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Abstract. This article investigates the topological pressure of isotropic axial
products of Markov subshift on the d-tree. We show that the quantity increases
with dimension d, and demonstrate that, with the introduction of surface
pressure, the two types of pressure admit the same asymptotic value. To this
end, the pattern distribution vectors and the associated transition matrices
are introduced herein to partially transplant the large deviation theory to
tree-shifts, and so the increasing property is proved via an almost standard
argument. An application of the main result to a wider class of shift spaces
is also provided in this paper, and numerical experiments are included for the
purpose of verification.

1. Introduction

The present paper is devoted to the study of the topological pressure of the
axial product of a Markov subshift on the d-tree. This is mainly motivated by the
recent works on the the limiting entropy of the axial product of Nd [13, 14], and
the asymptotic pressure of the axial product on d-tree [17]. Before presenting the
main results, the motivation behind the study is set out below.

Let A be a finite set with |A| = k and X1, . . . , Xd ⊆ AN be one-sided subshifts.
The associated axial product of subshifts X1, . . . , Xd on Nd, written as ⊗d

i=1Xi =

X1 ⊗ · · · ⊗Xd ⊂ ANd , is defined as

(1) ⊗d
i=1 Xi = {x ∈ ANd

: ∀g ∈ Nd ∀i ∈ {1, . . . , d}, xg+Z+ei ∈ Xi},

where xg+Z+ei ∈ AN is the sequence obtained by shifting x by g and {e1, . . . , ed}
denotes the standard basis of Nd. Suppose T (d) is the conventional d-tree, that is, a
free semigroup generated by the generators {f1, . . . , fd} with an element of identity
ϵ, which is the root of the tree. The axial product of subshifts X1, . . . , Xd ⊆ AN on
T (d), denoted as ×d

i=1Xi = X1 × · · · ×Xd, is defined similarly. That is,

(2) ×d
i=1 Xi = {x ∈ AT (d)

: ∀g ∈ T (d) ∀i ∈ {1, . . . , d}, (xgfn
i
)n∈Z+

∈ Xi}.

An axial product ⊗d
i=1Xi (or ×d

i=1Xi) is called isotropic if Xi = Xj for all 1 ≤
i 6= j ≤ d, and is called anisotropic if it is not isotropic. Isotropic axial products
of shifts on Nd are first introduced in [13], and many important physical systems,
e.g. the hard square model in N2 or Z2, fall in this class. In particular, when it
comes to tree-shifts, a notable subclass of isotropic axial products is the family of
hom tree-shifts1, whose Xi’s are unanimously a one-sided Markov subshift. This
family is widely considered in the literature [1, 2, 3, 8, 15, 16, 17] and has recently

Date: March 2022.
1Such shifts are also called the associated tree shifts in [15, 16].
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attracted considerable attention, since T (d) is not an amenable semigroup, and
the shifts defined on it exhibit rich and diverse phenomena in terms of topological
(cf. [2]) and statistical prospects (cf. [4, 5]).

For a dynamical system, the most significant quantity is the (topological) en-
tropy, which measures the asymptotic growth in the number of admissible pat-
terns on finite sets. More precisely, supposing F ⊆ Nd is a finite set, we de-
note by π(F,X) : ANd → AF the canonical projection of X ⊆ ANd into AF , i.e.,
π(F,X) = {(xg)g∈F ∈ AF : x ∈ X}. If we denote Fn := [0, n]d and suppose
X ⊂ ANd , the entropy of X is defined as

(3) h(X) = lim
n→∞

log |π(Fn, X)|
|Fn|

,

where |F | denotes the number of elements in F . The limit (3) exists since Nd is an
amenable semigroup (cf. [10]), and Fn is a Følner sequence, i.e., limn→∞

|gFn∆Fn|
|Fn| =

0. In fact, it is known that if {F ′
n}∞n=1 is any Følner sequence, the limit

h(X) = lim
n→∞

log |π(F ′
n, X)|

|F ′
n|

exists and equals (3). For T (d) ⊆ AT (d) , let

Ξ(d)
n = {f1, f2, · · · , fd}n and ∆(d)

n = ∪mi=0Ξ
(d)
i .

Then, the topological entropy of T (d) ⊆ AT (d) is defined similarly:

(4) h(T (d)) = lim
n→∞

log |π(∆(d)
n , T (d))|∣∣∣∆(d)
n

∣∣∣ .

The existence of the limit (4) is proved in [15], and we emphasize that since the
subadditive property does not hold for the shifts on T (d), the proof of the existence
of (4) is quite different from that of the shifts on Nd. We refer the reader to [7] for
the existence of the limit (4) for shifts defined in a large class of trees. It appears
that the structures of {h(T) : T is a Markov tree-shift} and {h(X) : X is an Nd

Markov shift} are quite different (cf. [4])
Let X ⊆ AZ. Louidor, Marcus and Pavlov [13] introduced the concept of limiting

entropy. Namely, h(∞)(X) := limd→∞ h(X⊗d), where X⊗d =

d-times︷ ︸︸ ︷
X ⊗ · · · ⊗X, and the

limit exists since h(X⊗d) is non-increasing in d. Later, Meyerovitch and Pavlov [14]
revealed that h(∞)(X) coincides with the independence entropy (see the references
for the definition of independence entropy). For 2 ≤ d ∈ N, Petersen and Salama
initiated the study of the limiting entropy of a hom tree change; that is, h(∞)(X) :=
limd→∞ h(X×d), whenever the limit exists. In [16], the authors consider XG as a
golden-mean2 subshift and use the method of the site strip approximation to prove
that h(X×d

G ) is strictly increasing in d (Theorem 3.7 [16]). Thus, the limit h(∞)(XG)
exists.

Recently, Petersen and Salama [17] generalized the notion of limiting entropy to
pressure3 (formally defined in Section 2.1) and a broad class of trees, namely, the

2A shift space with two symbols 0, 1 that preclude the existence of neighboring 1’s.
3They refer to it as asymptotic pressure.
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generalized Fibonacci tree4. Precisely, let E be a k×k nonnegative matrix indexed
by A and XE be the associated one-sided subshift of finite type (SFT) defined as

XE = {x ∈ AZ+ : Exn+1,xn > 0 for every n ∈ Z+}.

Suppose X×d
E is the d-axial product of XE on the generalized Fibonacci tree. The

authors show in [17, Theorem 4.2] that if

(A)
∑
a∈A

Ea,b > 0 and
∑
b∈A

Ea,b > 0

the limit limd→∞ P(X×d
E , E) (see (8)) exists and coincides with log rE , where

(5) rE = max

{∑
a∈A

Ea,b : b ∈ A

}
.

The aim of this article is to explicate the finer structure of the function d 7→
P(X×d

E , E). The main findings of this work are as follows. First, we introduce
the notion of pattern distribution on a tree-shift, and propose a finite-dimensional
optimization problem (Problem 1) for a hom tree-shift. Such a problem can be
deemed as a special form of the large deviation problem, and it can be solved
after a series of transformations. With two intermediate quantities P (k)(s,E) and
P (∞)(s,E) (maximizers of (Problem 4) and (Problem 5), respectively) defined in
the process of the optimization problem, we are able to characterize the function
d 7→ P(X×d

E , E) and prove the main results of this paper, as stated below.

Theorem 1. Suppose the adjacency matrix E satisfies (A). Then, the following
assertions hold true.
(a) The function P (∞)(s,E) is continuous in s on (0, 1), and P (k)(s,E) converges

uniformly to on all compact subintervals.
(b) P (∞)(1/d,E) = P(X×d

E , E).
(c) P (∞)(s,E) is decreasing in s.
(d) We have
(6) P (∞)(0+, E) = lim

d→∞
P (∞)(1/d,E) = lim

d→∞
P∗(X

×d
E , E) = log rE

and P (∞)(1−, E) = log ρ(E), where ρ(E) is the spectral radius of E and rE is
defined as (7).

We call P∗ in (6) the surface pressure (defined in Section 2.1), of which the name
traces back to the work of Berger and Ye [9], who were the first to define an
analogous quantity called surface entropy for their study of entropy of Markov
random fields on trees. As an application of the theorem, the following corollary
partially generalizes the result discussed in [18], in which the discussion concentrates
on the case of the golden-mean shift.

Corollary 2. Let G(d) be a free group with d generators, E = ET , and Y
(d)
E be a

Markov shift space over G(d). Then, the entropy h(Y
(d)
E ) is increasing in d.

This is a consequence of the fact that h(Y
(d)
E ) = h(X

×(2d−1)
E ), as is proved in [7,

Proposition 4.5].
A few remarks could be made at this point.

4We refer the reader to [17] for the formal definition of the generalized Fibonacci trees.
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(1) The assumption (A) is reasonable in that (a) by dropping all such b ∈ A
that

∑
a∈A Ea,b = 0, we obtain a submatrix E′ of E with XE′ = XE , and

thus P(X×d
E′ , E′) = P(X×d

E , E); (b) by dropping such b ∈
∑

b∈A Ea,b = 0,
there exist a subset A′ of A and its associated submatrix E′ of E such that
P(X×d

E′ , E′) = P(X×d
E , E) for all d ≥ 2. Indeed, the equality follows from

an essentially identical argument to that for a one-sided Markov shift.
(2) Combining Theorem 1 (b) and (c) yields the increasing property of the

function

(7) d 7→ P (∞)(1/d,E) = P(X×d
E , E).

We stress that if E is a binary matrix, then P(X×d
E , E) = h(X×d

E ). Thus,
the increasing property of (7) provides another point of view for the in-
creasing property of d 7→ h(X×d

E ) as we mentioned in the last paragraph
and extends the property to any one-sided Markov subshift.

(3) The quantity P∗(X
×d
E , E) in Theorem 1 (d) is defined in [6] as well, which

is an analogous concept to maximal pattern entropy of a topological dy-
namical system (cf. [6, 11, 12, 19]). Note that Theorem 1 (d) combined
with Theorem 1 (b) reveals that

lim
d→∞

P(X×d
E , E) = lim

d→∞
P (∞)(1/d,E) = lim

d→∞
P∗(X

×d
E , E) = log rE .

This also provides an alternative perspective for the result of Petersen and
Salama ([17, Theorem 4.2]) on the d-axial product on the d-tree. Further-
more, (6) exposes the relationship between the topological pressure and the
maximal pattern entropy and gives more information on the limiting behav-
ior of limd→∞ P(X×d

E , E). Finally, P (∞)(1−, E) = log ρ(E) corresponds to
the case of a degenerate tree-shift, or, in other words, the one-sided SFT
XE .

The contents of this paper are arranged in the following manner. Section 2.1
covers our conventions for notation as well as general backgrounds of tree-shifts,
and Section 2.2 outlines the setup of pattern distribution for Theorem 1. Section
3 further delves into the optimization process of the topological pressure, which
includes the statement of a technical theorem regarding the function P (k)(s,E)
(Theorem 13). The proofs of Theorem 13 and 1 are left until Section 4 and Section
5, respectively. Finally, Section 6 contains two examples whose P (∞)(s,E) are
plotted for verification purposes (Figure 1 and 2).

2. Preliminaries

2.1. Markov tree-shifts, topological pressure and surface pressure. Through-
out the paper, we let E ∈ RA×A

≥0 satisfy assumption (A) and let w ∈ RA
>0. We will

focus on the class of isotropic d-axial products of a Markov shift X×d
E ⊆ AT (d) ,

which can be written as

X×d
E := {t ∈ AT (d)

: ∀g ∈ T (d) ∀i ∈ {1, . . . , d}, Exgfi
,xg > 0},

as mentioned in the previous section. We further write

∆(d)
n:m = ∪mi=nΞ

(d)
i
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and express the set of blocks, in terms of the projection map, as

Bn:m(X×d
E ) = π(∆(d)

n:m, X×d
E ) := {(tg)g∈∆

(d)
n:m

: t ∈ X×d
E }.

The weight of u ∈ Bn:m(X×d
E ), corresponding to the interaction matrix E, on ∆

(d)
n:m

is defined as

Zn:m[u,E] = w(u|
Ξ

(d)
n

)
∏

g∈∆
(d)
n:m−1

d∏
i=1

Eugfi
,ug

,

where we slightly abuse the notation w to define

w(u|
Ξ

(d)
n

) =
∏

g∈Ξ
(d)
n

wug .

We then call |Zn:m(X×d
E , E)| =

∑
u∈Bn:m(X×d

E ) Zn:m[u,E] the partition function on
∆

(d)
n:m. By denoting |Zn(X

×d
E , E)| = |Z0:n(X

×d
E , E)|, the topological pressure and

surface pressure are respectively defined to be

P(X×d
E , E) = lim

n→∞

log |Zn(X
×d
E , E)|

|∆n|
,(8)

P∗(X
×d
E , E) = lim

n→∞

log |Zn:n(X
×d
E , E)|

|Ξn|
,(9)

where the limit of topological pressure is proved to exist in [15, Theorem 2.1] and
[17, Theorem 2.1] while the existence of the other limit follows from a similar
argument, and a proof for the case where E is a binary matrix and w = 1 (i.e.,
|Zn:n(X

×d
E , E)| = |Bn:n(X

×d
E )|) can be found in [6]. It is noteworthy that we

suppress the dependency of w ∈ R in all of the notations above for the sake of
conciseness, since the limits (8) and (9) do not depend on the vector. Also, this
latter quantity (9) is shown in [6, Corollary 3.3] to coincide with the maximal
pattern entropy of the hom tree-shifts, namely, the supremum of sequence entropy
of tree-shifts over all possible sequences. For conciseness, we drop the notations
X×d

E and E should the meaning be clear from the context.
Our conventions for the notation of matrices and vectors are as follows. Let ΓA

be the set of all probability vectors on A and ΥA be the set of stochastic matrices
acting on ΓA. Then, vectors in ΓA are typed in lowercase of sans serif font, such
as p, q while matrices in ΥA are typed in uppercase, such as P,Q. The sum of
each column of a stochastic matrix P is 1, i.e.,

∑
a∈A Pa,b = 1 for all b ∈ A. The

transpose of a matrix M (respectively, a vector v) is denoted by MT (respectively,
vT ). The product of two square matrices M and N (respectively, a matrix M and
a vector v) of the same dimension is denoted by MN (respectively, Mv), while the
Hadamard product of the two matrices is written as M ◦N . The notation ◦ should
not be mistaken for the symbol of composition of functions, given the context. For
conciseness, we denote

∏k
i=1 Mi = M1M2 · · ·Mk for any k square matrices of the

same dimension. Finally, the standard vector of symbol a is denoted by ea and the
all-one vector and the all-one matrix is denoted by 1.

In this article, the space ΓA and ΥA are implicitly endowed with the variational
distance defined as follows.
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Definition 3. Let p, q ∈ ΓA and P,Q ∈ ΥA. The variational distance of the two
vectors is defined to be

dv(p, q) = max
S⊆A
|
∑
a∈S

pa − qa| =
1

2

∑
a∈A
|pa − qa|

and the variational distance of the matrices is defined as
dV (P,Q) = max

b∈A
dv(Pa,b,Qa,b).

In addition, for any pairs (p,P) and (q,Q), their variational distance is defined to
be

dv,V ((p,P), (q,Q)) = max{dv(p, q), dV (P,Q)}.

We note that dv and dV can be carried to the product spaces Γn
A and Υn

A so they
are assumed in what follows to be endowed with corresponding product metrics.
This idea also extends to a metric dv,V on the space Γn

A ×Υn
A.

Proposition 4. Suppose p, q ∈ ΓA and P,Q,R ∈ ΥA. Then,
• dv(Pp,Qp) ≤ dV (P,Q)
• dv(Pp,Pq) ≤ dv(p, q)
• dV (PR,QR), dV (RP,RQ) ≤ dV (P,Q)

Proof. It is clear that

dv(Pp,Qp) =
1

2

∑
a∈A
|
∑
b∈A

Pa,bpb − Qa,bpb|

≤ 1

2

∑
b∈A

pb
∑
a∈A
|Pa,b − Qa,b|

≤ dV (P,Q),

that

dv(Pp,Pq) =
1

2

∑
a∈A
|
∑
b∈A

Pa,bpb − Pa,bqb|

≤ 1

2

∑
b∈A

|pb − qb|
∑
a∈A

Pa,b

= dv(p, q)

and that the last inequality is a consequence of the former. □

As part of our conventions, every sequence q, p,Q,P has initial index 0 unless
mentioned otherwise. Furthermore, for q = (q(0), q(1), · · · , q(k)) ∈ Γk+1

A and Q =

(Q(0),Q(1), · · · ,Q(k)) ∈ Υk+1
A , we write

←−q = (q(k), q(k−1), · · · , q(0)) and ←−Q = (Q(k),Q(k−1), · · · ,Q(0)).

In the setting of hom tree-shift, we further define a typical pairs of distribution
(q,Q) as follows.

Definition 5. A pair (q,Q) ∈ ΓA × ΥA is said to be canonically admissible by a
non-negative matrix M of the same dimension if the following are satisfied.

• Qa,b > 0 if and only if Ma,b > 0.
• Qa,b = Ma,b · (

∑
c∈A Mc,b)

−1 if qb = 0.
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2.2. Pattern distribution. This subsection details the exposition of pattern dis-
tribution on tree-shifts. For a better conception of the topological pressure, here
we introduce distribution vectors and the associated transition matrices to illus-
trate the structures of a hom tree-shift so as to prove d 7→ P(X×d

E , E) is decreasing
through reformulation of topological pressure as an optimization problem. In fact,
the role played by the distribution vectors and transition matrices is similar to that
played by the identical and independent variables in the large deviation theory to
some degree. It is owing to this similarity that the techniques in the theory are able
to be applied to the process of reformulation as well as to solving the optimization
problems in this work.

For t ∈ X×d
E , the distribution vector of t on level n is defined as

(10) τn(t) =

(∑
g∈Ξ

(d)
n

χa(tg)

|Ξ(d)
n |

)
a∈A

∈ ΓA

and Dn(X
×d
E ) denotes the set of all distribution vectors on level n, i.e.,

(11) Dn(X
×d
E ) =

{
τn(t) : t ∈ X×d

E

}
.

In addition, by writing σ(g) the set of all children of g, the transition matrix of t
from level n to n+ 1 is defined to be

(12) ηn(t)a,b =


(∑

g∈Ξ
(d)
n ,tg=b

∑
h∈σ(g) χa(th)∑

g∈Ξ
(d)
n ,tg=b

|σ(g)|

)
if
∑

g∈Ξ
(d)
n ,tg=b

|σ(g)| > 0

Ea,b∑
a∈A Ec,b

if otherwise,

and Sn(X
×d
E ) stands for the set of all transition matrices:

(13) Sn(X
×d
E ) =

{
ηn(t) : t ∈ X×d

E

}
.

For the sake of convenience, we further generalize the notations in the same way
that

τn:m(t) = (τn(t), · · · , τm(t)) and Dn:m(X×d
E ) =

{
τn:m(t) : t ∈ X×d

E

}
,

ηn:m(t) = (ηn(t), · · · , ηm−1(t)) and Sn:m(X×d
E ) =

{
ηn:m(t) : t ∈ X×d

E

}
,

and denote by Wn:m(X×d
E ) the set of all compatible pairs (q,Q) ∈ Dn:m(X×d

E ) ×
Sn:m(X×d

E ), i.e.,

Wn:m(X×d
E ) = {(τn:m(t), ηn:m(t)) : t ∈ X×d

E }

= {(q,Q) ∈ Dn:m(X×d
E )× Sn:m(X×d

E ) : q(i+1) = Q(i)q(i)}.

Finally, the sets of blocks with given distribution vectors and transition matrices
are defined as

Bn:m(X×d
E ; q) = {(tg)g∈∆

(d)
n:m

: t ∈ X×d
E , τn:m(t) = q},

Bn:m(X×d
E ; q,Q) = {(tg)g∈∆

(d)
n:m

: t ∈ X×d
E , τn:m(t) = q, ηn:m(t) = Q}.

For conciseness, we suppress the notation X×d
E and d whenever no ambiguity should

occur. It turns out that, by a standard argument in large deviation theory, the size
of these sets merely has a sub-exponential growth rate with respect to (m− n), as
is shown in the following proposition.
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Proposition 6. For any n ≤ m,

1 ≤ |Dn:m| ≤
m∏
i=n

(|Ξi|+ 1)
|A| ≤

(
|∆n:m|

m− n+ 1
+ 1

)(m−n+1)·|A|

,

1 ≤ |Sn:m| ≤
m∏
i=n

(|Ξi|+ 1)
|A|(|A|+1) ≤

(
|∆n:m|

m− n+ 1
+ 1

)2(m−n+1)·|A|2

.

In addition, lim|∆n:m|→∞(m− n)/|∆n:m| = 0.

Proof. The inequalities follow from a simple fact that given any k ∈ N, the size of
the set Ik,ℓ := {(ai

k )1≤i≤ℓ : ai ∈ Z+,
∑ℓ

i=1 ai = k} is no more than (k + 1)ℓ.
For the set Dn:m, the first inequality is trivial, and the second follows from that

Di ⊂ I|Ξi|,|A| and that |Dn:m| ≤
∏m

i=n |Di|. The third inequality is a consequence
of arithmetic and geometric means.

As for the set Sn:m, the first inequality is again trivial. On the other hand,
the set of vectors Λi = {(

∑
g∈Ξi,tg=b |σ(g)|)b∈A : t ∈ X×d

E } is contained in the set
|Ξi+1| · I|Ξi+1|,|A| and

|Si| ≤
∑

(
∑

g∈Ξi,tg=b |σ(g)|)b∈A∈Λi

∏
b∈A

max
{
|I∑

g∈Ξi,tg=b |σ(g)|,|A||, 1
}

≤
∑

(
∑

g∈Ξi,tg=b |σ(g)|)b∈A∈Λi

(|Ξi+1|+ 1)
|A|2

≤ (|Ξi+1|+ 1)
|A|(|A|+1)

.

The rest of the argument is similar to the one stated above.
Finally, the remaining limit of the ratio holds true as a consequence that |Ξ(d)

n |
grows exponentially. □

3. Combinatorial optimization

This section deals with the optimization problem of partition functions. Noting
that Bn:m is a disjoint union of Bn:m(q) (q ∈ Dn:m), we may estimate the partition
function by

(14) max
q∈Dn:m

|Zn:m(q)| ≤ |Zn:m| ≤ |Dn:m| · max
q∈Dn:m

|Zn:m(q)|.

Therefore, for any unbounded increasing sequence (∆ni:mi
)i∈N, i.e., a sequence

satisfying that |∆ni:mi
| ≤ |∆ni+1:mi+1

| and that limi→∞ |∆ni:mi
| =∞, we have

(15) lim inf
i→∞

log |Zni:mi
|

|∆ni:mi
|

= lim inf
i→∞

max
q∈Dni:mi

log |Zni:mi
(q)|

|∆ni:mi
|

(16) lim sup
i→∞

log |Zni:mi |
|∆ni:mi

|
= lim sup

i→∞
max

q∈Dni:mi

log |Zni:mi(q)|
|∆ni:mi

|

due to Proposition 6. These two quantities are related to P and P∗ in the way that

(17) P ≤ lim inf
i→∞

log |Zni:mi |
|∆ni:mi

|
≤ lim sup

i→∞

log |Zni:mi |
|∆ni:mi

|
≤ P∗,
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which can be verified by a similar argument to [15, Theorem 2.1]. In particular, if
limi→∞ mi − ni =∞,

(18) lim
i→∞

log |Zni:mi |
|∆ni:mi

|
= lim

i→∞
max
q∈Di:i

log |Zni:mi(q)|
|∆ni:mi

|
= P,

which again follows from a similar argument as [15, Theorem 2.1]. We note that
the above discussions (in particular, equations (14)-(18)) remain valid if we replace
Bn:m(q) by Bn:m(q,Q) and Dn:m by Wn:m. Under this latter setting, (18) turns
out to be useful for our expositions, which leads to the investigation of the following
finite-dimensional optimization problem:

(Problem 1)
{

maximize log |Zn:n+k(q,Q)|
|∆n:n+k|

subject to (q,Q) ∈Wn:n+k

.

In view of the difficulty of solving a combinatorial optimization problem, we shall
take the following steps to transform the problem into a regular optimization prob-
lem without changing the limiting behavior of the maximum:

(1) Rephrase the objective function.
(2) Extend the feasible domain to a convex set of Euclidean space.

For the first step, a heuristic treatment for the aforementioned optimal solutions is
to apply Stirling’s approximation to obtain an explicit expression of the objective
function of (Problem 1). Before we demonstrate this, we first give the following
definition. Let P ∈ ΥA and M be a non-negative matrix of the same dimension
and Pa,b = 0 if Ma,b = 0. We define the vector

Φ(Q|M)b :=
∑
a∈A
−(Qa,b) log(

Qa,b

Ma,b
),

where 0 log 0
0 is interpreted as 0. This is essentially the relative entropy of Q from

M in each column, except that M is not necessarily a stochastic matrix and so
Φ(Q|M) need not be negative.

Proposition 7. Let (∆ni:mi
)i∈N be an unbounded increasing sequence, and (q(i),Q(i)) ∈

Dni:mi
× Sni:mi

be any feasible sequence. Then, log |Zni:mi
(q,Q)|

|∆ni:mi
| shares the common

upper limit and lower limit with the sequence

log |Zni:ni
(q(0)(i))|

|∆ni:mi
|

+

mi−ni−1∑
j=0

|Ξni+j+1|
|∆ni:mi

|
Φ(Q(j)(i)|E)T q(j)(i).

Proof. As a corollary of Stirling’s approximation, we note that for any positive
integers n,

√
2πn

(n
e

)n
e

1
12n+1 < n! <

√
2πn

(n
e

)n
e

1
12n .

A combinatorial argument shows that

|Zni:mi
(q(i),Q(i))| =|Zni:ni

(q(0)(i))|
mi−ni−1∏

j=0

∏
b∈A

[( |Ξni+j+1| · q(j)b (i)

|Ξni+j+1| · q(j)b (i) · Q(j)
a,b(i)

)

·
∏
a∈A

E
|Ξni+j+1|·q(j)b (i)·Q(j)

a,b(i)

a,b

]
,
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where
(

a
b1,b2,··· ,bk

)
= a!

b1!b2!···bk! is the multinomial coefficient. Therefore,

log |Zni:mi
(q(i),Q(i))|

|∆ni:mi |

≤ log |Zni
(q(0)(i))|

|∆ni:mi
|

+

mi−ni−1∑
j=0

|Ξni+j+1|
|∆ni:mi

|
∑
b∈A

[
(q

(j)
b (i)) log(q

(j)
b (i))

−
∑
a∈A

(q
(j)
b (i)Q

(j)
a,b(i)) log

(
q
(j)
b (i)

Q
(j)
a,b(i)

Ea,b

)]

+

mi−ni−1∑
j=0

1

|∆ni:mi
|

[
log
√
2π|Ξni+j+1|+

1

12

]

≤ log |Zni(q
(0)(i))|

|∆ni:mi |
+

mi−ni−1∑
j=0

|Ξni+j+1|
|∆ni:mi |

Φ(Q(j)(i)|E)T q(j)(i)

+ (1 + C) · log |∆ni:mi
| · mi − ni

|∆ni:mi |

for some constant C = o(1) with respect to |∆n:m|. Similarly,

log |Zni:mi
(q(i),Q(i))|

|∆ni:mi
|

≥ log |Zni(q
(0)(i))|

|∆ni:mi
|

|∆ni:mi
|+

mi−ni−1∑
j=0

|Ξni+j+1|
|∆ni:mi

|
Φ(Q(j)(i)|E)T q(j)(i)

−
mi−ni−1∑

j=0

|A|
|∆ni:mi |

[
log
√
2π|Ξni+j+1|+

1

12

]

≥ log |Zni
(q(0)(i))|

|∆ni:mi
|

+

mi−ni−1∑
j=0

|Ξni+j+1|
|∆ni:mi

|
Φ(Q(j)(i)|E)T q(j)(i)

+ C · log |∆ni:mi | ·
mi − ni

|∆ni:mi
|

for some constant C = o(1). The proof is complete by noting that ∆ni:mi
is an

unbounded increasing sequence. □

As a corollary of the proposition above, we transform (Problem 1) into the following.

(Problem 2)
{

maximize log |Zn:n(q
(0)(i))|

|∆n:n+k| +
∑k−1

j=0
|Ξn+j+1|
|∆n:n+k|Φ(Q

(j)|E)T q(j)

subject to (q,Q) ∈Wn:n+k

The trickiest part of (Problem 2) lies in the first term involving |Zn:n(q
(0)(i))|,

for which, to the authors’ knowledge, no good estimate is available. Nevertheless,
our main interest lies in the case k → ∞, for which it is not hard to see that the
term tends to zero, and thus we shall continue our discussion by dropping it for the
time being. We then reformulate the problem, by writing p = ←−q and P =

←−
Q and
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replacing the feasible domain, as

(Problem 3)
{

maximize
∑k−1

j=0
|Ξn+k−j |
|∆n:n+k|Φ(P

(j)|E)T p(j+1)

subject to (p,P) ∈ Ωk

where

Ωk = {(p,P) ∈ Γk+1
A ×Υk

A : P
(j)
a,b = 0 if Ea,b = 0, p(j) = P(j)p(j+1), 0 ≤ j < k}.

We remark that the bottom-up convention of (Problem 3) turns out to be more
convenient for our later discussion. In what follows, we show that the topological
pressure remains unchanged. A quick glance at (Problem 3) reveals that for any
fixed P, the objective function is just a linear function of p(0), and therefore we can
assume without loss of generality that there exists an optimal solution (p,P) with
p(0) of the form p(0) = ea (a ∈ A) which lies within

Ω′
k = {(p,P) ∈ Γ({ea}a∈A×Ak) ×Υk

A : P
(j)
a,b = 0 if Ea,b = 0

p(j+1) = P(j)p(j),P
(i)
a,b =

Ea,b∑
c∈AEc,b

if p(j+1)
b = 0, 0 ≤ j < k}.

Hence, it suffices to show the set Wn:n+k is relatively dense in Ωn:n+k.

Lemma 8. Let (q′,Q) ∈ Dn × ΥA be canonically admissible by E. Then, there
exists Q′ ∈ ΥA such that (q′,Q′) ∈ Dn:n+1 and that

max
a,b∈A

|Qa,b − Q′
a,b| ≤ min

q′a>0
(|Ξn+1|q′a)−1.

Moreover, Qa,b
′ = 0 if Qa,b = 0.

Proof. This is a consequence of the fact that (q′,Q′) ∈ Dn:n+1 if and only if Q′ ∈ ΥA
and that the following hold.

• Q′
a,b =

ca,b

|Ξn+1|q′b
for some integer ca,b if q′b 6= 0;

• Q′
a,b = Ea,b · (

∑
a∈A Ec,b)

−1 if qb = 0.
The lemma follows by defining Q′ column by column. □

Proposition 9. limn→∞ sup(p,P)∈Ω′
k
dv,V (Wn:n+k, (

←−p ,
←−
P )) = 0.

Proof. Let ϵ > 0 and (q,Q) = (←−p ,
←−
P ) ∈ Ωk be fixed, and denote

ζ = min

{
min
q
(i)
a >0

q(i)a , min
Q

(i)
a,b>0

Q
(i)
a,b

}
.

We take n sufficiently large such that δ := max
q
(i)
a >0

(|Ξi+1|q(i)a )−1 satisfies 2|A|k δ
ζ <

min{ϵ, ζ, 1
2}. We then construct a sequence (q′,Q′) ∈ Ωk iteratively and show that

this sequence also lies within Wn:n+k. For the initial distribution, take q(0)
′
=

q(0). Now if ((q(j)
′
)0≤j≤i, (Q

(j)′)0≤j≤i−1) ∈ Wn:n+i−1 is defined, one can choose
q(i+1)′,Q(i)′ such that ((q(j)

′
)0≤j≤i+1, (Q

(j)′)0≤j≤i) ∈ Wn:n+i and Q(i)′ is a closest
element to Q(i). We then show that the following properties hold for all i = 0, · · · , k.
(a) q

(i)
a

′
= 0 if and only if q(i)a = 0, and dv(q

(i)′, q(i)) ≤ i|A|δ.
(b) max

q
(i)
a

′
>0

(|Ξi+1|2q(i)a

′
)−1 ≤ 2δ

(c) Q
(i)
a,b

′
= 0 if and only if Q(i)

a,b = 0, and dV (Q
(i)′,Q(i)) ≤ |A|δ
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We prove the foregoing by induction on i. When i = 0, since q(0) = q(0)
′,

property (a) and (b) are automatic and maxa,b∈A |Q(0)
a,b| ≤ δ follows immediately by

Lemma 8. As a consequence, if q(1)a,b 6= 0, then

Q
(1)
a,b

′
≥ Q

(1)
a,b − 2 · dV (Q(1)′,Q(1))ζ ≥ ζ − |A|δ > 0,

and Q
(1)
a,b

′
= Q

(1)
a,b = Ea,b · (

∑
a∈A Ec,b)

−1 if q(1)a,b = 0 by definition. This finishes the
proof of property (c).

As for the induction step, we assume the hypotheses hold for i. Under the
circumstances, we have dv(q

(i)′, q(i)) ≤ i|A|δ and dv(Q
(i)′,Q(i)) ≤ |A|δ according

to the induction hypothesis, which result in

dv(q
(i+1)′, q(i+1)) = dv(Q

(i)′q(i)
′
,Q(i)q(i))

≤ dV (Q
(i)′,Q(i)) + dv(q

(i)′, q(i)) ≤ (i+ 1)|A|δ

and q
(i+1)
a

′
= (Q(i)′q(i)

′
)a > 0 if and only if q(i+1)

a = (Q(i)q(i))a > 0. This proves
(a). As for (b), when q

(i+1)
a

′
6= 0,

(|Ξi+2|q(i+1)
a

′
)−1 =

(
|Ξi+2|q(i+1)

a

(
1− q

(i+1)
a

′
− q

(i+1)
a )

q
(i+1)
a

))−1

≤

(
|Ξi+2|q(i+1)

a

(
1− 2dv(q

(i+1)′, q(i+1))

q
(i+1)
a

)

))−1

≤
(
|Ξi+2|q(i+1)

a

(
1− |A|(i+ 1)δ

ζ
)

))−1

≤ 2δ.

Finally, we apply Lemma 8 again to obtain dV (Q
(i+1)′,Q(i+1)) ≤ |A|δ. Further-

more, (Q(i+1)
a,b

′
) = Q

(i+1)
a,b

′
if q(i+1)

a,b = 0, and if q(i+1)
a,b 6= 0, then

Q
(i+1)
a,b

′
≥ Q

(i+1)
a,b − 2 · dV (Q(i+1)′,Q(i+1)) ≥ ζ − 2|A|δ > 0.

The property (c) is then proved, and the proof of induction is therefore completed.
□

Corollary 10. (Problem 4) shares the same upper and lower limits as (Problem 2).

Proof. This is a consequence of Proposition 9 and the fact that the objective func-
tion of (Problem 3) is continuous with respect to the metric dv,V . □

Finally, we note that for (p,P) ∈ Ωk, Φ(P(j)|E)T p(j+1) in (Problem 3) are uni-
formly bounded (independent of j, k and a), due to the continuity of the function
on the compact set Ωk. Furthermore, the coefficients |Ξn+k−j |

|∆n:n+k| in (Problem 3) add
up to 1 with each of them admitting a limit

lim
k→∞

|Ξn+k−j |
|∆n:n+k|

= lim
k→∞

d− 1

dj+1
· dk

dk − 1
=

d− 1

dj+1
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Therefore, we may rephrase (Problem 3) as the following optimization problem
without changing the limiting behavior:

(Problem 4)
{

maximize
∑k−1

j=0
d−1
dj+1Φ(P

(j)|E)T p(j+1)

subject to (p,P) ∈ Ωk

which is related to the maximum of the infinite-dimensional optimization problem

(Problem 5)


maximize

∑∞
j=0

d−1
dj+1Φ(P

(j)|E)T p(j+1)

subject to p ∈ Γ
Z+

A ,P ∈ Υ
Z+

A
P
(j)
a,b = 0 if Ea,b = 0

p(j) = P(j)p(j+1), 0 ≤ j <∞

.

We should note that the space (Γ
Z+

A × Υ
Z+

A , d∞v,V ) is compact with respect to the
metric d∞v,V , which is defined by

d∞v,V ((p,P), (p
′,P′)) =

∞∑
j=0

d− 1

dj+1
dv,V ((p

(j),P(j)), (p(j)
′
,P(j)′)),

It is not hard to see that the objective function is continuous with respect to
this metric and that the feasible domain is compact, which ensure the existence
of maximum points. Furthermore, if we denote P (k)(·, E) and P (∞)(·, E) as the
maxima of (Problem 4) and (Problem 5) respectively, then P (∞)(·, E) is continuous
on (0, 1). However, the proof for this requires some knowledge about the solutions
of (Problem 4) and is on hold for the time being. At this point, we begin with the
investigation of the maximizers of (Problem 4).

As has been pointed out, the objective function (Problem 4) is linear in p(k) and
thus p = ea can be assumed since ΓA is the convex hull of {ea}. Therefore, we
consider the optimization problem

(19)


maximize

∑k−1
j=0

d−1
dj+1Φ(P

(j)|E)T
∏k−1

ℓ=j+1 P
(ℓ)p

subject to p = ea,P ∈ Υk
A

P
(j)
a,b = 0 if Ea,b = 0, 0 ≤ j < k

We denote by Fk(p,P; 1/d,E) the objective function above and by F
(d)
∞ (p,P; 1/d,E)

the objective function of (Problem 5), and we deduce a maximizer as follows. For
conciseness, we suppress E and d if doing so should not occasion any confusion.

Proposition 11. The optimization problem (19) admits an optimal transition P(i),
i = 0, · · · , k − 1, independent of p, defined by

P
(i)
a,b =


e
di+1

d−1
λ
(i)
a Ea,b∑

c:Ec,b>0 e
di+1
d−1

λ
(i)
c Ec,b

if Ea,b > 0;

0 otherwise,
,

where λ(0) = 0 and

λ(i)
a =

d− 1

di
log

∑
b:Eb,a>0

e
di

d−1λ
(i−1)
b Eb,a for i = 1, · · · , k.

Moreover, the maximum of Fk(p,P) is λ(k)T p.
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Proof. The idea of proving the optimality is as follows. We construct a sequence P,
independent of p and k, such that given any i = 0, · · · , k−1 and Q(0), · · · ,Q(i−1) ∈
ΥA, Z = P(i) is a maximizer of the function

Z
F

k;Q(i+1),··· ,Q(k−1)

7−−−−−−−−−−−−→ Fk(p,P
(0), · · · ,P(i−1),Z,Q(i+1), · · · ,Q(k−1)).

We now prove our claim. To this end, we introduce an auxiliary sequence λ(i)

in our construction. By writing λ(0) = 0 ∈ RA, we note that Fk;Q(1),··· ,Q(k−1) is an
entropy maximization problem in each column of Z and thus admits a maximizer
(independent of p, Q and k) such that

P
(0)
a,b =


e

d
d−1

λ
(0)
a Ea,b∑

c:Ec,b>0 e
d

d−1
λ
(0)
c Ec,b

=
Ea,b∑

c∈A Ec,b
if Ec,b > 0;

0 otherwise,

Now if we suppose a maximizer P(i−1) satisfying our hypothesis is found, we let

(20)

λ(i) :=
d− 1

di
Φ(P(i−1)|E) + P(i−1)Tλ(i−1)

=

i−1∑
j=0

d− 1

dj+1

 i−1∏
ℓ=j+1

P(ℓ)

T

Φ(P(j)|E)

and Fk;Q(i+1),··· ,Q(k−1) can be written as

(21)

Fk;Q(i+1),··· ,Q(k−1)(Z)

=

i−1∑
j=0

d− 1

dj+1
Φ(P(j)|E)T

 i−1∏
ℓ=j+1

P(ℓ)

Z

(
k−1∏

ℓ=i+1

Q(ℓ)

)
p

+
d− 1

di+1
Φ(Z|E)T

k−1∏
ℓ=i+1

Q(ℓ)p+
k−1∑

j=i+1

d− 1

dj+1
Φ(Q(j)|E)T

k−1∏
ℓ=j+1

Q(ℓ)p

=

(
λ(i)TZ+

d− 1

di+1
Φ(Z|E)T

) k−1∏
ℓ=i+1

Q(ℓ)p

+

k−1∑
j=i+1

d− 1

dj+1
Φ(Q(j)|E)T

k−1∏
ℓ=j+1

Q(ℓ)p,

which also results in a classical entropy maximization problem in each column of
Z, and an optimal solution independent of p, Q and k is

(22) P
(i)
a,b =


e
di+1

d−1
λ
(i)
a Ea,b∑

c:Ec,b>0 e
di+1
d−1

λ
(i)
c Ec,b

if Ea,b > 0;

0 otherwise,
,

In this manner, we successfully construct the desired sequence and prove the opti-
mality. Moreover, if we plug (22) into (20), we deduce the recursive relation of λ,
and the proof is complete. □
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Remark 12. From Proposition 11, we note that the vector ed
i+1/(d−1)λ(i) satisfies

ed/(d−1)λ(0)

= 1 and that

e
di+1

d−1 λ(i)

= (ET e
di

d−1λ
(i−1)

)d for i ≥ 1,

which is essentially a generalization of the formula used in [7, Algorithm 1] for the
computation of entropy.

The maximizer P∗ satisfies the following properties.

Theorem 13. Let
A∞ = {a ∈ A : ∃n ∈ N such that (En)a,a > 0},

and
L = min{n ∈ N : (En)a,a > 0, ∀a ∈ A∞}.

Then, the maximizer found in Proposition 11 satisfies the following properties.
(a) For every p ∈ ΓA and k ≥ 1, Fk(p,P

(0:k−1)∗) = λ(k)T p takes values in [(1 −
d−k)α, (1− d−k)β], where

α = logmin
b

∑
a

Ea,b and β = logmax
b

∑
a

Ea,b.

(b) If a, b ∈ A with (Ei)a,b > 0, then for all j ≥ 0 and k ≥ 1,

Fk+i(eb,P
(0:k+i−1)∗)−

k+i−1∑
ℓ=0

d− 1

dℓ+1
· γ ≥ Fk(ea,P

(j:j+k−1)∗)−
k−1∑
ℓ=0

d− 1

dℓ+1
· γ,

where γ = logminEa,b>0 Ea,b. In particular, for all b ∈ A∞,

FLn(eb,P
(0:Ln−1)∗)−

Ln−1∑
ℓ=0

d− 1

dℓ+1
· γ

is non-negative and increasing.
(c) There exists a p∗ ∈ Γ

Z+

A such that (p∗,P∗) is a maximizer of (Problem 5). In
particular,

P (∞)(s,E) = F∞(p∗,P∗) = max
a∈A∞

lim
n→∞

FLn(ea,P
(0:Ln−1)∗)

= lim
k→∞

max
a∈A∞

Fk(ea,P
(0:k−1)∗) = lim

k→∞
P (k)(s,E).

We should note that under the assumption (A), A∞ is nonempty, and thus L is
well-defined.

4. Proof of Theorem 13

(a) We show by induction that the map λ(i) fi7−→ λ(i+1) in Proposition 11 satisfies
that

fk ◦ · · · ◦ f0(λ(0))a ∈ [(1− d−k−1)α, (1− d−k−1)β] for all k ≥ 0.

The backbone of the proof is the monotonicity of fi: fi(λ
′) ≥ fi(λ

′′) if λ′ ≥ λ′′.
When i = 1,

f0(λ
(1))a =

d− 1

d
log

∑
b:Eb,a>0

Eb,a ∈ [(1− d−1)α, (1− d−1)β].
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Now if the hypothesis holds for k − 1, then

fk(fk−1 ◦ · · · ◦ f0(λ(0)))a ≤
d− 1

dk+1
log

∑
b:Eb,a>0

β(1−d−k)· dk+1

d−1 Eb,a

≤ (1− d−k−1)β,

and a similar argument also applies to the lower bound fk(fk−1 ◦ · · · ◦ f0(λ(0)))a ≥
(1− d−k−1)α. The first item then holds by induction.

(b) For each a, b ∈ A, one can choose a sequence (ξℓ)ℓ≥0 as follows:

(23) (ξℓ)ℓ≥0 = (ξa,b,iℓ )ℓ≥0 such that ξ0 = a, ξi = b, Eξℓ,ξℓ+1
> 0, ∀ℓ ≥ 0.

Then, we take transition matrices P(k+ℓ)′ such that P(k+ℓ)′
ξℓ,ξℓ+1

= 1. Under the
circumstances, we have (

∏k+1
ℓ=0 P(k+j)′)a,beb = ea. Therefore, according to (19),

Fk(ea,P
(j:j+k−1)∗) +

k+i−1∑
ℓ=k

d− 1

dℓ+1
· γ

=

k−1∑
ℓ=0

d− 1

dℓ+1
Φ(P(j+ℓ)∗|E)T

k−1∏
ℓ′=j+ℓ+1

P(ℓ′)∗ea +
k+i−1∑
ℓ=k

d− 1

dℓ+1
· γ

≤Fk+i(eb, (P
(j:j+k−1)∗,P(j+k:j+k+i−1)′))

≤Fk+i(eb,P
(0:k+i−1)∗).

This finishes the proof.
(c) To begin with, we note the existence of optimizer (p′,P′) is guaranteed by

the compactness of the feasible domain and the continuity of the objective function.
Next, by recursively replacing P′ by P∗ according to Proposition 11, the compact-
ness again asserts that there exists a maximizer of the form (p∗,P∗) (and thus the
first equality). To prove the second equality, for each a ∈ A and n ≥ 0 we may ex-
tend, in the manner of (23), the admissible pair ((

∏Ln−1
ℓ=j P(ℓ)∗ea)

Ln−1
j=0 ,P(0:Ln−1)∗)

for (Problem 4) to a pair of infinite sequence (p(a, n),P(a, n)) so that

FLn(ea,P
(0:Ln−1)∗) +

∞∑
ℓ=Ln

d− 1

dℓ+1
· γ ≤ F∞(p(a, n),P(a, n)).

(More specifically, we take (ξℓ) = (ξa,a,0).) Then, limn≥0 maxa∈A∞ = supn≥0 maxa∈A∞ =

maxa∈A∞ supn≥0 = maxa∈A∞ limn→∞ all coincide on the sequence FLn(ea,P
(0:Ln−1)∗)−∑Ln−1

ℓ=0
d−1
dℓ+1 · γ and

max
a∈A∞

lim
n→∞

FLn(ea,P
(0:Ln−1)∗)−

Ln−1∑
ℓ=0

d− 1

dℓ+1
· γ

≤ max
a∈A∞

F∞(p(a, n),P(a, n))−
∞∑
ℓ=0

d− 1

dℓ+1
· γ

≤F∞(p∗,P∗)−
∞∑
ℓ=0

d− 1

dℓ+1
· γ,
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which implies F∞(p∗,P∗) ≥ maxa∈A∞ limn→∞ FLn(ea,P
(0:Ln−1)∗). On the other

hand, due to assumption (A), by writing

A′
∞ = {a ∈ A : ∃b ∈ A∞, ∃i ∈ N such that (Ei)a,b > 0},

we have that for each a ∈ A′
∞ and each n ≥ |A|, there exists b ∈ A∞ such that

(En)a,b > 0. In addition, p(n)a

∗
> 0 implies a ∈ A′

∞. Hence, by (b) and the fact
that Φ(p(ℓ)|E) ≤ β · 1,

(24)

F∞(p∗,P∗)−
∞∑

ℓ=Ln

d− 1

dℓ+1
· β

=

∞∑
ℓ=0

d− 1

dℓ+1
Φ(P(ℓ)∗|E)T p(ℓ+1)∗ −

∞∑
ℓ=Ln

d− 1

dℓ+1
· β

≤ max
a∈A′

∞
FLn(ea,P

(0:Ln−1)∗)

≤ max
a∈A∞

FL(n+|A|)(ea,P
(0:L(n+|A|)−1)∗)−

L(n+|A|)−1)∑
ℓ=Ln

d− 1

dℓ+1
· γ

and thus

F∞(p∗,P∗) ≤ lim
n→∞

max
a∈A∞

FLn(ea,P
(0:Ln−1)∗) = max

a∈A∞
lim
n→∞

FLn(ea,P
(0:Ln−1)∗),

which proves the second equality. As for the third equality, it suffices to justify
the existence of limk→∞ maxa∈A∞ Fk(ea,P

(0:k−1)∗), so the equality follows from
the argument above for the subsequence maxa∈A∞ FLn(ea,P

(0:Ln−1)∗). Indeed, for
every b ∈ A∞, there exists a ∈ A∞ such that Ea,b > 0, and thus, by (b),

max
a∈A∞

Fk(ea,P
(0:k−1)∗)−

k−1∑
ℓ=0

d− 1

dℓ+1
· γ ≤ max

a∈A∞
Fk+1(ea,P

(0:k)∗)−
k∑

ℓ=0

d− 1

dℓ+1
· γ

as desired. Finally, to prove the last equality, it suffices to demonstrate that

lim
k→∞

max
a∈A∞

Fk(ea,P
(0:k−1)∗) = lim

k→∞
max
a∈A

Fk(ea,P
(0:k−1)∗)

(
= lim

k→∞
P (k)(s,E)

)
.

To this end, we note that there for i ≥ |A|, (Ei)a,b > 0 implies a ∈ A′
∞, and thus

we can adopt a similar argument as (24) to deduce

max
a∈A∞

Fk(ea,P
(0:k−1)∗) ≤ max

a∈A
Fk(ea,P

(0:k−1)∗)

≤max
a∈A′

Fk−|A|(ea,P
(0:k−|A|−1)∗) +

k−1∑
ℓ=k−|A|

d− 1

dℓ+1
· β

≤ max
a∈A∞

Fk(ea,P
(0:k)∗)−

k−1∑
ℓ=k−|A|

d− 1

dℓ+1
· γ +

k−1∑
ℓ=k−|A|

d− 1

dℓ+1
· β.

by applying the squeeze theorem.
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5. Proof of Theorem 1

Let β and γ be the constants defined in Theorem 13, which are independent of s.
We show that P (k) converges to P (∞) in a strong sense.

Proof of Theorem 1. We note that P(i)∗ = P(i)∗(s) is a C1 function of s on the
interval (0, 1). Hence, for any fixed p and n,m ∈ N, the maximum

Fm−n(p,P
(n:m−1)∗(s); s,E) = λ(m−n)∗(s)

T
p

of (19) is also C1 on the interval (0, 1). For convenience, we denote

Gn:m(p; s,E) = Fm−n(p,P
(n:m−1)∗(s); s,E)−

m−n−1∑
ℓ=0

(sℓ − sℓ+1) · γ.

Also, by denoting qk(s) = sk − sk+1, we have

λ(k)∗(s) =

k−1∑
j=0

qj(s)

 k−1∏
ℓ=j+1

P(ℓ)∗(s)

T

Φ(P(j)∗(s)|E).

and we can compute the derivative of the vector λ(k)∗

(25)

d

ds
λ(k)∗(s) =

d

ds
qk(s) log

(
ET eqk(s)

−1λ(k−1)∗(s)
)

=q′k(s) log
(
ET eqk(s)

−1λ(k−1)∗(s)
)
+

qk(s)(
ET eqk(s)−1λ(k−1)∗(s)

) ·[
ETdiag

(
− q′k(s)

qk(s)2
λ(k−1)∗(s) +

1

qk(s)

d

ds
λ(k−1)∗(s)

)
eqk(s)

−1λ(k−1)∗(s)

]
=q′k(s)Φ(P

(k−1)∗(s)|E) + P(k−1)∗(s)
T d

ds
λ(k−1)∗(s)

=

k−1∑
j=0

q′k(s)

 k−1∏
ℓ=j+1

P(ℓ)∗(s)

T

Φ(P(j)∗(s)|E)

=

k−1∑
j=0

(jsj−1 − (j + 1)sj)

 k−1∏
ℓ=j+1

P(ℓ)∗(s)

T

Φ(P(j)∗(s)|E).

(a) For convergence of λ(Ln)
a

∗
= FLn(ea,P

(0:Ln−1)∗) for a ∈ A∞, we note that,
by Theorem 13, G0:Ln(ea,P

(0:Ln−1)∗) is increasing in n. In addition,∣∣∣∣ddsλ(Ln)∗(s)

∣∣∣∣ ≤ ∞∑
j=0

(jsj−1 − (j + 1)sj)(|β|+ |γ|),

which assures the equicontinuity of G0:Ln(ea,P
(0:Ln−1)∗(s)) on any compact sub-

interval of (0, 1). Hence, by the Arzelà-Ascoli theorem we know the convergence
of G0:Ln(ea,P

(0:Ln−1)∗(s)) is uniform on any compact sub-interval of (0, 1). This
implies

lim
n→∞

FLn(ea,P
(0:Ln−1)∗) = sup

n≥0
G0:Ln(ea) + γ
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exists and is continuous, and so is

P (∞)(s,E) = max
a∈A∞

lim
n→∞

FLn(ea,P
(0:Ln−1)∗(s); s,E).

The item is thus proved.
(b) Since P (∞)(s,E) is the limiting function of P (k)(s,E) as shown in Theorem 13

and P (k)(s,E) shares the same limiting behavior as the maximizer of (Problem 1)
as k →∞, the claim is proved.

(c) From the argument above, we claim that the interval (0, 1) contains disjoint
open sets Ia, a ∈ A∞, on which

sup
n≥0

G0:Ln(ea; s,E) ≥ sup
n≥0

G0:Ln(eb; s,E) for all b ∈ A∞, s ∈ Ia

such that ∪a∈A∞Ia is dense in (0, 1). This follows inductively from the fact that
for any continuous functions f1, f2 : U ⊂ Rn → R defined on some open set U ,

{x ∈ U : f1(x) > f2(x)} ∪ {x ∈ U : f2(x) > f1(x)}
∪ int({x ∈ U : f2(x) = f1(x)})

is dense in U . Therefore, for all s ∈ Ia,

P (∞)(s,E) = lim
n→∞

FLn(ea,P
(0:Ln−1)∗(s); s,E)−

Ln−1∑
j=0

(sj − sj+1)γ

 ,

and it is sufficient to prove the monotonicity on each Ia. Now, consider an alter-
native expression of (25):

(26)

d

ds
eTa λ

(k)∗(s) =

k−1∑
j=0

(jsj−1 − (j + 1)sj)eTa

 k−1∏
ℓ=j+1

P(ℓ)∗(s)

T

Φ(P(j)∗(s)|E)

=

k−1∑
j=1

j∑
i=1

(sj−1 − sj)eTa

 k−1∏
ℓ=j+1

P(ℓ)∗(s)

T

Φ(P(j)∗(s)(s)|E)

−
k−1∑
j=0

sjeTa

 k−1∏
ℓ=j+1

P(ℓ)∗(s)

T

Φ(P(j)∗(s)|E)

=

k−1∑
i=1

si−1Fk−i(ea,P
(i:k−1)∗(s); s,E)− 1

1− s
λ(k)
a

∗
(s),

where 1
1−sλ

(Ln)
a

∗
→ P (∞)(s,E) for each s ∈ Ia as n→∞. Expressing (26) in terms

of function G, one derives, by noting (1− s)−1 =
∑∞

i=1 s
i−1, that

d

ds
eTa λ

(Ln)∗(s) =

Ln−1∑
i=1

si−1 [Gi:Ln(ea; s,E)−G0:Ln(ea; s,E)]

−
∞∑

i=Ln

si−1λ(Ln)∗(s)a − LnsLn−1γ,

in which the first sum is non-positive while the rest altogether are bounded above
by sLn−1(1−sLn−1)

1−s (|α|+ |β|)−LnsLn−1γ. By the mean value theorem, this provides
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the following bound for any [s′, s′′] ⊂ Ia:
P (∞)(s′′, E)− P (∞)(s′, E)

= lim
n→∞

FLn(ea,P
(0:Ln−1)∗; s′′, E)− FLn(ea,P

(0:Ln−1)∗; s′, E)

≤ lim sup
n→∞

max
s∈[s′,s′′]

[
sLn−1(1− sLn−1)

1− s
(|α|+ |β|)− LnsLn−1γ

]
(s′′ − s′) = 0.

(d) We first prove (6). The first equality follows from (c). As for the third
equality, we should note that P∗(1/d,E) ≥ β = log rE for all d ≥ 2 since E satisfies∑

a∈A Ea,b > 0 (which is equivalent to
∑

a∈A Ea,b > 0 in this case) for all b ∈ A.
More specifically, we can find a ∈ A satisfying

∑
b∈A Ea,b = rE and a sequence

a0a1 · · · an−1 = a satisfying Eai,ai+1 = 1 such that

|Zn:n| ≥ |{u ∈ B0:n : u|∆n−1
∈ B0:n−1({eai

}n−1
i=0 )}| = eβ|Ξn|.

To prove the other inequality, we observe that

lim
n→∞

log |Zn:n|
|Ξn|

≤ lim
n→∞

log |Bn−1:n−1|eβ|Ξn|

|Ξn|
≤ 1

d
· log |A|+ β,

which approaches β as d → ∞. It now remains to prove the second equality in
(6). To this end, Theorem 13 guarantees P (∞)(0+, E) ≤ β, and according to
(Problem 5) we have

P (∞)(0+, E) = lim
s→0+

P (∞)(s,E)

≥ lim
s→0+

P (1)(s,E) = lim
s→0+

(1− s) logmax
b∈A

∑
a∈A

Ea,b = β.

As for P (∞)(1−, E), we plug the Parry measure

P
(i)
a,b =

Eb,awa

ρ(E)wb
and pa = vawa,

into (Problem 4) to deduce P (∞)(1−, E) ≥ log ρ(E). To prove the other inequality,
for every ϵ > 0 we first construct the interaction matrix

E′ =

[
ρ(E) + ϵ 0

1 E

]
.

Since P (∞)(s,E) ≤ P (∞)(s,E′) for all k ≥ 0 and d ≥ 2 according to (Problem 5), it
is sufficient to show that P (∞)(1−, E′) ≤ log ρ(E′) = log ρ(E) + ϵ. Let v and w be
the left and right eigenvector, respectively, associated with ρ(E′) such that wT v = 1.
According to the spectral decomposition of E′, we know limn→∞ ρ(E′)−n(E′)n =
vwT is non-negative, and thus we can assume without loss of generality that v =
ρ(E′)−1E′v is a positive probability vector. We see from Remark 12 that for the
system defined by E′, there exists Cd = maxa∈A′ v1−d

a ≥ 1 such that

(27)
vT e

dk+1

d−1 λ(k)

= vT ((E′)T e
dk

d−1λ
(k−1)

)d

≤Cd(v
T (E′)T e

dk

d−1λ
(k−1)

)d = Cd · ρ(E′)d(vT e
dk

d−1λ
(k−1)

)d.

Indeed, we note that for all non-negative numbers xa,

1 ≤
∑

a∈A′ vax
d
a

(
∑

a∈A′ vaxa)d
≤ max

a∈A′

vax
d
a

vdax
d
a

= max
a∈A′

v1−d
a .
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This provides a uniform bound for P (∞)(1−, E′), and the claim is proved by esti-
mating the pressure using (27) and letting d→ 1. More specifically,

vT e
dk+1

d−1 λ(k)

≤ C1+d+···+dk−1

d ρ(E′)d+d2+···+dk

(vT e
dk

d−1λ
(0)

)d

= C1+d+···+dk−1

d ρ(E′)d+d2+···+dk

,

and thus P (∞)(1−, E) ≤ log(ρ(E) + ϵ). □

6. Experiments

In this section, we give two examples related to Theorem 1. Consider the golden-
mean tree-shifts X×d

G with G =

[
1 1
1 0

]
. We claim that the function P (∞)(s,E)

can be approximated by P (k)(s,E) with a crude estimate of error

(1− s)−1sℓ · γ ≤ P (∞)(s,E)− P (k)(s,E) ≤ (1− s)−1sℓ · β.

Indeed, the first inequality follows from Theorem 13 (b), and the second fol-
lows, by comparing (Problem 4) and (Problem 5), from the fact that each term
in (Problem 5) admits an upper bound d−1

dj+1Φ(P
(j)|E)p(j+1) ≤ d−1

dj+1 β. The figure
of the topological entropy is given in Figure 1. For the purpose of demonstration
of Theorem 1 for general interaction matrices, we include Figure 2 to show the
increasing property of pressure when

w =

[
2
1

]
and E =

[
2 2
1 0

]
.

Both of the figures turn out to be consistent with Theorem 1 in the sense that
both functions are continuous, P (∞)(0+, G) = log10 2 ≈ 0.3010, P (∞)(0+, E) =

log10 3 ≈ 0.4771, P (∞)(1−, G) = log10
1+

√
5

2 ≈ 0.2090, and P (∞)(1−, E) = log10(1+√
3) ≈ 0.4365.
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