it
will be discussed in Lemma [£.5] which forms the backbone of the theorem. Notably, the
proposed formula of the Hausdorff dimension can be further adapted (Proposition [24)) to
serve as an upper bound for any tree-shifts without assumptions and , which
gives rise to the following corollary.

Corollary 1.3. Suppose Ta is a Markov hom tree-shift. Then, dimyg Ta < logp(A),
where p(A) denotes the spectral radius of the linear operator A. In particular, for any
irreducible A, the equality holds if and only if ), 4 Aayp coincide for all b € A.

To give the reader an overview of our proof strategy, it is worth mentioning that the
upper bound of the Hausdorff dimension is derived via construction of efficient covers of
Ta, while the lower bound is obtained by applying the classical mass distribution principle
to the “optimal” Markov measure. Hence, the main contributions of this work lie not
only in providing a formula for Hausdorff dimension, but also in establishing an analog of
variational principle for the tree-shifts.

The organization of the paper is as follows. In Section [2], we introduce preliminary
definitions and lay down the general conventions of this paper. Section (3] is devoted to
the proof of Theorem accompanied by an analog of Cramér’s theorem (Theorem
and a law of large numbers (Theorem . Finally, Section [4]is devoted to the proposed
varitional formula for Hausdorff dimensions (Theorem, which involves a recapitulation
of the nonlinear Perron-Frobenius theory (Section, necessary lemmas regarding duality
(Section [4.2), and lower and upper bounds of Hausdorff dimensions (Section and
Section The section ends with a general upper bound for the Hausdorff dimension
by dropping assumptions and along with an example illustrating the validity of
our formula as an upper bound. Finally, the paper is concluded by a short discussion in
Section [

2. PRELIMINARIES

Let ¥ ={1,2,---,d} represent the set of generators for the semigroup
T=U2S = {e} UUZ {g1g2---gi : gj € Z,V1 < j < i},
whose Cayley graph is the rooted d-tree (we adopt the convention that ¥° = {e} to be the
set containing the root of the tree). Denote by =, = X" the elements in the semigroup
with length n, by A,, = U ,Z; the initial n-subtree. In addition, for g = g1g2--- gn € En,
let

(6) s(9) =g192- - gn—1 and o(g) ={gi:ie€ X}
In this work, we consider a class of symbolic spaces upon the d-tree called Markov hom
tree-shifts, each of which is defined via some adjacency matrix A associated with the
alphabet A as

Ta={te A" : Ay, #0for ge T,i €}
We will assume throughout that
(A0) > uAgp>0forallbe A

Otherwise, one can still find a submatrix A’ of A such that 7o = 7Ta/. For conciseness,
for every k € N we denote [k] = {0,1,--- ,k — 1}. For the scope of this paper, we would
like to make the following standing assumption:

There exists a symbol ag € A such that for each a € A there exists n, € N

(A1) satisfying (A™)g.q > 0.
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by generator for the semigroup
T free semigroup generated by X
En alias of X"
Ay, 0=
A alphabet
A adjacency matrix
Ta Markov hom tree-shift associated with A
(k] {0,1,--- Jk—1}
s(g) parent of g € T
o(g) set of children of g € T
ao label satisfying
P period of symbol ag
P(A) {4 )€}
'y set of probability vectors indexed by A
T4 set of stochastic matrix indexed by A
P, q vectors in I' 4
M, P, Q matrices in T 4

Tn(t)7 Tn:m(t)
Uno(t)7077n:78(t)
dv? dV’ dv,V

distribution vectors associated with ¢ € Ta
transition matrices associated with ¢ € Ta
variational distances

Dy, set of feasible distributions by Ta
Sy set of feasible transitions by Ta
Wam set of collectively feasible distributions and transitions by Ta
B (Ta;q9,Q)  feasible patterns of Ta
(p,P) = (?, <C_)) reversed sequence of (q,Q)
Z, Zj set of feasible extended reversed sequences
Cj vectors supported on Aj
O(P|A) negative relative entropy of P and A
AOB Hadamard product
ANS, VNS matrix A / vector v raised to power s
{Xy:9€T} Markov chain indexed by T'

TABLE 1. Summary of Notation

It is noted that even though such ag might not be unique, the choice of ag does not affect the
discussions, and thus we will have ag fixed throughout. Let p = ged{n € N : (A")4;.00 >
0}. Assumption (Al) naturally induces a collection of sets P(A) = {A; : j € [p]} of A
such that

(7)
where we set A;;, = A; for all i € Z. A matrix A is said to be irreducible (with period p)
if all the elements of A play the role of ag in (Al)).

Some frequently used symbols are borrowed from the author’s previous work [3]. We
let I' 4 be the set of all probability vectors indexed by A, and T 4 be the set of stochastic
matrices acting on I'4. Upon I' 4 and T 4, we introduce the variational distance d? and
d?/, respectively, defined as

0 _ _ 0 _ 0
dv(p,Q)glgﬁla;pa Ga| and d}(P, Q) = maxd)((Pas)aca, (Qup))aca).

a € A; if and only if (A™)q,q, > 0 for some n = j(mod p),

associated with which is a sup metric dg}v((p, P),(q,Q)) on the product space I'y x T 4
defined as

d?},V((pa P)v (q7 Q)) = max{dg(p,q),d%(P, Q)}
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For a labeled tree t € Ta, the n-th level distribution of t is denoted as

= Xall
Tn(t) = <296H;X ( g)> € [y,
|Zn] a€A

where ¥, is the characteristic function of the symbol a. In addition, the n-th level transition
of t is written as

Z En,tg= Z o Xa(th) .
< B rem—Cr) ) it ez, 1,0 l0(9)] > 0

a b . .
—_— if otherwise.
2ceaAcp

n (t)a,b -

For simplicity, we write the distributions of ¢ from level n to level m (n < m) by 7. (t) =
(Tn(t),- -+, Tm(t)), associated with which we put

Dy (TA) = {Tnm(t) : t € Ta}
to be the set of set of all admissible distributions. Likewise, the transitions of ¢ from level
n to level m is denoted by np.m (t) = (n(t), -+, Nm—1(t)) and

Spem(TA) = {m(t) : t € Ta}
is the set of all admissible transitions. Also, let
Wom(Ta) = {(Tam (), Muem (1)) : t € Ta}

be the collective admissible sets of distributions and transitions. The set of admissible
blocks Bj.m(Ta) by prescribed distributions and transitions is defined as

Bn:m(TA; q, Q) = {t’u{gnai 1t e TAa Tm:n(t) = q’nn:m(t) = Q}7
so that By (Ta) = U(q,Q)eWnim B.m(Ta;q, Q). It is noteworthy that a necessary condition
for (q, Q) € Wym(Ta) is that q0+D = QWq(® for all 0 < i < m —n. For convenience sake,

we denote by (p,P) = (?,6) the reversed sequence of (q,Q), (i.e., p) = q(™="=9) and
PG = Q(m_”_l_i)) and consider the following set of all extended reversed sequences:

8) Z = {(p,P) € T+ x Y%+ : p = PRI P — 0 if A, =0},
together with which we assign C; = {z € Réo cx, =01if a ¢ A;} and
Zj ={(p,P) € Z: pV € C;_;}.
For conciseness, dependence of T in these notations is omitted lest any confusion occur,
and “n :” is suppressed in the notation of Dy.n, Span, Wiim, and By, if n = 0. In

addition, for any sequence of probability vectors (and similarly for stochastic matrices),
say p € (I 4)%+, we write
p(iij) — (p(i)7 p(i“rl)’ o ’p(j))7 0<i<j<oo.

Finally, the convention of matrices and vectors is manifested as follows. In general, ma-
trices are typed in uppercase while vectors are in lowercase, and stochastic matrices and
probability vectors are in sans serif font, such as P, Q, p, and g. In particular, {e, : a € A}
is the standard basis of R*4. We denote by A® B the Hadamard product of matrices A and
B, and by A A s (respectively, v A s) the entrywise exponentiation of nonnegative matrix

A (respectively, nonnegative vector v) to the power s. In addition, for any P € T 4 and
any nonnegative matrix A of the same dimension satisfying P,; = 0 if A,; = 0, we define

B(P|A)y ==Y —(Puy) log( Pa’b),

A
acA a,b

where Olog% is interpreted as 0. Also, when functions, such as division /, exponential
function exp, and logarithm log, are acting on matrices or vectors, the actions are by
default taken entrywise unless stated otherwise.
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The Markov systems on a tree T' can now be defined as follows.

Definition 2.1. Let A be a finite alphabet. An A-valued Markov chains indexed by T
(associated with initial distribution m and with transition matrices M) is a collection of
random variables {X, : g € T'} such that

(9) P(Xgi =ag|Xn=ap:h ¢ gilT) =P(Xy = ag| Xy = ag) = M,

QAgi Qg

forgeT,ieX,
and that P(X. = a) = m,. For convenience, by putting

1 if Mgy > 0;
Aa,b = .
0 otherwise,

we assume the underlying probability space (2, F,P) is chosen so that Q = Ta, that F is
the Borel o-algebra, and that X,(t) =t, fort € Q.

The notations are summarized in Table [1l

3. LARGE DEVIATIONS OF MARKOV CHAINS ON d-TREES

The aim of this section is to carry out the proof of Theorem which states the large
deviation principle for the conditional sample mean.

To illustrate our proof strategy, we should present a heuristic proof of the following
Cramér’s theorem.

Theorem 3.1 (Cramér’s theorem). Let (X;);en be a sequence of i.i.d. random variables
taking values on a finite subset of R, say {logai,logas, - ,logay}. Then,

1
nlogP( ZX >a> %iuﬂg(ta— A(t)) for a > EX;,
i=1 €

where

A(t) = log E[e!1] logZp] a

Precisely, by virtue of Stirling’s approximation, one can reformulate the probability in
terms of an optimization theory:

1ogIP>< ZX > a)

k n
1 1 »
=sup ¢ log P E tiloga; =B | : t; = - E_ Xa; (Xi) ¢ +O(n" " logn)

B>a j=1

Bza

k
= sup Zt log— thlogaj:ﬁ +0(1),
j=1

where the first equahty holds since the set

L, = {(tj)?l :tj = %ZX% (XZ)}
=1

has its cardinality bounded from the above by ( kﬁl), and the second from the fact that L,,
is asymptotically dense in the simplex of probability vectors. The theorem is ultimately
proved by deriving the rate function sup,cgto — A(t), as a dual problem, via standard
techniques in the optimization theory. Inspired by this technique, the author analogously
reproduces in [3] the desired approximations and estimations above, based upon which the
method of types can be adapted for Theorem
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To prove the theorem, our starting point would be an observation asserting that the
topological space I'Z+ x Y%+ is metrizable, and that a natural choice of the metric would
be induced by the variational distance on T'Z+ x Y%+:

(10) o (. Z L (0, PO, (¢, QD))

We note that this metric is compatible with the product topology.

Lemma 3.2. The Tychonoff topology of T+ x Y%+ is compatible with dyv. In addition,
the functions

(0.P) S %@(P@W)Tp(i“) and
=0

X d-1 A )
(p,P) — Z C(liz'+1 17(P® @ log A)plitY
=0

are uniformly convergent and thus continuous on Z (defined in ) with respect to d, v .

Proof. Since the argument of the metrizability of the product metric space via (10]) is
standard, it remains to show the uniform convergence and continuity. Indeed,

(p,P) = ®(PO M) Tpl+) and (p,P) — 17 (P® & log A)plith)

are continuous and uniformly bounded, and the coefficients (éli%ll)iez . are absolutely sum-
mable. From these, the uniform convergence, as well as the continuity, follows natu-
rally. O

A corollary of the above lemma implies that I'Z+ x Y%+ is a compact metrizable space,
and hence so is the subspace Z. The continuity and the compactness recur frequently in
the rest of our discussion. Our next step is to discuss combinatorial approximations of
empirical distribution of patterns, which are manifested in the following series of lemmas.

Lemma 3.3 (Proposition 6, [3]). For any n < m,

m " ‘ n'm‘ (m—n+1)-|A4|
1< D] < [[ (5] + DM < (2l An: . A
= n.m‘_i_nﬂ . ) <m—n—|—1 ) )
H A A 2(m—nt1)-| A2
1 <S8 < ‘ ‘(|A|+1) M 1 .
’ nm’ i

The lemma essentially indicates that the size of admissible distributions and transitions
grows subexponentially with respect to A,,.,,, which is substantially smaller than expo-
nential growth rate of the cardinality of the set B,,.;,. The next two lemmas, on the other
hand, demonstrate that the set W,,.,,, is, in some sense, asymptotically dense in Z, and the
Stirling’s approximations can be applied as in our heuristic proof of Cramér’s theorem.
Indeed, if we define

Wi = {(p,P) € ({ea}aeAxrA)xTA PUI — 0 if A,y =0

(G+1) — p)p) Aq

@) (3+1) .
p = Py = if p, =0,0 <75 <k},
7b ZCEAA }

we have the following lemma.

Lemma 3.4 (Lemma 8, [3]). limp—o0 sup(, pyews do,v (Wiinti;, (P, ﬁ)) =0.
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Lemma 3.5 (Proposition 7, [3]). Let (q(n),Q(n)) € W, be any feasible sequence. Then,

1
A| Z Z logAugvuc(g)

" ueBn(a,Q) geAn\{e}

|
—

n

|E'i+1| (I)(Q(z)(n)’A>Tq(z)(n) +0 (nlog |An|)

n—1
d—1 , » log |A,
=Y S @Ol ) + 0 (AR
i=0 "

where O is the big oh notation.

Proof. A proof can be found in [3] for the first equality, and thus is omitted here. The sec-

ond equality follows from the fact that g;li / \‘AE;” = 1—d~""! and that ®(Q®¥ (n)|A)Tq® (n)

are uniformly bounded. O

Now, similar to the classical arguments using the method of types, the theory of convex
optimization plays a key role. In this work, we resort to Sion’s minimax theorem (see for
example [10] for a proof). To apply it, we need to verify a priori the concavity/convexity
of the objective function, and it is the moment that the following lemma is apropos.

Lemma 3.6. Suppose V' is a convex set in a vector space, (E(i))?:_o1 are constant matrices

in R%k, (¢i(2))7=y are Rso-valued affine functions on V. and (A\O(x))™, are Rgo-valued
functions on V recursively defined by

A (@) = gi() log(ED" 4@ 2@ for i e [n),
Then, (A\D(x))2, are all convex if \O)(z) is conver.

Proof. We prove the lemma by induction on i of ). The case i = 0 is included as part
of the assumption of the lemma. Now we can suppose the convexity of A and prove that
for At1) | Indeed, for nonnegative «, o satisfying o + o/ = 1, we have

A1) (az+a’z)

A (az + o/2') = log ((E(i) e ailavtalal) ) A (gi(ox + o/x')))
\T )\(i)(om«i»a/z/)
= log | [ E®" eraiteite’aich | A (ogi(z) + o/ gi(2))

A0 () a'gia’) A

NT aqi(gf) 7 + 7 7 7 / !
< log | [ BY) eca@+o’ai@) ale) Tan@raG) a@ | A (agi(z) + o/ gi(z'))

L7 A (@) N ARESRIED)
< log (E(’)Te 4;(@) ) A (aqi(x))> + log <<E(’)Te 4(=") ) A (o/qi(x’))>

— a)\(i+1)(x)+a/)\(i+l)(x/),

where the first inequality is the induction hypothesis in convexity, while the second follows
from the Holder’s inequality. The theorem is then proved by induction. O

Lemma 3.7. Suppose A and M are nonnegative matrices of the same dimension as A
such that

Agp, Map > 0 if and only if Agp >0
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and that A satisfies assumption (Al). Let E = M ®(AAp) (1 € R) and define a sequence
()\(n))neZ+ in RA such that \°) = 0 and that
1+1

(11) AGHD = ‘ZM log <ET6d A”) forieN.

For every n € NU {oo} and o € R, denote by F,, j(o) and Qp; the mazimum and the
feasible domain, respectively, of the optimization problem

mazimize Y1y 1179 (P @[ M)TpltD)

subject to 31, pe 17(P®) @ log A)ptit!) = a, (p,P) € Z;

(12)

Then,

(1) The functions A can be expressed as

= max Z dz+1 IE)pY (i >0,a € A)
p(")
and are convexr in p. Hence, ]3].(00)(d*1,E) = lim, SUPae A, yp )\((ln) is also

CONVET N 4.
(2) The strong duality holds for the optimization for all n € NU {oco}. Moreover,

inf, —po + SUDp(mec;_,, )\(n)Tp(n) ifn eN;
inf,, —,uoz+Pj(°O)(d_1,E) if n =00

(3) The function Fu j(c) is concave, upper semicontinuous, and not identically —oo.

Fpja) =

Proof. The minimax theorem forms the backbone of the proof.
(1) The equality is proved in [3, Proposition 11|, while the convexity is secured by

Lemma
(2) We first show the case n € N. Recall that

Zj = {(p,P) € T%+ x 1%+ : p() = ppH) nO) ¢ ¢}

and p(® e Cj_y if and only if p(M) ¢ C; due to under the assumption of (Al]). Note
that

P SUP { dz—l-l )‘M AR Z dz—i-l )QIOgA) G+ = 6}
n—1 1

d—
= sup sup inf—,uﬂ—l—z i (P(l)|(A/\/J, o M)T (H P! >

p<")€Cj7n p(0:n—1) H =i+l

Y

By fixing P(»=1) and p(™, we may apply the minimax theorem to swap “supp()” and

“inf,,” and simplify the expression:

sup sup inf—uﬁ—i—z pE ]lT<I> (H Pl )

P(n)Gijn p(0:n—1) o =i+l

= sup sup inf—pf+ AT (H P(Z)> p™)
=1

p(n) Gijn P(l:nfl) 14

n—1 n—1
d—1 i T l n
+ Ji+1 o(PUE)T | T PO ) et
=1

j=it1
We then continue, by applying the minimax theorem recursively, to swap supp@) and inf,
as before. Finally, we apply (1) and the minimax theorem to swap sup,mcc, and infy,.
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Combining these yields the case n # co. As for n = oo, we let @; = min{a : Fi j(a) >
—o00} and ag = max{a : Fi j(a) > —oo}, which are well-defined and finite by compactness
and continuity (Lemma . The goal of this lemma is to verify the following expression
of Fo j(e):

= d—1 i i = d— i i
sup {Z W@(P()]M)Tp( +) Z s IIT(P() ® log A)pt+D) :a}
(P.P)EZ; =0 =0

=inf sup —pa+ Z)\ (AAp)© M) pU) | pt)
H (p,P)EZ; Z le j=111

=:inf —po + Pj(oo) (d~ 1 E)
B

In fact, it suffices to show the “<” part, since the other is the so-called weak duality and
holds automatically. To show this, we make use of the following readily checked identity:
Suppose 3 € R;“O, then

Pa
> dalog 0

acA

max
qel'4

log Y Ba

acA

< max {max | log Bal,

} < log |A| + max | log Bq|.
a
Hence, under the assumption that Mgy, A, p > 0 whenever A, ; > 0, we may set
= logA,p, =1 log M, |, 1
€ = max { o [log Aup = 11, sy [10g Mol log 4] |
so that
[BPOUAA ) © M) <C-(1+2).

As a consequence,

PO @Y E) —  sup AT ™| < Cdm(u+2) foralln e N.
P(n)ecn—j

Now if (p*, P*) is a maximizer of sup(, pyez, >ivo 422 (PD|(AAp)OM) (H?:_zlﬂ P(j)> p(™).
then by putting

d—1 N ok
”:Z i 17(PO" ©log A)ptH" —a (= 0as n — ),

we have, for a € (a1, as), that

Foo,j(a) < hm 1nf Fn,j(a + En) +20d™™

< liminfinf —p(a + €,) + P( )(d_l, E)+Cd "u

n—oo

< lim inf 1nf —wla+e,—Cd™")+ j(oo) (d~ ' E)

n—o0

<inf —pa + Pj( )(d’l, E),
“w

where the last inequality follows from the continuity at o € (aq, a2), resulting from the
convexity of the conjugate function. As for the boundary points a; (similar as for as), we
note that by compactness (Lemma 3.2) and affinity of the objective function, there exists

(9,Q) € Zp such that q sz b = 1 for some sequence (b;);>0 € AZ+ g0 that

i+1

d—1
o = Z T log A, p;,,, and
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P™(a,E) E:C%H [log My, + plog Ay,

1=0

Thus,
Foc.j (a1) Z P log My, b, = irﬁf —poy + pj(oo) (d_l,E).

(3) The concavity and the upper semimcontinuity are consequences of (2), while the
compactness (Lemma [3.2)) implies that Fi j(«) is not identically —oo. O

Lemma 3.8. Suppose the assumption (All) is satisfied. Then, there exists n € N such that
(AP™) g 00 > 0 for every a € Ag. In addition, for every q € CoNT 4 there exists (p,P) € Z
such that p®™) = eq, and that p(0) = q.

Proof. The existence of n satisfying (A)5%5, > 0 follows straightforwardly from . To
see the additional properties are also satisfied, we first construct for every a € .Ao a
sequence (b‘”)iez+ satisfying that b*? = a, that b*P" = qg, and that Apaivipai = 1 for
all i € Z. In addition, we may assume that for every i = 0,1,--- ,pn, b = b implies
(0% i = (b%7) ;. Indeed, if b! = b1 but (b%7);51 # (b%) 1, then we may replace
our choice of (b*+J )j>1 by (b%9);>1 and repeat the process until the property is satisfied
for all b*!, a € A. Then, we can argue in a similar manner so that the property is satisfied
for all b%*, i =1,--- ,pn — 1 and a € A. Then, the lemma is proved by choosing

i+1 ) .
p@ =qandpy = 3 pl (iezy)
ba,i-pa,i+l—p
and
' Py £ pltD 5 0
Py, = 4 Ph ’ L (ieZy)
: Ay

S A otherwise.
c C,

O

Proof of Theorem[I.1. We borrow ideas from Ban and Wu [3]. For conciseness, we prove
only the case j = 0.

Similar to the heuristic proof of Theorem we first infer from Lemma[3.3]and Lemma
B.5] that

1 1
|Apn| lOg]P) m Z 10g AXg,Xg(g) es X€ = Qg
9E€Apn \{¢e}
n—1
o log P PZ ‘Hpn 1| ]lT(P(z) @IogA)p(i'H) =81 p(pn) = eq,
BES |Apn| ‘Apn|
) . log |A,,
pn
" Bl
=Ssup ‘—Zn : ‘M) (+1) : p(pn) = €qyp) P(l) = Tpn—i(X)v P(Z) = npn—i(X)
Bes | Apn|
pn—1

Z |'—pn ’L’ ]lT ()®10gA>p(i+1) =B8%+0 <(pn—|— 1)10g‘AIm|>
. |Apn| |AP"|
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To prove the upper bound, we may choose (?(png), ?(png)) € Wpp, such that

png—1
> WHT(P(’) (pne) @ log A)p™ (pny) € §
and that
1
lim sup logP | —— logAx, x..., €S| Xc=ap
n—v09 |AP"| Bl edi
(13) 1 gEA,
png—
< lim [Epny—il " (P (png) | M)l (pny)
l—o0 < ’APW‘

Without loss of generality, we may in addition assume (p(pny), P® (pny)) converges to

a (p(i)*, P(i)*) € I'y x T4 due to compactness. Under the circumstances, it is readily
checked that (p*,P*) € Zy by assumption (Al]), that

* d-1 % Nk —
(14) > ‘2@. 17 (P ©log A)pt*!)" €S
and that
'S Bl g o ( )
1 1 “_‘pné i P [ M 7,+1 M Z+1 *'
(15) S0 Zz: |Apn, | | P Z derl ‘ )'p

In particular, according to Lemma [3.7] m the relations (| ., and imply

log P Z logAXg,Xg(g) €S| X =ag

| pn| g€l \{e}

=3 ST RO < s i)
peS

lim su
nﬁoop |Apn |

To prove the lower bound, note that every € > 0 admits a pair (p*, P*) € Zjy such that

—~d — % 2
(16) > = ILT(P() ®log A)plit)™ e §
i=0
and that
~d—1_ ) \
(17) S0 S B PO D > sup—(8) -
i=0 pes
Due to assumption (Al]), one may further assume that there exists an ng such that
(18) p(no) = €qp-

Otherwise, according to Lemma for all 0 < §, one can always find (p/, P’) € Zj such
that p(i), = p(i)* fori =0,---,[—log;d] with p(fﬂogd 3y 1+Pm) €4, that p@) = p@)*
fori=0,---,[—loggd] — 1, that

d-1ir (@) (i+1)* —~d—17 (i)’ (i+1)!
2 it o (PY" ©log A)p - Z; L (PY O log A)p < 5@7&%:1“% Aasl,
and that

~d—1_ ; —1_, . ;
Z di+1 CD(P() |M)T (i+1)! Z i+l (P() |M) D" 5 bmax | log M p|

i=0 i—0 @,b:hap=1
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In other words, we may replace (p,P) by (p’,P’) and the very same properties are still
satisfied by choosing proper 6. Under the assumption of and , we may deduce
)

from Lemma (3.4]) that for all sufficiently large n, there exists (%(pn , P (pn)) € Wy, such
that
pn—1

(19) Z 'rﬁ" f' 17 (P (pn) ® log A)p™V (pn) € §
pn

and that
pn—1

a0 3 a0 pnan ot i) 2 S 4 Lo —
Hence, combmlng , and we prove the lower bound. O
Remark 3.9. The optimization problem m Lemma can be further adapted as

mazimize Y1y 41179 (P @A) TplitD)

subject to Y i 01 C‘llz+11 ILT(P( ) ®log A[“’b])p(i“) = Qqp, Va, b satisfying Agp =1

(p.P) e Z;
where Alot ¢ RQOXA (a,b e A) are defined as
1 if (') = (a,b);
log A[‘f 2], =4q -0 if Ayy =0;

0 otherwise.

For the adapted problem, we may write E = (@mb;Aa,b:l(A[“’b}) A u[“’b]) O M with p =
(u[a’b])mbeA a vector of real numbers, and so its dual solution becomes

00 n—1
d—1 - -
" (p,P)EZ; =0 j=i+1

for which a proof is almost identical, and it is in this form that we see the theorem is indeed
an analog of Sanov’s theorem. Under the circumstances, Theorem [I.1] immediately follows
with respect to the rate function A}L- (a), where the interior and the closure are interpreted
as in the relative sense with respect to the probability simplez.

Corollary 3.10 (Cramér). Suppose A and M satisfy the assumption of Theorem .
Then,

1
lim lim ——— logP

log Ax, x
e—0+ n—00 |Apn+]‘ 9

9€Apn+;\{e}
Proof. The corollary is a consequence of Theorem [I.I] More precisely, the corollary follows

by letting S = (o — €, + €) and exploiting the concavity and upper semicontinuity of
A (). O
J

Theorem 3.11. Suppose A and M satisfy the assumption of Theorem and M is
wrreducible. Then, conditioned on X, = ay,

Ela—ega+t+e)|Xc=ag | =—-AN(a).
B w E f

. 1
lim A1 Z log AXg,X<<q) X.=ag
o \ Bl et i ‘

—Z p ld gzﬂ-b a,blOgAa,ba
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where 79 = M7UtD) are eigenvectors of MP with (9 € Cp.

Proof. For simplicity, we only give the proof of the case j = 0.
We first show that for the optimization problem

maximize Z?oo jwrll ]LT(p(z) ® log L )p(z-‘rl)
subject to  (p,P) € Zp

any maximizer (p, P) satisfies

(21) Z o ]lT(P(DlogA) (+1) Z o ]lT(M(DlogA) (+1),
1=0 1=0

To begin with, we note that
(p,P) = (0, 7Moo 7e=Dy2e ppZ+) g Z;
is a maximizer. Indeed, for every (p,P) € Z,

ZP

acA

SO and ZP QIgP)—O ffP((lb)— My, for all a,

acA a,b

from which the maximahty follows. As for property , we apply to derive that for
any optimal solution (p, P),

p(PNHD) — pypp(PINFD+D) g1 all 4 > 0,n > 0.
A corollary of the Perron-Frobenius theorem (for primitive matrices) asserts that

p(PN+i) — lim Mpnp(pN+z'+pn) — ()
n—oo

Since p(‘m“) = Tr((li) is positive if and only if a € A_;_1 and n,i > 0, once again we

can apply to derive Pflng) = M, if A_; x A_;_1. Hence, Aj(«) admits a unique
maximum point at

— g p—1

T 7
ZZP cd- ezl (M ©log Ao,

at which Af reaches its maximum 0.
The rest of the proof is merely an application of the Borel-Cantelli lemma. Precisely, it
suffices to show that for all € > 0,

1
P | limsup{ |—— Z logAXg’Xc(g)—a* >ep| Xe=ag | =0.
nooo ||| ””’geAm\{e}

Now that d(€) = supjq_q+>c —Ag(@) < 0 for all € > 0 due to the uniqueness of . This
implies the existence of N € N such that for all n > N,

1 *
v ‘Apn| log AXg’X<(9) —a| >e€ Xe=ag | < 66(6)‘Apn|
gEApn\{E}
Consequently,
o 1 N
Z g [Apn] Z log Ax, x, ) —a'|>€p| Xe=ap | < Z @Bl < 5o
=N pn gEA N} Z

and our hypothesis holds as a consequence of the Borel-Cantelli lemma. O
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rate function —A*(«)

0.0
—0.1F
<
=
I —02
_03 -
0.0 0.1 0.2 0.3 0.4

FIGURE 1. rate function Aj

Example 3.12. In this ezample, let d =2, A and M be matrices defined by

wff -l 3

2
We note that M is primitive, and thus in this case Theorem[1.]] states that
1
m Z log AXngm — Zm,Ma,b log A, almost surely.
" genn\(e} ab

and the distribution satisfies the large deviation principle given in Theorem [1.1.  Nu-
merically, —Aj(a) can be derived as in Figure . We note that —Aj(«) is finite if and
only if a € [0,21log2], where %logQ ~ 0.4621. Furthermore, the maximum point is

a = 3log2 ~ 0.2310.

Example 3.13. We provide here an example of irreducible M in order to: (a) demonstrate
the limsup and liminf of the conditional sample mean might differ; and (b) compare the
conditional sample, unconditional sample, and the expectation of the sample mean. We
consider d = 2 and

0 1 1 %
A:Mzéoo,w:§
3 00 2

for which the conditional sample mean associated with Ay := {0} and on A; :={1,2} are
plotted in Figure @, respectively. To see (a), if we denote by of and by o the mazimum
points of A§ and A7, respectively, we infer from Theorem (1.1) that almost surely

_ . 1 X
a = hnnilo%f m Z log Axmxg(g) =]
g€AR\{e}

and

Z log AXHvXc(g) - 048.
gEAR\{e}

3
4
8
=
3
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rate function

0.0} [E———

_02 | ‘..‘...' ,/,

—04F}

—0.6
------ ~Aj(a)
- =Aja)

()
L L L L L L
—0.7 —0.6 —0.5 —04 -0.3 —0.2

FIGURE 2. rate function Aj, A}, and A*

As for (b), the rate function A* of the unconditional sample mean is

A*(a) = max{A(a) : 74, # 0} = max{Aj(a), Af(e)},
which admits two mazimal points af and of. As for the expectation of sample mean, we
may apply the dominated convergence theorem to deduce that

_ . 1
B = lggg.}fE m Z log AXg(t)7X<(g)(t 0<Z<1Z Z Ta® ’H‘J
gEAN{e} j=0acA;
BT :=limsupE Z log AXg() X o® | = I‘ga}lz Z pyet 1+j
n—o0 | n| O v
geEAN{e} Jj=0acA;

In particular, in contrast to the case where A and M are primitive, we have
a” <pB <pt<at,
while the four numbers coincide in the primitive case. On account of this, the conditional

sample mean provides more information than the unconditional one and the expectation
do. In fact, in some extreme cases, say

A:M:

NIOI— O
S O
o O
3
I
S [ 00—

we have that
~ = Liogo = 210g2 B~ =pB" L iog 2
(0% = — 10 o = — 10 = = — 10
3 g 4, 3 g 4, 9 g 4,

and we may see that over every t € 1, the sample mean can be explicitly calculated as

1 _
Al Z logAXg(tLXq(g)(t) € {a +o(1),a™ + 0(1)} .
" genn\{e}

However, not a single labeled tree t € Q0 admits sample mean approaching BT = 5.
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4. HAUSDORFF DIMENSIONS OF TRANSITIVE MARKOV HOM TREE-SHIFTS

The section is devoted to the exposition of the Hausdorff dimension formula of 7Ta C A7
when A is an irreducible matrix. For this purpose, our settings and notations should first
be introduced. We consider the following metric of the tree-shift Ta:

(23) D(z,y) = efsup{|An\:x|An:y|An}7

The rationale behind adopting this particular metric lies in its intimate connection with
the topological entropy introduced by Petersen and Salama [I5]. More specifically, it
could be readily checked that, according to this definition, the box counting dimension
of Ta is simply the topological entropy in the sense that dimpTa = d - hyp(Ta) and
dimpTa = hiop(Ta), where hiop(Ta) is defined as

log | B
hiop(Ta) = lim 128 1Bn(Ta)|

n—00 ‘An‘ ’

with the existence of the limit addressed in the aforementioned work.

The section is organized as follows. A nonlinear Perron-Frobenius theorem will be
carried out in Section[4.1] In Section[d.2] we will present several essential lemmas regarding
the duality and discuss the “variational principle” related to the operator La ,, based on
which we could carry out the computation of lower bound and upper bound for dimz T in
Section and respectively. Finally, in Section 4.5 we will show that our dimension
formula essentially serves as an upper bound for all 7y ,, even with dropped.

4.1. Nonlinear Perron-Frobenius theory. The nonlinear Perron-Frobenius theory, as
its name suggests, studies the eigenspace of a class of (not necessarily linear) functions
and reproduces several classical results regarding nonnegative primitive/irreducible matrix
transformations. In this work, we will consider such an analysis under the framework of
[11], of which the setting can be described as follows. Let f : R“;‘O — Réo be a continuous
function. It is said to be order-preserving if f(x) < f(y) for every x < y, and it is
called homogeneous if f(ax) = af(x) for all @ € R>q, where the comparison of two
vectors via < is taken entrywise. In addition, we say that f is multiplicatively convex if
logof o exp is a convex function on ]R“;lo. Within this framework, we establish that the
operator L4 , possesses all the aforementioned characteristics, and that its eigenspace can
be characterized as follows. We note that throughout the section, ||-|| denotes the 1-norm.

Proposition 4.1. The following properties hold for the operator La , when r € R, 4.

(1) LA, : Réo — Réo s continuous, order-preserving, homogeneous, analytic on Rfo,
and multiplicatively conver.

(2) For each A; € P(A), there exist an eigenvector v\9) € C; \ {0} associated with
eigenvalue p, (LA ;) such that

lim sup HEXAUJ)HIM < pa,;(La,) for allw € C;.
n—oo

In particular, vég) > 0. If A is irreducible, then v9) is unique up to scaling.
(3) Let CJJF ={r el :x,>0if o) > 0}. Then, for every x € C;-“ there exists an
eigenvector w € C]'-F and 0 < 6 <1 such that

1/n

lim sup EK’T(:U) — w?)
22| Teg ] o0

In particular, LA r(w) = pa; (LA )w
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Proof. (1) The first four conditions follow from a routine check of definition, while the
multiplicative convexity follows from Lemma by taking B = A, ¢iy1(z) = siqi(x)
with go(z) = 1 for i € [p] so that logoLa , o exp(z) = r,_1AP)(z) is convex given that
MO (z) = z is convex.

(2) We should first note that, for s > 0 and 2 € RZ,, ¥4 4(x), > 0 if and only if
(ATz), > 0. Recursively applying this property one deduces that £ Ar(z)q > 0if and only
if (AT)Pz), > 0. In particular, £a , maps C; into C;. Hence, according to [LT, Corollary
5.4.2], L, admits an eigenvector in ) e C; such that L4 T(U(J)) = pA, (,CA,T)-v(j), while
[1T, Theorem 5.3.1] limsup,,_,, ||[La r(w )Hl/" < pa; (L) for all w € C;. Now that if v(©)
is an eigenvector as found, then ((AT)P"v(%)),, > 0 for all sufficiently large n according to
(A1]). Hence, U( ) = (pa;(Lays)) " Lar(v v),, > 0. If in addition A is irreducible, then

(]) > 0 for all @ € A;. Now by wrltmg as tj : Cj — R’;‘O the natural inclusion, we note
that ¢ Lo LA - O Lj Maps R>6 into R>6 and the derivative of Lj_l oLAroL;at Lj_l(v(j)) is
prlmltlve Therefore, by [I1], Corollary 6.5.8], ¢ (v(])) is unique up to scaling, and thus
so is v,

(3) We note that all the properties of L4 , in (1) are inherited by [,j_l o LA rotj. Hence,
the existence of w and 6 follows as a consequence of [I2, Theorem 4.7]. Now that w € C;f
and is associated with some eigenvalue y, there exists some C' > 0 such that w > Cv).
Hence,

ex ] Rl H
SIS T = W ) B
The proposition is hence proved. (|
4.2. Some lemmas. For conciseness, let
(i+n) T (i+n+1)
i i+n |A) p i+n

for the rest of the paper, so we can proceed to the following lemmas demonstrating desired
minimax properties for later discussions.
Lemma 4.2. The following equality holds.

N-1 N-1

max min tnfn(p,P) = min max tnfn(p, P).
(pP)EZo tel(n) = " n(p,P) = tel(n) (p.P)EZ0 = n(p:P)

Lemma 4.3. The following minimax property holds.

(24) max mln g Smfm(p,P) = mln max E Smfm(p, P
(p,P)EZy: s€l’, seF (p,P)EZp: m—=0
p- perwdzc p pemodzc

Remark 4.4. We note that in Lemma the restriction (p,P) € Zy means that p((f) >0

implies a € A_;. Therefore, p) = PWp(H) implies that p((zl) depends only on P9 and
a,b

pl()iH) forbe A_;_y. Hence, if (p,P) is a p-periodic optimizer, then so is (p, P*), where

PO, =PO7 :=PU) if bed .
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Therefore, the value of (34]) remains unchanged even with every appearance of “max PET?, 7
p(P) eCo
replaced by “max (ppyez,:
P is 1-periodic
p is p-periodic
For convenience, we introduce the following sequence before we present our quintessen-
tial lemma.

(N+ 7)) -y ifn=0

to,N = <N+ﬁ) if pln and 0 < n < pN;
0 otherwise.

Lemma 4.5. The following minimax properties hold.

p—1 ¢ -1
(25) min (> [r7"]  logpa,(Lar)
T€Rpd \ 1250 =0
p—1 pN—-1

(26) = lim min max Z Sm, Z tn.N frem(p, P)

N*)OO s€l'y (p, P)GZO

If in addition A is irreducible, then the above also comczde with

27 min max s ,
( ) SGF[p] pP)GZo Z mfm p

P is 1-periodic™
p is p-periodic

p—1

(28) = max  min Sm fm (P, P)
(p,P)EZo: SEF[p]

P is 1-periodic

p is p-periodic

m=0

Furthermore, any mazimizer P* of can be chosen to be irreducible and p(o)* € Cy to
be a right eigenvector of (P(O)*)p.

Remark 4.6. It is seen from the cyclic symmetry of s and of t* in that

p—1 ¢ -1
. -1
m : 1 (L
in (E | |7°, ) og pa; (Lay)

£=0i=0
is actually independent of j as long as assumption (A1) is satisfied.
As a consequence of Lemma we have the following corollary.

Corollary 4.7. There exists a Markov measure P associated with a transition matriz M
and an initial distribution m such that it is supported in Ta and that, almost surely,

p—1 ¢ -1
(29) liminfw = min min (ZH ) log pa; (Lar),

nroo AVY T€Rp,a A;EP(A) 00

where Cp,(+) denotes the n-th level cylinder set associated with t € Ta .
(30) Cu(t) ={t' € Ta : ty = t;,Vg € Ay}
Proof. The corollary follows from Lemma [4.5 and Corollary [3.10] More precisely, we may

choose the initial distribution as in Lemma so that the initial distribution of a symbol
a is positive if and only if a € Ay. Thus, by Corollary

1
lim lim ———loglP log A € (a—¢
E_1)1(]51+ Am TN 0g 08 AX¢,X(g) (v —€,a+¢)

A .
[Bpnt] 9€Dpnri\{€}
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almost surely. O

4.3. Lower bound. Suppose Ta is a tree-shift with an irreducible adjacency matrix A,
and that PP is a probability measure (supported on 74) as Corollary Hence, the lower
bound is obtained by the mass distribution principle. To be more precise, we note that,

-1
due to , for every 0 < minyer, , mingepa (Z HZ 0T 1) logpa,;(La,), we

have
P(Cu(X))

gy =0 almost surely.

lim sup
n—oo

Hence, by Egorov’s theorem, there exists a subset S C Ta with P(S) > 0 and a constant
C' such that
P(Cpn(t)) < Ce %l for all n e N,t € S.

As a consequence, supposing C is a cover of S consisting of disjoint cylinder sets, we have
> (diam(U))° > ¢ Y P(U) = C'P(S) > 0
veC veC

Hence, we have H‘S(S) > C7'P(S) > 0 and dimy 7o > dimg S > 6. Consequently,

—1
dimpy Ta > minger, , ming,ep(a (Z o [lizor; 1) log pa,(La,r).

4.4. Upper bound. The upper bound of the Hausdorff dimension is proved by construc-
tion of suitable covers. Within the construction process, we will naturally encounter the
nonlinear transfer operator L4 ,, which gives rise to the discussion in Section

The study of the operator La , is motivated by a naive covering strategy for the space
Ta. We recall that the feasible domain W,,.,11 is asymptotically dense in the feasible

domain (Lemma [3.4).
Now for n+ N >n > 0 (N € N), we consider a cover S,, y agreeing with the following
philosophy:
(a) The cover S, n consists of cylinder sets of level n to level n + N —1, i.e.,
Spnv C{Cu(t) :teTa,n<k<n+ N}
(b) A cylinder set Cy,(t) is contained in S, y if there exists ¢t € Ta such that
Bu(Tasr 0.0 _ - B(Tair(t),n(0)]

‘Am| ~ n<k<nt+N ‘Ak‘

(31)

In other words, we include condition (a) in the belief that the Hausdorff dimension is
approached by the intermediate dimension (see [4]) and impose condition (b) in the hope
that the upper bound of the Hausdorff dimension is minimized. More precisely, under the
circumstances, if

| B(Ta; 7(t), n(t))]

s > liminf lim inf max  min ,
N—oo n—oo teTa n<k<n+N |Ak|

then
n+N-—1

H*(TA) <hm1nfhm1nf Z Z e S|Aml

N—oco n—oo
m=n UES, n:
U=C(t)

n+N—1
(e—ni [Be(Ta;().nM)] ) A
< lim inf lim inf |Whmle (s—minngpentn 1Ak ] )|Aml

N—oo n—o0
m=n

9

Now that Lemma [3.3] asserts
| A

+1
m-—-n+1

)

3(m—n+1)-|A?
Woen| < [Droml|Sam| < ( )
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and thus Ta is s-Hausdorff null:

PN (o i IBTAraO g geleidnlyn

H?(Ta) < liminf lim inf e nsk<niN Ak

N—oco n—oo
m=n

This bounds the Hausdorfl dimension from above:

;T(t t
dimyg Ta < hmlnfhmmfmax min | B (T (1), n( ))|
N—oo n—0o0 teTpA n<m<n+N |Am’

In practice, to have an estimate of max;c7, min,<m<nt+n WM

so that for any fixed N,
B (Tas 7(1),n(t)] _ : | B (Ta; 7(t),n(t))]

max min < min max
teTAa: n<m<n+N |Am’ n<m<n+N tETA: ‘Am‘
teEA,; te€EA,;

N-1
< min ( _max Z Smfmntn (P, P)) 4 on(1),

s€L' N (P,P)EZj N

, we apply Lemma

m I

m=0
where 0,(1), according to Lemma and Lemma is a number independent of N that
vanishes as n — oo. Now since j = 0,1,--- ,p — 1 has finitely many choices, we may fix

J = jo such that
| B (Tas;7(t),n(t))]

. . o . |Bn(Ta;7(t),n())]
lim inf max min = liminf max min .
n—00 tez:f‘: n<m<n+N |Am‘ n—0o0 teTa n<m<n+N ‘Am|

te€ jo

One can now apply Lemma [£.2] to derive

|Bm(TA; T(t)a 77(75))‘

liminf max min

n—00 t€TA n<m<n+N 1A
N-1
<liminf min ( max s . p
T n—ooo SGF[N]((PP)EZO — m.fm.pn—jo+N (P; P))
N-1 N-1
S min max Smfm(p’ P) = max min Smfm(p, P)

sel'ivy (p,P)€Z0 (p,P)EZo s€T'

m=0
Next, if we let N tend to oo, we may use Lemma [£.5] to illustrate the asymptotic behavior
of the above formula:

m=0

N-1

lim max min Smfm(p, P)
N—o0 (p,P)EZp s€l' |\ =0

p—1 pN—1

< lim min max s £ p
T N—oosely, (p’P)EZOm_O m nz_% n,aner(p, )

-1

p—1 ¢
. -1
p— . '1 E .
Temﬁgd (E | |n ) 0g pAy(LAs)

=0 i=0
The upper bound thus coincides with the lower bound.

4.5. Upper bound for general Tp. In this subsection, we derive an upper bound for
Ta without assumption (Al]). To begin with, for every a € A we define

Y ={be A:(A"),, > 0 for some n € N} U {a},
associated with which is a submatrix A(® of A indexed by A@. In addition, we write

A={aeA: (A"),q > 0 for infinitely may n € N},
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so that the subsystem T, () satisfies assumption (Al)) if and only if a € A. In such a
situation, A(®) admits a partition P(A(a)) consisting of p(® sets as in . For convenience,
we define

7@ = {(p,P) € FA<a> % TVZJ&) :p® = p)pltD) Pai,%; —0if A(a) —0)

and

7@ = {(p,P) € I,y x T4 p@ = POREHD ) — i AL = 0}.

The goal of the subsection is to establish the following upper bound.

Proposition 4.8. Suppose Ta is a Markov hom tree-shift with A. Then,
-1

(32) dimy 7a < max min Z H 7“;1 - log P 4@ (EA(a)}r).
a€A TRy 4 \ 125 e °

More specifically, since

dimpy Ta = dimpy UgeaTp @) = majf dimpg Tp ),
ac

we may further focus on each T, () without loss of generality. Now that the case a € A
has been resolved in the previous subsection, in what follows we will assume a ¢ A. Under
the circumstances, there is a nonempty set

= {be AY :sup{n € N: (AW)"),,} < o0},
which is associated with a number
k=sup{n+1eN: ((A(“))")b,a >0,a € AYY.

We then have a similar estimate as before:

B (Taw@); 7(t),n(t .
max  min [ Bin(Taws 7(t), n(t))| < max ( min _ frnen(p, P)) + on(1).
t€T, (a) n<SM<n+N ’Am‘ (?’ﬁ)ez(a),n+N n<m<n+N

We can further use a rearranged form (as in (36))) and a similar argument as in Lemma
[42] to derive that
N-1

max min Smf ~N(p,P
(p’P)GZ(a)«TH-N SGF[N] m—0 mJm,n+ ( ’ )

1
< + ——1log|A
< e B ZSmfmnw 4P P) + g log 4

p(”+N k) _ O,VbE.A(a)'
-1

) 1
o I

p" TN TR —o whe A0

1
= min s P)+ —log|A
s€l' () (pP)eZ(a Pt Nk Z mfmnN-1:(P: P) dn—Fk g |l
p(n+N k) _eb b¢A(a)l
=: min max s,b,n,N).
s€l|y beA(a)\A(a)/¢(’ . V)

m=0

Now we can choose subsequences N; of N and ny of n, such that

lim lim min max s,b,ng, N;
j—+00 00 s€T [y beA(a)\Aw(b(” ;)
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is well-defined, associated with which are optimizers s(ng, N;) and b(ng, N;) of

min max ¢(s,b,n,N).

sel' |y N] b¢t Ala)
Without loss of generality, we may further assume that b(ng, N;) = b* is constant, for if
otherwise, one can still take subsequences of N; and ny to have the properties fulfilled. It

is noteworthy that since b* ¢ A@’ we may find an a* € A@ N A such that b € A@").
Hence, as a consequence of duality and Lemma we have

lim lim min max ¢(s,b,n,, N;) = lim lim min ¢(s,b", ng, Nj)
j—o0 f—o0 sel’ (V] bgéA(“)’ j—o00 f—00 sGF[ N;]

N-1

<lim sup lim sup min max Z SmfmntN—k(P, P)
N—ooo n—oo SELN] (p,P)eZ(a®)n+N—k

= lim sup lim sup max min Z SmfmntN—k(P, P)
N—ooo n—oo (p,P)ez(a®)n+N—k sel'(y) 0

-1

p—1 7
<max min log pag (LA )
CLEA reR (a) d ; H 0 A ,T

Proof of Corollary[T.3. Tt suffices to observe that for each a € A, we may take r = 1 €
Rp(a)’d so that

-1

p—1 7/

_ 1 T\ p(@
DI wt) lospa(Law,) = (@ 1087 40 (A7) <logp(A),
(=0 j=p(a)

by which the inequality is proved. As for irreducible A, a fact shown in [2][Theorem 2.1]
about the lower box-counting dimension is that

(33) dimpTa = hiop(Ta) > log p(A) > dimpy Ta,

in which the first equality holds if and only if ), 4 A, is identical for every b € A. Under
the circumstances, one can simply calculate hiop(74) = log p(A) with p(A) = > c 4 Aap,
and one can naively guess the spectral radius of the transfer operator La,r to be the
associated eigenvalue p(A)ZZé Tizo™ " of the eigenvectors ) 4, € € Cj, j € [p], due
to Proposition Plugging it into the proposed formula assures simultaneously the
equalities in O

Here we provide an example demonstrating our formula.

Example 4.9. Consider a Ta over the 3-tree defined by an irreducible adjacency matriz.

0 0011

o

>
I
— =000 0o Oo
O —R OO O oo
__0 0000
OO OO OO
OO OO oo o
SO OO o O
DO OO OO o
OO OO+ OO Oo
QOO R MM, OOO

00 00O

Then, one can numerically compute the Hausdorff dimension by finding the eigenval-
ues and eigenvectors, according to Proposition via iteration, for which the loga-
rithm of the eigenvalue is plotted in Figure [3. Numerically, the optimal s* is around

s}
es}
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-1
(SIS T (5)) 108 oy (Larce)

0.4

0.35

~1
FIGURE 3. spectral radius (Zf;é Hf:o ri_l(s)) log p.as (LA r(s))

(0.312,0.588,0.010) with the associated eigenvalue log pay(La r(s+)) ~ 0.3027, which is

strictly less than the logarithm of the spectral radius of log p(AT) ~ 0.3208 and is consis-
tent with Corollary [1.5

5. DISCUSSION

Inspired by the classical large deviation principle for Markov chains, this article analo-
gously establishes the large deviation principle for Markov chains indexed by rooted d-trees
with irreducible transition matrices. Building on the belief of its potential for providing
a better conception of the tree-shifts as well as further applications, the expositions in
the previous sections showcase the capability of the method of types argument to not
only provides a theorem regarding almost sure convergence, but also to act as the key
mechanism in the exposition of the Hausdorff dimension. Despite the aforementioned
accomplishments, our work is not meant to be a complete investigation, but should be
treated as merely a starting point. Indeed, several questions still remain unanswered in
this works, which we list as follows:

e Is the rate function Aj(s) in Theorem continuously differentiable if A is irre-
ducible?
e If A is irreducible, can the optimal r € R, 4 in Theorembe determined? Can
the optimal Markov measure in Lemma be determined?
e What is the Hausdorff dimension for general Tao without the assumption of A
being irreducible?
We hope this paper will inspire further studies in this direction to push the frontier of our
knowledge about the tree-indexed Markov chains as well as the tree-shifts.

APPENDIX A. PROOFS OF LEMMAS

A.1. Proof of Lemma[4.2] We fix N/ > N to be some large integer. Since the inequality
“<” is automatic by definition, it remains to show the other inequality. Additionally, due
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to the continuity of the objective function in (¢, p, P), it is equivalent to prove the lemma
by showing the inequality with inf tefiy in place of min¢er ;. By putting

Gi(t) = S otagkr ifi < N
Z St S ifi > N,

we can apply the minimax theorem to deduce

N-1

max inf tn - fnlp, P
(P.P)EZo tel'| nz% fn(p:P)
= max inf O (P(’) o lo . ) (i+1)
(P.P)EZo tel|y, ZZ:% ai(t) & p@) P

N'—-1
1 )
> max inf (8- 17 (p(l) o lo ) (i+1)
(P.P)EZo teT Zz; alt) & ) P
N'—1 1
= T p() (i41)

where A(©) = 0 and A() = go(¢) log ATeqo(t)_l)‘(o) are convex in t. Next, we define iteratively
that AE+D = g, (£) log ATe® O A which are convex in ¢ for all k due to Lemma
Then, we may recursively apply the minimax theorem to derive

N-1

max inf tn - fn(p, P
(P,P)EZ0 tel| Z Ju(p. P)

Nl n=0
N'—1
> inf max () - 17 <p( ) olo > (i+1)
th[N] (P,P)EZQ i—0 g ( ) g P(’L)

oo

> inf max qi(t) - 17 (P(i) ® log
teF[N] (p,P)EZo i=0

1 (i+1) _ log Al
P ) P v’

The lemma is proved by letting N’ tend to infinity.

A.2. Proof of Lemma [4.3] Due to the continuity of the objective function, it suffices
to show the equality restrlcted to the interior F[p} of Iy, Namely, it is equivalent to

show the equality with infsef[ | in place of all appearances of minger, in . Under the
p

circumstances, we first rephrase, by virtue of periodicity, the left-hand side of as

P
p—1 D Smpid™

max  inf m=l_ 4T (P()Qlo > p
PeY?, 361"[ Z P =10) H

] m
(34) Ny ,ue]Ri‘ i=0 Z d f=i+1
<H POR® —p ))
where s,4; are simply aliases of s; for ¢ = 0,--- ,p—1, respectively. For brevity, we denote

by F(p(”), P, s, ) the objective function.
As always, the expression on the left of is by definition no larger than the right,
so it suffices to show the other inequality. The proof essentially exploits the following
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sequence of functions (A (s, 1))?~, 0, whose convexity is guaranteed in Lemma We let
qi(s) = (2P _, d™) 1P sm+id™), and define
if i = 0;

A (s, ) = L P i
(5, 1) qi(s) log(AT e4i(s) A )(S’“)) ifi=1,2,--- ,p—1.

One can now apply the minimax theorem to P(®) and (s, ;t), since the objective function
is concave in the former variable and convex in the latter. Swapping maxp() and inf(;

turns into

max  inf Z %IT (P( RNo) log ) H pl
' {=i+1

p—1
+ AL T POp) — uTp@),

Recursively using the convexity of A9 and applying the minimax theorem, one will move
all max in (| @ ) to the right of inf while retaining equality. In particular,

max inf F(p®) P, s, p) = inf max F(p®) P, s, )

PETY sel', sel', PETY
p(PeCo peRA peRA p(®) GCO
> inf max  F(p!”,P,s,p)
SEF[p] PGTA
HERA p<p)€Co
p(P) = =, Lp®)pP)
p—1
= inf max F(p™ P s,0) = min max Smfm(p, P)-,
s€ly) PETY, s€l') (pP)EZo: “—
p(p)eco p-periodic """

p®) =[[2=1 PO)p(®

which agrees with the right-hand side of (with infsef“[ | in place of minsep[p].) The
P

lemma is hence proved.

A.3. Proof of Lemma We first prove the following auxiliary lemma:
Lemma A.1. Suppose s € '),

p— 151 Jdp_dp 1 and (s) — <q0(s) q1(s) qp_1(8)>.

= @ a(s) q2(s)” " qo(s)
Then, s +— q(s) is a bijection between I'y, and {q € T'y = qo < dq1 << adrlgy <
dPqo}, and q(s) — 7(s) is a bijection between {q € Ty : qo < dgqy < -+ < dP~lgy_y < dpqo}
and Rp 4.

Proof. We note that ¢; is a bijection between F[p} and {q € I‘[p} tqo < dgp < - <
d’1q,_ 1 < dPqo}. Indeed, s + ¢;(s) is an injective linear transformation, and every
element in the latter set admits a preimage in the former. It remains to show that ¢(s) —
7(s)maps {qg € ' 1 g0 <dgy < -+ < dP~1g,—1 < dPqo} bijectively into R, 4. It is not hard
to see that such a map is well-defined and R, 4 is its image. The injectivity follows from
the constraint that "7~ Lai(s) =1, while bijectivity follows by noting that its inverse can

be explicitly found as go(s) = (3.4, HZ o7z H(8)) 7t and gi(s) = T ;N (8)qo(s). O
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For the sake of simplicity, we denote by F (p, P, s) the objective function of . Before
we proceed with the proof, we first present a useful identity: for every s, s’ € L'y, it yields,
due to the uniform boundedness 0 < f,,(p, P) < log|A|, that

(35) max Fy(p,P,s) — max Fy(p,P,s)

< 2-log|A|-dy(s,s
(p,P)EZO (p,P)EZo o g| | ( )

which is independent of N. Also, we will first prove the equality between and
by substituting inf,er, , for min,eg, , and then demonstrate the infimum can indeed be
attained.

Our general setup for our proof is as follows. By denoting s,1; = s; for ¢ € Z; and

»

-1
Si—j 1 dp —qr—1 . . .
F (Nt gy) LS f0<i<p

J=0
— Jp-1 -1
gi.n(s) = imj 1 dP—dpt . ; :
2 () A Osdij]<N+dp_1) dpP—1 1fp§2<pN7
j=
d (l pN—H)Qi,prl(S) lpr S Z.,

we derive an alternative expression of the objective function Fi

A\ i+
(36) v (p, P, ) qu < ()logp(i)> p .

Based on this expression, we may consider the following approximation

A ,
E T (l) el (i+1)

so that |Fn(p,P,s) — Fnm(p,P,s)| < Zi:m_l qin(s)log| Al and thus

d—1)gpn-1,N(s
(37) (prg)smexzo Fn(p,P,s) — (pr)g)aex Fnpn(p,P,s)| < ( ) pd N )log|A].
The maximum of F ,n(p, P, s) is found in [3| Proposition 11]:
38 F P A(PN),N\T o (pN)
(38) onax, Fpn(p,Pys) = pwgi}fa%( )'p
where
A8, N
AON — 0 and AEFDN — ¢i.n () log(ATe®. NG if ¢.N # 0;
0 otherwise,
or, equivalently,
(%),
A0). N . i} (qu“\),(JZ)) if ¢; v # 0;
(39) eON® — ] and efi+1,N ()TN ,quN(s()) | N ’
it1,N (s
1 otherwise.
We stress that since the number
_ 1
i) = an(s) (N + 5 )
() a(s) LA

is independent of N, so is N = Tinls is identical
for all N > i/p, and we will then consider the following vector as in Lemma

(40) r(s) = < qp(s) §p+1(8) QQp_1(8)> ’

Tp1(5) Tpia(s)” 7 Gpl(s)

- Thus, the expression %N (s)
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We now prove §. According to its definition, for every € > 0 one may choose
r* € Rpq such that

p—1 ¢ p—1 ¢
i%f (ZH” >logpAJ (Lay) < (ZHT* 1) log pa; (La+) +
"R \ 120 i=0 =0 i=0

Then, by Lemma we can find some s* € I'( such that r* = r(s*). As a consequence,
we have

A(PN),N
e ipN,N (%)

A(P),N

A(P),N
R

e p,N (%)

< (pAo (‘CA,T* ))N_l

On account of this, and ,

limsup max Fy(p,P,s") <limsup max  (APN)N)Tp(eN)
N—oo (P,P)EZo N—oo pPN)=es:acAg

where the equality in the second line follows from the fact that

2p—1

YN g(s) =land g, =1, i T'g
7 p+t i—1 1 0 Qp‘

i=p

To prove (26)>(25]), we note that one can always find a sequence s(/V) such that

max Fn(p,P,s(IN)) = min max Fy(p,P,s
(p,P)EZp N(p ( )) se€l ) (p,P)eZo N(p )

which, as a consequence of , admits a convergent subsequence s(N;) € I',) with its

limit s* satisfying

(41) liminf min max Fy(p,P,s) = lim max Fp,(p,P,s").
N—oo sel', (p,P)EZo 1—o00 (p,P)EZy

In addition, we set r* = r(s*) as in and N7 as in with s = s*. We suppose,
according to Proposition that v(%) € Cy is an eigenvector such that L4 .« (v(®) =
pao (L) v®. Similar to (38), we claim that

liminf max Fn,n(p,P,s") = liminf max ()\(pN)yN)Tp(pN)
N—o00 (p P)e 0 N—o00 p(pN):ea;aeAO

(42)

> lim inf max (V(pN)’N)Tp(pN) =logpa, (LA )

N—o00 p(PN):ea;aeAO J ’
where
()N

L(0).N Y(i+1). N U WG if o :

—— P m—a i, N (s*) (6’ ) lqu#O
(43) e0.NG") — Z e, and e%i+1.NEY) = A7% ! ’

a:v£0)>0 ZaGAﬂ',l €q otherwise.
Indeed, since \I/A 4 y(s*) 1s order-preserving,
’qi+1,N(S*)
A(i+1),N A@),N L(O),N LG+1),N

e%i+1,NG") — g v (5%) (e‘h,N(S*)) > g N (5%) (eqi,N(S*)) = e%+1,N6") for all 7 >0,

"ai+1,N (%) qi41,N (%)
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(pN),N < )\gpN),N

and thus v, for all @ € Ag. This proves the inequality. Now by definition of

*)—1 ,N . .
Ty e 5 eBmoN ()T e Cy . Hence, there exists a constant C' > 0 (independent
A ]

of N since e%mo.V(s7) ™V g independent of N) such that erno.N ()" tyenoh N > Cv0),

Consequently, by the order-preserving property and homogeneity of L4 .«
N I I

Therefore,

p—1 ¢ -1
liminf max Fypn(p,P,s" (ZH - 1) log pa, (LA r),

N=eo (pP)ezg (=0 i=0

and last the equality in is proved. In addition, the argument here also justifies that
“min” in is attained. Precisely, for the very same r*, we see from the part S

that for any s € '),

-1

p—1 ¢
x—1
T lo Lar+) < lim min max F ,P,s
(e Y ) g pA(Lar) Jim min max N, (P, P, s)

p—1 ¢
<limsup max Fn(p,P,s) < (ZHTi(s)_l> log pa,(Lar),

N—oo (P,P)EZo

which is as desired.

We now prove S with the assumption of the irreducibility of A, under which
P(A) is a partition of A. To begin with, we take s* to be a minimizer of so that a
maximizer of regardless of the choice of p®Y) e Ay is
~1, (N

(7') * q_; (S)—ly(*i):N lf Aa,b = 17 b € A—i—l;
Pa,b = ZC:Ac,bzl ef=HN @

0 otherwise,

ed—i,N (5)

which is also independent of N. In particular, according to Lemma 4.1}, there exists w € C;
and 0 < 0 < 1 such that

)

1/N 1/N
L(PN),N (), N
e N,N () ,CX T(eqp,N(S))
(44) lim sup —w = lim sup : —w < 0.
N L (PN), N N V()N
s N ap N ()
e pN,N(s) ‘CAr(e , )

By writing
D [

we define the matrix

g TN
, o ifwy > 0;
(45) QUL = & Tecear
0 otherwise.

Since
ﬁxm(eqp,zv(s*)*ly(p),w) c Car ={ze Rél} cxq > 0if a € Ay}
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for all n € Z4 and = — zlog x is Lipschitz on every compact subset of (0, 1), and therefore
there exists a constant C' > 0, and 0 < 6 < 1 (both independent of N) such that

1 X 1
3 (P ~Y (@ log
<P bgpa>> (Q nguw)mb

acA ab  gcA
Observe that

<C- 0% for b eA_; 1.

limsup max  (v®PV)INTpPN) — Jim sup (v PNV

€ag>
N—ooo pPN)=e,:a€Ag N—o0

and that (Q*)P"e,, € Cq for all sufficiently large n. As a consequence, there exists
(Q*)Pe,, € Cj which converges to q©”" due to [12, Theorem 4.7]. Moreover, the the-
orem also asserts that if we set q(p")* = q(o)* for all n and q(i)* = Q(i)*q(”l)* eC;nNTy,
then there exist C’ > C and 0 < 6’ < 1 such that

pN—1 ,
(46) ( H Q ea(”q > S Cl'gle—’L

so that
pN—1
v < 11 P(i)*eao,q(o)*>
=i
pN—1 pN—1 pN—1
v ( H P(i)*eaoa H Q(Z)*ea0> +d1} ( H Q(Z)*ea())q(O)*)
(=i i=0 (=i
<o Yo
- 1—0
Hence, by writing p® =11 N1 €49, We have
[Fnpn (QF,07,8%) = Fvp (P7, P75 87))
pN—1 eli
1 pN—1
< Z Qi,N(S) < 1 _9/ +2C" -0 ) + Z QZN 10g|./4|
=0 i=pN
1 3¢ 1 1
< N(l—Q’)Q—i_d 1N10g].A]—>OaSN—>oo
and

p—1 pN—1

min max Z Smfm(p,P) > lim Z s Z v fm(a®, Q%)
s€lp)  (p,P)E€Zo: N—oo 4— —
P is 1- peI‘lOdlC m=0 n=0

pN—-1

> lim max Z Z tann-i-m p,P)

N—o0 (p, P)GZO

The inequality is then proved.
The rest of the proof is rather straightforward: Z follows by definition, while

Z is the weak duality.
As for irreducible A, we may assume without loss of generality that > 0, for if

otherwise, A contains exactly one 1 in each column and in each row, and one can choose
P* = A and p(o)* = eq,, where Ayg = {ap}. Under the circumstances, we suppose that
if (s*,p*, P*) is an optimizer of (28]), 00" ¢ I' 4, is the associated eigenvector, and r* is
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a minimizer of (25)). Then, if there exists some P, = 0 such that Ay, y = 1, we may
define a matrix

b= .
@ 0 otherwise.

A/ _ {Aa,b if (a’ b) 7é (alvb,);

Then, by denoting
Zh={(p,P) € Zy: P, =0 forall i € Z, },

we can reproduce (25))>(26]) as before that
p—1 ¢ -1
inf o log pa, (Las

p—1 pN—1
> lim min max s +* P).
T N—oos€lyy) (p,P)eZ)) — m nz:;) n,an-‘rm(p )
Next, we note that (26)>(27)>(28) follows naturally by definition. These altogether imply

that
-1

p—1 ¢
1nf <ZH _l> “log pa,(Lary)
£=0

p—1 p—1
> max min s P) = s* « p*
(47) — (p,P)EZp: sel"[ ) = mfm(p ) mzz:o mfm(p )

P is 1-periodic
p is p-periodic
-1

p—1 ¢
= mln (ZHn > log pa,(LAr)-

)ERpa \ 120 i0

*
However, since A is irreducible, there exists n such that L%, ,. (”U(O)*)a < pa,(L A,m)vff’)

for all a € Ayp. Now we may apply a Collatz—Wielandt formula [11, Theorem 5.6.1] to
deduce that

PAoy (‘CA/,T* ) = PAy (£2/7T* )l/n < max
acAp

(EX/,T* (U(O)*)a

BON

1/n
> < PAy (‘CA,T*)'

This implies

p—1 ¢ -1
inf —1 1 ,
R< H) P Latr)

~log pay (LA )

p—1 ¢
S( HT?(S)_1> -log pa, (Lar )

p—1 ¢ -1
. -1
pu— . '1 E
Tg;&( | |7“, ) 0g P4 (L),

which contradicts . Hence, Pz;b > 0 if and only if A, > 0, which implies the
irreducibility. In this case, the only feasible p(?) € C is the right eigenvector of (P(O))p .
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