ON THE TOPOLOGICAL PRESSURE OF AXIAL PRODUCT ON
TREES

JUNG-CHAO BAN AND YU-LIANG WU

ABSTRACT. This article investigates the topological pressure of isotropic axial
products of Markov subshift on the d-tree. We show that the quantity increases
with dimension d, and demonstrate that, with the introduction of surface
pressure, the two types of pressure admit the same asymptotic value. To this
end, the pattern distribution vectors and the associated transition matrices
are introduced herein to partially transplant the large deviation theory to
tree-shifts, and so the increasing property is proved via an almost standard
argument. An application of the main result to a wider class of shift spaces
is also provided in this paper, and numerical experiments are included for the
purpose of verification.

1. INTRODUCTION

The present paper is devoted to the study of the topological pressure of the
axial product of a Markov subshift on the d-tree. This is mainly motivated by the
recent works on the the limiting entropy of the axial product of N [13, 14], and
the asymptotic pressure of the axial product on d-tree [17]. Before presenting the
main results, the motivation behind the study is set out below.

Let A be a finite set with |A| = k and X1,..., X4 C A" be one-sided subshifts.
The associated azial product of subshifts Xi,..., X4 on N%, written as ®f:1XZ- =

Xi1®---®X4C ANd, is defined as
(1) L, X, ={re AV :VgeN'Vie{l,... d}xgiz,e € Xi},

where 1447, € AY is the sequence obtained by shifting x by g and {ey,...,es}
denotes the standard basis of N%. Suppose 7@ is the conventional d-tree, that is, a
free semigroup generated by the generators { f1, ..., fq} with an element of identity
€, which is the root of the tree. The azial product of subshifts X1,...,Xq C AN on
T denoted as ><§1=1X¢ = X; X -+ x X, is defined similarly. That is,

2 <L X, ={ee AT :VgeTWVie{1,....d},(wyrr)nez, € Xi}.

An axial product ®¢_;X; (or x¢_,X;) is called isotropic if X; = X; for all 1 <
1 # j < d, and is called anisotropic if it is not isotropic. Isotropic axial products
of shifts on N? are first introduced in [[13], and many important physical systems,
e.g. the hard square model in N? or Z2?, fall in this class. In particular, when it
comes to tree-shifts, a notable subclass of isotropic axial products is the family of
hom tree—shiftsﬂ, whose X;’s are unanimously a one-sided Markov subshift. This
family is widely considered in the literature [ll, 2, B, 8, IL5, [16, 17] and has recently

Date: March 2022.
ISuch shifts are also called the associated tree shifts in [15, 16].
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attracted considerable attention, since 7(® is not an amenable semigroup, and
the shifts defined on it exhibit rich and diverse phenomena in terms of topological
(cf. [2]) and statistical prospects (cf. [4, 5]).

For a dynamical system, the most significant quantity is the (topological) en-
tropy, which measures the asymptotic growth in the number of admissible pat-
terns on finite sets. More precisely, supposing F C N? is a finite set, we de-
note by w(F, X) : AN 5 AF the canonical projection of X C AN into AF e,
m(F,X) = {(zg)ger € AP : 2 € X}. If we denote F, := [0,n]? and suppose
X C ANd, the entropy of X is defined as

(3) B(X) = Tim 81T X

n—00 |Fn| ’

where |F| denotes the number of elements in F. The limit (E) exists since N is an
|anAFn‘ —

amenable semigroup (cf. [10]), and F), is a Folner sequence, i.e., lim, ]

0. In fact, it is known that if {F},}>°, is any Fglner sequence, the limit

!/
B(X) = Tim 28T X

T
exists and equals (E) For T C AT let
= n m =(d
=D = {fi,for o, fa}" and AW = U =@
Then, the topological entropy of T C AT is defined similarly:

d
@) MT@D) = gy 2EIT(A T

The existence of the limit (H) is proved in [15], and we emphasize that since the
subadditive property does not hold for the shifts on 7(9, the proof of the existence
of (@) is quite different from that of the shifts on N¢. We refer the reader to [7] for
the existence of the limit ({f) for shifts defined in a large class of trees. It appears
that the structures of {h(T) : T is a Markov tree-shift} and {h(X) : X is an N?
Markov shift} are quite different (cf. [4])

Let X C AZ. Louidor, Marcus and Pavlov [[13] introduced the concept of limiting

d-times

entropy. Namely, h(°)(X) := limg_, o, R(X®?), where X®? =X ® --- ® X, and the
limit exists since h(X®%) is non-increasing in d. Later, Meyerovitch and Pavlov [14]
revealed that h(>) (X ) coincides with the independence entropy (see the references
for the definition of independence entropy). For 2 < d € N, Petersen and Salama
initiated the study of the limiting entropy of a hom tree change; that is, (> (X):=
limg o0 A(X X4), whenever the limit exists. In [[16], the authors consider X¢ as a
golden-mean® subshift and use the method of the site strip approzimation to prove
that h(X5%) is strictly increasing in d (Theorem 3.7 [16]). Thus, the limit h(>) (Xg)
exists.

Recently, Petersen and Salama [[17] generalized the notion of limiting entropy to
pressurea (formally defined in Section E) and a broad class of trees, namely, the

2A shift space with two symbols 0,1 that preclude the existence of neighboring 1’s.
3They refer to it as asymptotic pressure.
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generalized Fibonacci treeE. Precisely, let E be a k x k nonnegative matrix indexed
by A and Xg be the associated one-sided subshift of finite type (SFT) defined as

Xp={ve A" 1B, . >0foreveryneZ.}.

Suppose X Ed is the d-axial product of Xg on the generalized Fibonacci tree. The
authors show in [17, Theorem 4.2] that if

(A) Z Ea,b >0 and Z Ea,b >0

acA be A

the limit limg o P(X 3%, E) (see (E)) exists and coincides with log rg, where

(5) rE—max{Zanb:bGA}.
acA

The aim of this article is to explicate the finer structure of the function d —
P(X Ed,E). The main findings of this work are as follows. First, we introduce
the notion of pattern distribution on a tree-shift, and propose a finite-dimensional
optimization problem () for a hom tree-shift. Such a problem can be
deemed as a special form of the large deviation problem, and it can be solved
after a series of transformations. With two intermediate quantities P*) (s, E) and
P(*®)(s, F) (maximizers of (tProblem 4]) and ([Problem 5), respectively) defined in
the process of the optimization problem, we are able to characterize the function
d— P(ng7 E) and prove the main results of this paper, as stated below.

Theorem 1. Suppose the adjacency matriz E satisfies (@) Then, the following

assertions hold true.

(a) The function P(>®)(s, E) is continuous in s on (0,1), and P%) (s, E) converges
uniformly to on all compact subintervals.

(b) P (1/d,E) = P(X;% E).

(¢c) P(®)(s, E) is decreasing in s.

(d) We have

(6) P (04, E) = Jim. P> (1/d,E) = Jim P.(X}:4 E)=logrg

and P(®)(1—, E) = log p(E), where p(E) is the spectral radius of E and rg is
defined as (H)

We call P, in (E) the surface pressure (defined in Section @), of which the name
traces back to the work of Berger and Ye [J], who were the first to define an
analogous quantity called surface entropy for their study of entropy of Markov
random fields on trees. As an application of the theorem, the following corollary
partially generalizes the result discussed in [[18], in which the discussion concentrates
on the case of the golden-mean shift.

Corollary 2. Let G\ be a free group with d generators, E = ET, and Yéd) be a
Markov shift space over G(. Then, the entropy h(Yéfi)) is increasing in d.

This is a consequence of the fact that h(Yéd)) = h(X;(zdfl)), as is proved in [,
Proposition 4.5].
A few remarks could be made at this point.

4We refer the reader to [17] for the formal definition of the generalized Fibonacci trees.



4 JUNG-CHAO BAN AND YU-LIANG WU

(1) The assumption (@) is reasonable in that (a) by dropping all such b € A
that ) . 4 Fap = 0, we obtain a submatrix E’ of F with Xpr = Xg, and
thus P(X 5%, E') = P(X 5% E); (b) by dropping such b € 3",y Eap = 0,
there exist a subset A’ of A and its associated submatrix E’ of E such that
P(X;4 E') = P(X54 E) for all d > 2. Indeed, the equality follows from
an essentially identical argument to that for a one-sided Markov shift.

(2) Combining Theorem m (b) and (c) yields the increasing property of the
function

(7) dw— P (1/d,E) = P(X 4, E).

We stress that if E is a binary matrix, then P(X 3% F) = h(X5%). Thus,
the increasing property of ([]) provides another point of view for the in-
creasing property of d — h(X Ed) as we mentioned in the last paragraph
and extends the property to any one-sided Markov subshift.

(3) The quantity P, (X% E) in Theorem ﬂ (d) is defined in [g] as well, which
is an analogous concept_to mazimal pattern entropy of a topological dy-
namical system (cf. [g, 11, 12, 19]). Note that Theorem [I| (d) combined
with Theorem [If (b) reveals that

; xd py (o0) = 1 Xd B) =
dl;r{:oP(XE ,E) dl;rilop (1/d, E) dlgI;oP*(XE ,E)=logrg.

This also provides an alternative perspective for the result of Petersen and
Salama_([[17, Theorem 4.2]) on the d-axial product on the d-tree. Further-
more, (f) exposes the relationship between the topological pressure and the
maximal pattern entropy and gives more information on the limiting behav-
ior of limy_,o P(X ;% E). Finally, P(™)(1—, E) = log p(F) corresponds to
the case of a degenerate tree-shift, or, in other words, the one-sided SFT
Xg.

The contents of this paper are arranged in the following manner. Section @
covers our conventions for notation as well as general backgrounds of tree-shifts,
and Section outlines the setup of pattern distribution for Theorem [ll. Section

further delves into the optimization process of the topological pressure, which
includes the statement of a technical theorem regarding the function P(k)(s,E)

Theorem @) The proofs of Theorem [ and [If are left until Section i and Section
é, respectively. Finally, Section fj contains two examples whose P(*) (s, E) are
plotted for verification purposes (Figure [ll and [).

2. PRELIMINARIES

2.1. Markov tree-shifts, topological pressure and surface pressure. Through-
out the paper, we let F € R’Q(TA satisfy assumption (@) and let w € R;‘O. We will

focus on the class of isotropic d-axial products of a Markov shift X Ed - AT(d),
which can be written as

X3l={te AT Vg e TDVie {1,....d}, E,,, 4, > 0},
as mentioned in the previous section. We further write

AY, =up g@

nm -
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and express the set of blocks, in terms of the projection map, as
Bun(X5%) = w(A0, X5 = {(tg) o)+t € X5},

The weight of u € By (X Ed), corresponding to the interaction matrix E, on A,

is defined as

d
Zn:m[qu] = w(u|EELd)) H HEqui’u.‘?’

geal® i=1

n:m—1

where we slightly abuse the notation w to define

w(ulgw) = H Wy, -

We then call | Zy,.,, (X5, E)| = ZueBn;m(Xg

AW, By denoting |Z0(X 24 B)| = | Zowm(X 5%, E)|, the topological pressure and
surface pressure are respectively defined to be

@y Zn.m|u, E] the partition function on

log|Zn (X5, B)|

xd e
log | Zpn(X X4 E
0 P.(Xp% ) = tim D T B
n— oo ,:,n

where the limit of topological pressure is proved to exist in [15, Theorem 2.1] and
[17, Theorem 2.1] while the existence of the other limit follows from a similar
argument, and a proof for the case where E is a binary matrix and w = 1 (i.e.,
1 Znin (X34 E)| = |Bun(X5%)|) can be found in [§]. Tt is noteworthy that we
suppress the dependency of w € R in all of the notations above for the sake of
conciseness, since the limits (E) and () do not depend on the vector. Also, this
latter quantity () is shown in [6, Corollary 3.3] to coincide with the mazimal
pattern entropy of the hom tree-shifts, namely, the supremum of sequence entropy
of tree-shifts over all possible sequences. For conciseness, we drop the notations
X Ed and F should the meaning be clear from the context.

Our conventions for the notation of matrices and vectors are as follows. Let I" 4
be the set of all probability vectors on A and T 4 be the set of stochastic matrices
acting on I' 4. Then, vectors in I' 4 are typed in lowercase of sans serif font, such
as p,q while matrices in T 4 are typed in uppercase, such as P, Q. The sum of
each column of a stochastic matrix P is 1, i.e., ZaEA Pop =1 for all b € A. The
transpose of a matrix M (respectively, a vector v) is denoted by MT (respectively,
vT). The product of two square matrices M and N (respectively, a matrix M and
a vector v) of the same dimension is denoted by M N (respectively, Mv), while the
Hadamard product of the two matrices is written as M o N. The notation o should
not be mistaken for the symbol of composition of functions, given the context. For
conciseness, we denote Hle M; = MM, --- My, for any k square matrices of the
same dimension. Finally, the standard vector of symbol a is denoted by e, and the
all-one vector and the all-one matrix is denoted by 1.

In this article, the space I' 4 and T 4 are implicitly endowed with the variational
distance defined as follows.
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Definition 3. Let p,q € 'y and P,Q € Y 4. The variational distance of the two
vectors is defined to be

1
du(p,a) = max| D pa —dal = 5 3 Ipa —
a€sS acA
and the variational distance of the matrices is defined as

dy (P = dy(Pap, Qap)-
v(P,Q) max (Pa,b, Qa,b)

In addition, for any pairs (p,P) and (q,Q), their variational distance is defined to
be

do,v((p,P), (4,Q)) = max{d,(p,q),dv (P, Q)}.
We note that d,, and dy can be carried to the product spaces I'; and Y7 so they
are assumed in what follows to be endowed with corresponding product metrics.
This idea also extends to a metric d,,v on the space I'y x T7.
Proposition 4. Suppose p,q € ' 4 and P,Q,R € YT 4. Then,

e d,(Pp,Qp) < dv(P,Q)
e d,(Pp,Pq) <dy(p,q)
° d\/(PR7 QR),dv(RP, RQ) < d\/(P7 Q)

Proof. 1t is clear that

1
d,(Pp,Qp) = 3 ST Paspy — Qups|

acA beA
1
<3 > o6 > IPab— Qap
beA acA
<dy(P,Q),
that
1
dy(Pp,Pq) = B > 1D Pasps — Papas|
acA beA
1
<3 > e —abl > Pay
be A acA
= dy(p, q)
and that the last inequality is a consequence of the former. (I

As part of our conventions, every sequence q,p,Q,P has initial index 0 unless
mentioned otherwise. Furthermore, for q = (q(®,qM ... q®) ¢ Fi{"l and Q =
Q@ QW ... QW) e Tﬁ+17 we write
_ < _
9 =@",q* Y ... q@)and Q = (QW,Q*D ... Q).
In the setting of hom tree-shift, we further define a typical pairs of distribution

(q,Q) as follows.

Definition 5. A pair (q,Q) € T4 x YT 4 is said to be canonically admissible by a
non-negative matrix M of the same dimension if the following are satisfied.

® Qup >0 if and only if M, > 0.

® Qup=Map (Xoeq Mep)™ " if ap = 0.
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2.2. Pattern distribution. This subsection details the exposition of pattern dis-
tribution on tree-shifts. For a better conception of the topological pressure, here
we introduce distribution vectors and the associated transition matrices to illus-
trate the structures of a hom tree-shift so as to prove d — P(X,;Ul7 E) is decreasing
through reformulation of topological pressure as an optimization problem. In fact,
the role played by the distribution vectors and transition matrices is similar to that
played by the identical and independent variables in the large deviation theory to
some degree. It is owing to this similarity that the techniques in the theory are able
to be applied to the process of reformulation as well as to solving the optimization
problems in this work.
For t € X;d, the distribution vector of t on level n is defined as

(10) malt) = (deﬁf“( )> €T
| | acA

and Dn(XEd) denotes the set of all distribution vectors on level n, i.e.,

(11) W(XEN) = {m(t) 1t e X3}

In addition, by writing o(g) the set of all children of g, the transition matriz of t
from level n to n 4+ 1 is defined to be

Zq =(d) ty EheU(g>Xa(th) .
( o <@, _, 100 ) i3 ez, _ylo(g) >0

gEEN

(12) nn(t)a,b = B,

S F if otherwise,
acA c,

and S, (X5?) stands for the set of all transition matrices:
(13) Sn(X5T) = {na(t) 1 t € X33

For the sake of convenience, we further generalize the notations in the same way
that

Tom(t) = (Tu(t), -+, T (1)) and Dy (X 5% = {Tam(t) 1 t € X5},

Nnem(t) = (M (), ;Mm—1(t)) and Sn'm(XXd = {nn'm e XXd}
and denote by Wi, (X% the set of all compatible pairs (q,Q) € Dyn(X5%) x
Sn;m(XEd), ie.,
Wi (X 54 = {(Tnem (8), e (8)) : £ € X5}
=1{(9,Q) € Dn:m(ng) X Sn:m(XI_«X?d) : q(Hl) = Q(i)q(i)}'

Finally, the sets of blocks with given distribution vectors and transition matrices
are defined as

Bnm(ngaq) = {(tg)geAEan ite ngv’rn:m(t) = q}v

Bn:m(X}::dm’ Q) = {(tg)geASﬁEn ite X;;(‘daTn:m(t) = Q777n:m<t) = Q}

For conciseness, we suppress the notation X Ed and d whenever no ambiguity should
occur. It turns out that, by a standard argument in large deviation theory, the size
of these sets merely has a sub-exponential growth rate with respect to (m —n), as
is shown in the following proposition.
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Proposition 6. For any n < m,

)

1< D] < T (Z:] + )M < (" 11

(m—n+1)-|A|
m-—n-+1 )

i=n

C An'm
1< |Spim]| < H (23] + l)lAl(\AHl) < <|| +1

2(m—n+1)-|A|?
m—n+1 > '

In addition, lim|a,, . | oo (M — 1) /|Apn| = 0.

Proof. The inequalities follow from a simple fact that given any k£ € N the size of
the set Ik,é = {(%)1§1§g La; € Z+, Zle a; = /{J} is no more than (k + 1)2.

For the set D,,.,,,, the first inequality is trivial, and the second follows from that
D; C Ijz,), 4] and that |Dy.n| < [T, |D;|. The third inequality is a consequence
of arithmetic and geometric means.

As for the set Sp.,, the first inequality is again trivial. On the other hand,
the set of vectors A; = {(> _u10(9)bea : t € X5} is contained in the set

Zit1l - Ligi14),)4) and

|5il < > [T max{IIs, .., el

(deEi,tg:b lo(9))vea€A; bEA
2
> (1Zsa] + DM
(Xgez; 1= lo(9Nreachs

(= 1)|A\(|A\+1) )

gEEi,tQ

IN

The rest of the argument is similar to the one stated above.

Finally, the remaining limit of the ratio holds true as a consequence that |E7(1d)\
grows exponentially. ([

3. COMBINATORIAL OPTIMIZATION

This section deals with the optimization problem of partition functions. Noting
that By,., is a disjoint union of By, (q) (9 € Dy.m), we may estimate the partition
function by
(14) max |Zn:m(q)| < ‘Zn:m| < |Dn:m| + max |an(q)|

D qeD

€Dn:m n:m

Therefore, for any unbounded increasing sequence (A, .m,)ieN, i.e., a sequence
satisfying that |Ap,.m,| < [Apiyiimey, | and that im; o [Ay,im,

= 00, we have

log | Z,..on. log | Z,..om.

(15) lim inf 70g| DTl — liminf max 70g| AC)
1—00 | ngim; | =00 q€Dn;im; ‘ATL,L'ZHL,L' |

: log | Zn:mi| .. log | Zn,:m, (9)]

16 limsup ——————* =limsup max ——**
( ) i—>oop |An,m7 i—>oopq€Dn.L m; ‘An77n7

due to Proposition B These two quantities are related to P and P, in the way that

102 | Zoyom | .
(17) P <liminf 108 | Zns:m | < lim sup <P.,,

100 |An,m, | i—00 |An,m, | -

log |Zni:mi



TOPOLOGICAL PRESSURE OF AXIAL PRODUCT ON TREES 9

which can be verified by a similar argument to [[15, Theorem 2.1]. In particular, if
lim; oo mM; — 1y = 00,

. . log | Zp,:m, (9)]
(18) eV N IV NS B
which again follows from a similar argument as [I5, Theorem 2.1]. We note that
the above discussions (in particular, equations (@)—(@)) remain valid if we replace
Br:m(q) by Bnm(q,Q) and Dy by Wiy, Under this latter setting, (L) turns
out to be useful for our expositions, which leads to the investigation of the following
finite-dimensional optimization problem:

log |Zn:n+k'(q7Q)‘
[Anintkl

(Problem 1) .
subject to  (q,Q) € Wantk

{maximize
In view of the difficulty of solving a combinatorial optimization problem, we shall
take the following steps to transform the problem into a regular optimization prob-
lem without changing the limiting behavior of the maximum:

(1) Rephrase the objective function.
(2) Extend the feasible domain to a convex set of Euclidean space.

For the first step, a heuristic treatment for the aforementioned optimal solutions is
to apply Stirling’s approximation to obtain an explicit expression of the objective
function of () Before we demonstrate this, we first give the following
definition. Let P € T 4 and M be a non-negative matrix of the same dimension
and P, = 0 if M, = 0. We define the vector

P(QIM)y = Z —(Qa.p) log(—— Qup ):

acA Ma,b

where Olog% is interpreted as 0. This is essentially the relative entropy of Q from
M in each column, except that M is not necessarily a stochastic matrix and so
®(Q|M) need not be negative.

Proposition 7. Let (Ay,.m, )ien be an unbounded increasing sequence, and (q(i), Q(i)) €
108 | Zn, i (,Q)]

-

Dyyiim; X Sp;:m,; be any feasible sequence. Then, shares the common
upper limit and lower limit with the sequence

mi;—"Nn; —

08 Znen (D > Bl o o174 ).

|A7’Lz my n1 m;

Proof. As a corollary of Stirling’s approximation, we note that for any positive
integers n,

n
2mn (7) eI < nl < V2 ( ) e
e
A combinatorial argument shows that

mi—n;—1 = R (J)Z
Zncon (@(0), QU] = Znn, (@@ @) [T H[(: “"”:(L)(‘?s gﬁj)o)
p (2)- 2

j=0 bEA |Hm+j+1‘ a,b

H E‘_” titalay (i)‘QgZ(i)‘|

acA
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a _ al . . . .
where (bhszm ;bk) = b, b1 1S the multinomial coefficient. Therefore,

log | Zn,:m, (a(i), Q(7))|

|An1m1
log | Zn, @V @) | ™= [Eniasal o G
é ‘Anv'nbv‘ * Z | MMy Z log qb (Z))
T K2 J:() T k3 beA
) Q)
= Y (@ @Q} () log <q£”<z>]5
a,b
acA ’
mi—n;—1 1 1
T —— |log \/27|Z,, + }
S fm [or VBl g
log | Z,,. (q® minieh e oo oo
< gA (g ())|_|_ Z ||nz+j+1|(I)(Q(J)(ZHE)Tq(J)(Z)
MMy =0 TiMmyg
m; —n;
+(1+C)10g|An7m7 P

for some constant C' = o(1) with respect to |Ay,.;,|. Similarly,

log | Zn,:m, (a(4), Q(7))|

‘Am:mi
10g | Zn. (49 (i T E . o
> glAl(q ())||Am:mi + Z A+J+1\ QW) (4)|E)Tq) (3)
| n1m1| =0 | nzml‘
m;—n;—1
i i |A| ~ 1
- Z - log\/27T|:m+j+1|+ﬁ
Jj=0 B
log |Zy, (q ™M [En, 1| (s o
Zﬁ+ DREE VMU LILRC
m; —n;

+C log | Ay, im, | -

|Ani:mi ‘

for some constant C' = o(1). The proof is complete by noting that A, .., is an
unbounded increasing sequence. (|

As a corollary of the proposition above, we transform () into the following.

maximize [281Zpn @2 Gl 4 s Ensiil g QU | )T q()

(Problem 2) [Anintrl 7=0 TAvnikl
subjeCt to (qa Q) € ann+k

The trickiest part of () lies in the first term involving |Z,..,(q(® (7))],

for which, to the authors’ knowledge, no good estimate is available. Nevertheless,
our main interest lies in the case k — oo, for which it is not hard to see that the
term tends to zero, and thus we shall continue our discussion by dropping it for the

time being. We then reformulate the problem, by writing p = <a and P = Q and
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replacing the feasible domain, as

imi k=1 |Zn4k6—j] ) i+1)
(Problem 3) THaximze Z] 0 TAn ikl CI)( PWIE)Tpl
subject to  (p,P) € Q

where
Q= {(p,P) € T x T PY) = 0 if B,y = 0,p) = POpUHD 0 < j < k}.

We remark that the bottom-up convention of () turns out to be more
convenient for our later discussion. In what follows, we show that the topological
pressure remains unchanged. A quick glance at () reveals that for any
fixed P, the objective function is just a linear function of p(°), and therefore we can
assume without loss of generality that there exists an optimal solution (p,P) with
p(® of the form p(®) = e, (a € A) which lies within

;c = {(p7 P) S F({ea}aeAX-Ak) X Ti : P((lj,l)) =0 if Ea,b =0

p(j+1) — P(])p(])7 Pg‘)b — Eab if pl(;j+1) =0,0<j< k}
’ ZCEAECJ7

Hence, it suffices to show the set W,.,, 11 is relatively dense in €., 4 k.

Lemma 8. Let (q',Q) € D, x T4 be canonically admissible by E. Then, there
exists Q" € T 4 such that (q', Q") € Dy.py1 and that

max |Qap — Qupl < ;l,fli%(\gmﬂq;)_l

a, A

Moreover, Qqp’ =0 if Qqp = 0.

Proof. This is a consequence of the fact that (q',Q’) € Dy.nq1 ifand only if Q' € T 4
and that the following hold.

° Q 71|q for some integer cq p if qb #0;

b Qiz,b - EGJJ (ZaeA Ec,b) if g5 = 0.
The lemma follows by defining Q" column by column. ]

Proposition 9. lim,_, . SUP(p pycqy dp,v (Whintk, (?, ?)) =0.

Proof. Let ¢ >0 and (q,Q) = (b, g) € Qy be fixed, and denote

C:min{mln q() min Q }
()0 Q>
We take n sufficiently large such that § := maxq<i>>0(|5i+1 |q,(1i))_1 satisfies 2|A|k% <
min{e, ¢, 3}. We then construct a sequence (q',Q’) € €, iteratively and show that
this sequence also lies within W,,.,,1,. For the initial distribution, take q(O)/ =
q©®. Now if ((q(j)/)ogjgi, (Q(j)/)ogjgi,l) € Whnti—1 is defined, one can choose
D", QM such that (49 )o< j<it1, (@D )o<j<i) € Wints and QW' is a closest
element to Q(*). We then show that the following properties hold for alli = 0, - - - , k.
(a) q((f) = 0 if and only if q((f) =0, and dv(q(z)/7q(’)) < i AlJ.

i)'\~
(b) max (.>,>0(|Ei+1|2q< )1 <25

(¢) Q) = 0if and only if Q%) = 0, and dy (Q®’, QM) < | A5
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We prove the foregoing by induction on i. When i = 0, since q(® = q(o)l,
property (a) and (b) are automatic and max, pe.a |Qf£l))| < ¢ follows immediately by

Lemma E As a consequence, if q((lll)) # 0, then
Q") > Q) —2-ar (@M, QW)¢ = ¢ — 45 > 0,

and Qa h = Q((Ill)] =FEap (Qgca E.p)~tif q( ) —0 by definition. This finishes the
proof of property (c).
As for the induction step, we assume the hypotheses hold for 7. Under the

circumstances, we have dv(q(i)/,q(i)) < i|Ald and dv(Q(i)/,Q(i)) < |A|d according
to the induction hypothesis, which result in

. !/ . N/ N/ . .
dy (qFD gDy = 4, (Q® g, QW g®)
< av(QW, QM) +d, (q@’,q@) < (i + 1)| A6

and q(ZJrl (Q(z) q(l) )a > 0 if and only if qéH) (Q™Wq®), > 0. This proves
(a). As for (b), when qaZH) #0,

i+1)/ i
(| I (i4+1)’ ) |.~ ) | (i+1) 1— ql(l e q((l +1))
Si4214g 42|94 q(i+1)

i+1) @ -1
1= |q(z+1 1— 2dv(q( +1) 7q( +1)))
—it2 G+

< <~4 ‘q(z+1) ( |A|(i; 1)5)>)_1 < 24.

Finally, we apply Lemma E again to obtain dV(Q(”l)/ QU+Y) < | A|6. Further-
. / .
more, (Q(Z+1 )= QU ir q((;;l) =0, and 1fq (1) 220, then

a1

-1

Qfﬂl), > QUEY —2-ay QY QUFY) > ¢ —2]415 > 0.

The property (c) is then proved, and the proof of induction is therefore completed.
O

Corollary 10. () shares the same upper and lower limits as ()

Proof. This is a consequence of Proposition E and the fact that the objective func-
tion of () is continuous with respect to the metric d, v . O

Finally, we note that for (p,P) € Q, ®(PY|E)Tpl+1) in () are uni-

formly bounded (independent of j, k and a), due to the continuity of the function

on the compact set Q. Furthermore, the coefficients % in () add
up to 1 with each of them admitting a limit
IEnsr—js] d—1 dk _d-1

lim ——— = lim — . = —
k—o0 |An n+k| k—oo dJtl gk —1 ditl
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Therefore, we may rephrase () as the following optimization problem
without changing the limiting behavior:

{

which is related to the maximum of the infinite-dimensional optimization problem
Y20 §7+11 <I>(P(J)IE) pU+Y
subject to p € FA+, Pe T

PU)=0if B,y =0

pld) = PUpUHY 0 < j < 0o

maximize Ef é dd]+11 @(P(j)|E)Tp(j+1)

Problem 4
( ) (p7 P) € Qk

subject to

maximize

(Problem 5)

We should note that the space (Fﬁ+ X 'I’JZ[,dU v

metric d7%,, which is defined by

) is compact with respect to the

s —d—1 Y b A
dv,V((pa P)v (p/a P,)) = Z de,V((p(])a P(J))a (p(J) ’ P(J) ))a
7=0

It is not hard to see that the objective function is continuous with respect to
this metric and that the feasible domain is compact, which ensure the existence
of maximum_points. Furthermore, if we denote P®*)(-, E) and P(>)(-, E) as the
maxima of (lProblem 4]) and (Problem 51) respectively, then P() (-, F) is continuous
on (0.1). However, the proof for this requires some knowledge about the solutions
of () and is on hold for the time being. At this point, we begin with the
investigation of the maximizers of ([Problem 4).

As has been pointed out, the objective function (Problem ill) is linear in p*) and
thus p = e, can be assumed since I' 4 is the convex hull of {e,}. Therefore, we
consider the optimization problem

k=1 d—1

Yo $e(PYIE)T T
subject to p =e,, P € T

PU)=0if Bop=0,0<j <k
We denote by Fi(p, P;1/d, E) the objective function above and by Fég)(p, P;1/d, E)
the objective function of (Problem 5), and we deduce a maximizer as follows. For

conciseness, we suppress E and d if doing so should not occasion any confusion.

P(ﬁ)p

maximize

(19)

Proposition 11. The optimization problem (@) admits an optimal transition P,

1=0,---,k—1, independent of p, defined by
dzj—l >\((1)E
0 T if Eap > 0;
Pa,b = Zc:Eu,b>oe a—17¢ E.p 5

0 otherwise,

where A9 =0 and
od-1 i G-
A0 = i log Z ed TN Eyo, fori=1,--- k.
b:Eb,a>0

Moreover, the mazimum of Fy(p,P) is /\(k)Tp,
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Proof. The idea of proving the optimality is as follows. We construct a sequence P,
independent of p and k, such that given any i = 0,--- ,k—1 and Q© ... Q-1 ¢
T 4, Z = P® is a maximizer of the function

Fp v . qUk—1)

Zy Fip(p,P© ... pi=1) 7 QUi ... Q-1

We now prove our claim. To this end, we introduce an auxiliary sequence A
in our construction. By writing A0 =0 e RA, we note that Fi.qu ... q-1n is an
entropy maximization problem in each column of Z and thus admits a maximizer
(independent of p, Q and k) such that

ddl ‘(IO)E E
e b _ b . .
0) —0 =5 o it Ecp > 0;
P — ad—1 Ae E ce A Feb
a,b e E.p>0€ )b
0 otherwise,

Now if we suppose a maximizer P~ satisfying our hypothesis is found, we let

_i g

OR o(PE-V|E) + pi-DT G-

(20) oo\t
_Z d1+1 H PO | o(PY|E)

=j+1
and Fi.qi+n ... que-1) can be written as

Fy.qi+n ... qu-1 (Z)

i—1 k—1
= Z dJ+1 DT I P Z( 11 QM)) P

(=j+1 t=i+1
d 4 4
+dtome TT av%e 3 2taeoier T ot
(21) l=i+1 Jj=i+1 {=75+1
d—
()\()T Lazip) ) H Q¥
(=i+1
k—1
dJ+1 QVE)" H Q“p,
j=i+1 {=7+1

which also results in a classical entropy maximization problem in each column of
Z, and an optimal solution independent of p, Q and k is
SESNO) .
e @b .
) 0 if Ea,b > 0
(22) Pal,)b = ZC:ECYb>0 ed-1 Ae Ec,b b
0 otherwise,

In this manner, we successfully construct the desired sequence and prove the opti-
mality. Moreover, if we plug ()E) into (RJ), we deduce the recursive relation of A,
and the proof is complete. ([
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Remark 12. From Proposition B, we note that the vector e@ /(=AY satisfies
e/ ([d=DX = 1 gnd that
i+l N
e = (ETed A ") for i > 1,

which is essentially a generalization of the formula used in [7, Algorithm 1] for the
computation of entropy.

The maximizer P* satisfies the following properties.
Theorem 13. Let
As ={a € A:3n €N such that (E™),,, > 0},

and
L=min{n € N: (E"),,, > 0,Va € A}
Then, the maximizer found in Proposition |11 satisfies the following properties.

(a) For every p € T4 and k > 1, Fy(p, P(O:k_l)*) = )\(k)Tp takes values in [(1 —
d=F)a, (1 — d=*)B], where

a = log mbinz Eqp and § = log mgmxz Eup.

(b) If a,b € A with (E")a > 0, then for all j >0 and k > 1,
k+i—1

k-1
i * d—1 * d—1
Fyi(ep, POFHZDT) — :

T > Fi(eq, plig+k—1) ) —
=0 £=0
where v = logming, ,~0 Eap. In particular, for allb € A,

Ln—1

. * d—1
FLn(eba P(O.Ln—l) ) _

gt 7
=0

is mon-negative and increasing.

(c) There exists a p* € I‘ﬁ* such that (p*,P*) is a mazimizer of () In

particular,

P®)(s, E) = Foo(p*,P*) = max lim Fp, (e, POF"~17)

a€A, n—00

= lim max Fi(eq, PO* D) = lim P®) (s, E).
k—o00 a€E A k—o00

We should note that under the assumption (@), A is nonempty, and thus L is
well-defined.

4. PROOF OF THEOREM

(a) We show by induction that the map AD L1y A+ iy Proposition @ satisfies
that

froro oMy e [(1—d™ N, (1—d™* 18] forall k > 0.

The backbone of the proof is the monotonicity of f;: fi(\) > fi(\) if X > \.
When i =1,

d—1
fo(AD)y, = —log Y Eacll-dHe,(1-d s

b:Ey >0
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Now if the hypothesis holds for £ — 1, then

d—1 ok dkl
felfimro 0 oA < Zglog 30 T B,
b:Ey o>0
<(1-d s,

and a similar argument also applies to the lower bound fi,(fx—10---0 fo(A(?)), >
(1 —d=*=1)a. The first item then holds by induction.
(b) For each a,b € A, one can choose a sequence (£;)¢>0 as follows:

(23) (&)eso = (657" )e0 such that & = a,& = b, B¢, ¢,,, > 0,Y0 > 0.

Then, we take transition matrices P9 such that P<k+£);e@+1 = 1. Under the

circumstances, we have (Hi:é P(k”)/)a’beb = e,. Therefore, according to (@),

k+i—1

e 1)* d—1
Fy(eq, PUITF=DTy 4 prasullel
=k
k—1 k—1 kti—1
d—1 L)k N d—1

_ +e T ¢
_E dqu)(p(J )|E) ” P e, + E sl

£=0 O=j+e+1 =k

<Flyi(ey, (PUTTE=D" plithith+i=1)'y)
<Fpyi(ep, P(O:k—&-i—l)*).

This finishes the proof.

(¢) To begin with, we note the existence of optimizer (p’,P’) is guaranteed by
the compactness of the feasible domain and the continuity of the objective function.
Next, by recursively replacing P’ by P* according to Proposition [L1|, the compact-
ness again asserts that there exists a maximizer of the form (p*,P*) (and thus the
first equality). To prove the second equality, for each a € A and n > 0 we may ex-
tend, in the manner of (@), the admissible pair (( f:"j_l P(Z)*ea)j@gl7 P(0:Ln—1)%)

for () to a pair of infinite sequence (p(a,n), P(a,n)) so that

e 1)* o~ d—1
Frn(eq, PO + %" o1 7 < Foo(p(a,n), P(a, m)).
¢{=Ln

(More specifically, we take (&) = (£*?).) Then, lim,>o maxee 4., = SUP,;>¢ MaXged,, =

. . . . — *
maXae A,, SUP, >0 = MaXae A, lim,,_, all coincide on the sequence Fr,,,(eq, p(0:Ln—1) )—

Ln—1 4—1
=0 gerr 7 and

Ln—1 d—1
max i Frp(eq, PO 700 = 3 o oy
=0
2 d-1
Sargil‘i Foo(p(a,n),P(a,n)) - W -
=0
* * - d_ 1
SFoo(p7P)_ WV’

£=0
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which implies Fuo (p*, P*) > maxaea_ limy, o0 Frn(eq, POL?=D) On the other
hand, due to assumption (JA[), by writing

Al ={ac A:3be A, Ti € N such that (E%),; > 0},

we have that for each a € A/ and each n > |A|, there exists b € A, such that

(E™)qp > 0. In addition, p,(ln)* > 0 implies a € A/_. Hence, by (b) and the fact
that ®(p'¥|F) < 3 -1,

o0
B d—1
Foo(p*,P") — s
{=Ln
~d—1_ ot et = d— 1
:Z de+1 (I)(P() |E) p( - Z 401 B
(24) =0 ¢=Ln
< Frn(e, P(O:Ln—l)*
< max Fi (eas )
Lt AD=1) )
< max F  POLnHAD-D*y _ .
< max L(n+|Al)(€a ) g;n s

and thus

* pD* . (0:Ln—1)*\ _ : (0:Ln—1)*
Foo(p*, P7) < lim [max Frn(eq,P )= max Jim Fpp(eq, P )s
which proves the second equality. As for the third equality, it suffices to justify
the existence of limy_, oo max,eca Fi(eq, P(O:”“*l)*)7 so the equality follows from
the argument above for the subsequence maxge 4., Frn(eq, P(O:L”_l)*). Indeed, for
every b € A, there exists a € Ao, such that E,; > 0, and thus, by (b),

d—1

k
max Fj(e,, PO+~ ) — Pzl

ES
-~y < max Fj e,, PO:F)7y
aeAn ot derl S aedn k+1( as ) —

as desired. Finally, to prove the last equality, it suffices to demonstrate that

lim max Fj(eq, P(O:k_l)*) = lim max Fj/(eq, P(O:k_l)*) <: lim P(k)(s,E)> .

k—00 a€E A k—oo a€A k—o0

To this end, we note that there for i > |A|, (E%)4 > 0 implies a € A’_, and thus
we can adopt a similar argument as (R4) to deduce

max Fj(eq, P(O:k_l)*) < mzﬁ(Fk(ea, P(O:k_l)*)

a€A a€
i S |

(0:k—|A|—1)* i

< max Fj_|.)(ea, P B e

t=k—|A|
k—1 k-1
* d—1 d—1
(0:k)™\ _ - . _
Sa%i‘ii, F.(eq, P ) Z PSR Z gt p-
t=k—|A| l=k—|A|

by applying the squeeze theorem.
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5. PROOF OF THEOREM ﬂ

Let 5 and « be the constants defined in Theorem @, which are independent of s.
We show that P(*) converges to P(°) in a strong sense.

Proof of Theorem B We note that P(®)* = P(i)*(s) is a C! function of s on the
interval (0,1). Hence, for any fixed p and n,m € N, the maximum

* * T
Frn(p, P ()5, E) = A7 (5) p

of (@) is also C! on the interval (0,1). For convenience, we denote

m—n—1
=0
Also, by denoting g (s) = s* — s¥*1 we have
T
k—1 . .
AR qu s){ T PO (s) | 2PV (s)E).
t=j+1

and we can compute the derivative of the vector A®*

d * d —1y(k—1)*
(k) _ T qr(s)” A (s)
T A (s) T qr(s) log (E e )

— T qk(srlx(’“*“*(s)) Gk (5) .
qi.(s) log (E e + (ETeqk(s)—lz\““—”*(s))

[ETdiag <q;“(s)/\(’”)*(s)+ ! d/\<k1>*(5)) ()T A (s)

ar(s)? ar(s) ds
(25) :MﬁéwW“Y@wy+MMU7@“%xvnﬂg

- . * ! L\ %

=>"aqs) | [[ P ()| @(PD(s)|E)
Jj=0 1=j+1
k—1 _ T

=Y (js7t—(j+1)s7) H PO (s) | ®(PD"(s)|E).
J=0 l=j+1

(a) For convergence of )\((IL")* = Fr,(eq, PO:Ln=1)") for q € A, we note that,

by Theorem [13, Go.rn(eq, P(O:L"’l)*) is increasing in n. In addition,
d o0
N ()] < DG = G+ D81+ ),
3=0

which assures the equicontinuity of Go.rn(eq, P(O‘Lnfl)*(s)) on any compact sub-
interval of (0,1). Hence, by the Arzela-Ascoli theorem we know the convergence
of Go.n(eq, POL=17(5)) is uniform on any compact sub-interval of (0,1). This
implies

lim FLn(ea, P(O:Lnil)*) = sup GO:Ln(ea) +

n—oo n>0
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exists and is continuous, and so is

P(‘X’)(S,E) = max lim FLn(ea,P(O:L”_l)*(s);s,E).

a€ Ay N—00
The item is thus proved.
(b) Since P(*)(s, E) is the limiting function of P(*)(s, E) as shown in Theorem ﬁ
and P®*) (s, E) shares the same limiting behavior as the maximizer of ()
as k — oo, the claim is proved.

(c) From the argument above, we claim that the interval (0, 1) contains disjoint
open sets I, a € Ay, on which

sup Go.pn(eq; 8, E) > sup Go.on(ep; s, E) forallbe Ay, s € I,
n>0 n>0

such that Ugea__ I, is dense in (0,1). This follows inductively from the fact that
for any continuous functions f1, fo : U C R™ — R defined on some open set U,

{zx eU: fi(x)> fo(x)}U{z € U: fo(x) > fi(x)}
Uint({x € U : fa(z) = f1(x)})

is dense in U. Therefore, for all s € I,

Ln—1

(o0) _ (0:Ln—1)* . _ J g+l

P> (s, E) nl;rrgo Frn(eq, P (s);s, E) Zo(s ST
=

and it is sufficient to prove the monotonicity on each I,. Now, consider an alter-
native expression of (%)

T
k—1 k—1
d * . oa . . * .y 3k
@eZA(’“) (5)=> (s " =G+ Vel | T[ PO7(s) | ®(PY (9)|E)
J=0 l=j+1
-1 J . ) k—1 T )
=Y D> (T =sNel | T PO ()| 2PV (s)(s)|E)
(26) j=1i=1 L=j+1
T
k—1 ) k—1 . o
=S sel | I PO (s) | @(PY(s)|E)
Jj=0 1=j+1
k=1 ' 1
=3 5" Fr_i(eq, PO (s);s,E)—l—/\gk) (s),
=1

where %S)V(IL”)* — P(®)(s, E) for each s € I, as n — co. Expressing (@) in terms
of function G, one derives, by noting (1 —s)™' = > s~!, that

Ln—1
%QZA(L’H)*(S) = ; Si_l [Gi:Ln(ea; 5, E) - GOth(ea; S, E)]

o]
N Z sifl)\(Ln)*(S)a _ LnsLnil’y,
i=Ln
in which the first sum is non-positive while the rest altogether are bounded above

by sEn—1(1_gLn—1)

— (ol +|B8]) — Lnst™~15. By the mean value theorem, this provides
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the following bound for any [s, 8] C I,:
P(oo) (S”, E) . P(oo) (S/, E)
= lim FLn(eaa P(O:Lnil)*; Sllv E) - FLn(eaa P(O:Lnil)*; 5/7 E)

n—oo

[SLn—l(l _ SLn—l)

<limsup max
n—oo SE[s’,s"] 1-

(d) We first prove (B) The first equality follows from (c). As for the third
equality, we should note that P,(1/d, E) > 8 = logrg for all d > 2 since E satisfies
> aca Fap > 0 (which is equivalent to ) . 4 Fap > 0 in this case) for all b € A.
More specifically, we can find a € A satisfying >, 4 Eup = e and a sequence
apal - - an_1 = a satisfying F, = 1 such that

(la] + |B]) = Lns™ 1y (s" — s') = 0.

Qq,Ai41
| Znin| > [{u € Bown : ula,_, € Bon—1({eq,}12g )} = €=,
To prove the other inequality, we observe that

% lim 1Ongn—l:n—1|66|E"’| 1

N |2, d

log | Al + 5,

lim
n—oo

which approaches 5 as d — oo. It now remains to prove the second equality in
(a). To this end, Theorem @ guarantees P(>) (04, F) < B, and according to
(Problem §) we have

P (0+,E) = lim P (s, E)

s—0t

> lim PW (s, E) = lim (1 —s) logmax Z E., = p.

—0+ —0t
s y aE.A

As for P(®)(1—, E), we plug the Parry measure
P(z) _ Eb,awa
@ p(B)wy

into () to deduce P(>)(1—, E) > log p(E). To prove the other inequality,

for every € > 0 we first construct the interaction matrix

B = {”(E])l“ g] .

Since P(*) (s, F) < P(*®)(s, E’) for all k > 0 and d > 2 according to (), it
is sufficient to show that P(™)(1—, E") < log p(E') = log p(E) + €. Let v and w be
the left and right eigenvector, respectively, associated with p(E’) such that w’v = 1.
According to the spectral decomposition of E’, we know lim,, o, p(E') " (E')" =
vwT is non-negative, and thus we can assume without loss of generality that v =
p(E")~LE'v is a positive probability vector. We see from Remark [1 that for the

system defined by E’, there exists Cy = max,e 4 v1 ™% > 1 such that
UTeddk+1 A(F) — UT((E/)TG{;‘—_ICIA(’“71>)(1
<Calo" (B et = g p(B ) et

Indeed, we note that for all non-negative numbers x,,

d d

> 4 Vo Vo X

1§L‘ld§m3x Zd—maxvl d
(D aca’ VaTa) ac A’ vixd  acA’

and Pa = VaWq,

(27)
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This provides a uniform bound for P(°)(1—, E’), and the claim is proved by esti-
mating the pressure using (@) and letting d — 1. More specifically,

o dbtl

. k
ol et AR < Ccll—&-d—&--u—&-dk’lp(El)d+d2+-~+dk (UTed‘ij)\(O))d

k-1 2k
_ Cé+d+ +d p(E/)d+d +-td ,
and thus P(®)(1—, E) < log(p(E) + e). O

6. EXPERIMENTS

In this section, we give two examples related to Theorem E Consider the golden-

mean tree-shifts X3% with G = B (1)} We claim that the function P(°)(s, E)

can be approximated by P*)(s, F) with a crude estimate of error
(1—5)"1s" -y < P)(s,E) = PW(s,E) < (1—5)"1s"- 5.

Indeed, the first inequality follows from Theorem B (b), and the second fol-
lows, by comparing ) and (), from the fact that each term
in ( admits an upper bound 43 @(PW|E)pU+h) < 4213 The figure
of the topological entropy is given in Figure [Il. For the purpose of demonstration
of Theorem [l| for general interaction matrices, we include Figure P to show the
increasing property of pressure when

2 2 2
w:{l} and E:[l O]'
Both of the figures turn out to be consistent with Theorem ﬂ in the sense that
both functions are continuous, P(>)(0+,G) = log,q2 ~ 0.3010, P(®)(0+,E) =
log1o3 ~ 0.4771, P(®)(1—,G) = log;o 255 ~ 0.2090, and P (1—, E) = log;o(1+
V3) ~ 0.4365.

REFERENCES

[1] N. Aubrun and M.-P. Beal, Tree-shifts of finite type, Theoret. Comput. Sci
459 (2012), 16-25.

[2] J.-C. Ban and C.-H. Chang, Tree-shifts: Irreducibility, mizing, and chaos of
tree-shifts, Trans. Am. Math. Soc. 369 (2017), 8389-8407.

, Tree-shifts: The entropy of tree-shifts of finite type, Nonlinearity 30
(2017), 2785-2804.

[4] J.-C. Ban, C.-H. Chang, W.-G. Hu, and Y.-L. Wu, On structure of topological
entropy for tree-shift of finite type, J. Differential Equations 292 (2021), 325—
353.

, Topological entropy for shifts of finite type over Z and trees, Theoret.
Comput. Sci 930 (2022), 24-32.

[6] J.-C. Ban, C.-H. Chang, W.-G. Hu, G.-Y. Lai, and Y.-L. Wu, An analogue
of topological sequence entropy for Markov hom tree-shifts, Studia Math., ac-
cepted.

[7] J.-C.Ban, C.-H. Chang, Y.-L. Wu, and Y.-Y. Wu, Stem and topological entropy
on Cayley trees, Math. Phys. Anal. Geom 25 (2022), no. 1, 1.

[8] I. Benjamini and Y. Peres, Markov chains indexed by trees, Ann. Probab.
(1994), 219-243.



22

JUNG-CHAO BAN AND YU-LIANG WU

Topological entropy of golden-mean tree-shifts

0.31

0.29

0.27

0.25

0.23

Topological entropy h

0.21

il T il T

0

| | | |
0.2 0.4 0.6 0.8 1

Reciprocal of dimension 1/d

FiGURE 1. Topological entropy of golden-mean tree-shifts

Topological pressure of golden-mean tree-shifts

0.49

0.48

0.47

0.46

0.45

Topological pressure P

0.44

0.43

il T il T

0

1 L 1 L
0.2 0.4 0.6 0.8 1

Reciprocal of dimension 1/d

F1GURE 2. Topological pressure of golden-mean tree-shifts

[9] T. Berger and Z. Ye, Entropic aspects of random fields on trees, IEEE Trans.
Inf. Theory 36 (1990), no. 5, 1006-1018.
[10] T. Ceccherini-Silberstein and M. Coornaert, Cellular automata and groups,
Springer Science & Business Media, 2010.



[11]
[12]
[13]

[14]

[15]
[16]

[17]
[18]

[19]

TOPOLOGICAL PRESSURE OF AXIAL PRODUCT ON TREES 23

W. Huang, S. Shao, and X.-D. Ye, Mizing via sequence entropy, Contemp.
Math. 385 (2005), 101-122.

W. Huang and X.-D. Ye, Combinatorial lemmas and applications to dynamics,
Adv. Math. 220 (2009), no. 6, 1689-1716.

E. Louidor, B. Marcus, and R. Pavlov, Independence entropy of Z.-shift spaces,
Acta Appl. Math. 126 (2013), no. 1, 297-317.

T. Meyerovitch and R. Pavlov, On independence and entropy for high-
dimensional isotropic subshifts, Proc. Lond. Math. Soc. 109 (2014), no. 4,
921-945.

K. Petersen and 1. Salama, Tree shift topological entropy, Theoret. Comput.
Sci 743 (2018), 64-71.

, Entropy on regular trees, Discrete Contin. Dyn. Syst. 40 (2020), no. 7,
4453-4477.

, Asymptotic pressure on some self-similar trees, Stoch. Dyn. (2022).
S. T. Piantadosi, Symbolic Dynamics on Free Groups, Discrete Contin. Dyn.
Syst. 20 (2008), no. 3, 725-738.

F. Tan, X. Ye, and R.-F. Zhang, The set of sequence entropies for a given
space, Nonlinearity 23 (2009), no. 1, 159.




	1. Introduction
	2. Preliminaries
	2.1. Markov tree-shifts, topological pressure and surface pressure
	2.2. Pattern distribution

	3. Combinatorial optimization
	4. Proof of Theorem 13
	5. Proof of Theorem 1
	6. Experiments
	References

