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On the Existence of the Topological Entropy
on Markov-Cayley Tree

Student : Yu-Liang Wu
Advisor : Prof. Jung-Chao Ban
Prof. Shiah-Sen Wang

Department of Applied Mathematics
National Chiao Tung University

ABSTRACT

The study of shift spaces over groups and semigroups has received extensive attention.
Among all, the problem of existence in limit of the topological entropy is of interest among
researcher. Inspired by the current literature, this thesis investigates the topological
entropy of shift spaces over a collection of finitely generated groups and semigroups called
Markov-Cayley trees. By virtue of the existence in limit of the stem entropy for Markov-
Cayley tree-shifts, this thesis not only unveils several sufficient conditions for the existence
in limit of the topological entropy, but demonstrates the coincidence of topological entropy
and stem entropy in these cases. Furthermore, with the aid of graph representation on
these spaces, a more refined discussion on the convergence of topological entropy is also
carried out. These results are further supplemented by algorithms for computation of

entropy for the nearest-neighbor Markov-Cayley tree-shifts.
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Chapter 1

Introduction

In the fields of information theory and computer science, all forms of information are
coded into sequences of digits for processing and transmission. With the rapid develop-
ment of these fields in recent years, the rise of abundant applications naturally stimulates
investigations into the study, with various tools invented in the meanwhile. One specific
formulation among all is the adoption of the shift space, which, roughly speaking, com-
prises of a set consisting of labelings over a prescribed structure using a given alphabet,
and a shift transformation defined on the set of the labelings. For a better conception of
such space, the idea of entropy on shift spaces is proposed as an essential indicator.

Entropy, in general, serves as an indicator of the complexity of the system, and with
the aid of entropy, it is easier to identify the potential of shift spaces exhibiting similar
chaotic behavior. Claude Shannon first introduces the idea [12, 13] in the modeling of
communication, which is later recognized as the founding work of information theory. Lind
and Marcus [7] present an extensive study on the entropy of shift spaces over Z, which
includes a fundamental classification of shift spaces based on their intrinsic topological
properties, as well as the interrelationship between entropy and topological properties.

In fact, the entropy is proved to exist in limit for such spaces and is related to the
spectral radius of the adjacency matrix in the case of shifts of finite type and sofic shifts.
Aside from well-studied results over Z, researchers are also interested in the entropy
of other generalizations and variations of shift spaces. Chow and Mallet-Paret [6, §]
study the lattice dynamical systems over Z¢, in which they first consider a continuous-
time dynamical system on a discrete lattice Z? depicted by differential equations and

then reformulate the dynamics at each lattice point to a discretized version, which is



a space consisting of the solutions with no appearance of some patterns. Therein, the
authors provide an equivalence condition for the discretized mosaic equilibrium solutions,
supplemented by discussions of their stability and the entropy of the space of solutions.
The entropies of other generalizations of shift spaces over higher-dimensional Z¢ spaces
are also studied in other works. For instance, the book written by Ceccherini-Silberstein
and Coornaert [5] considers cellular automata over amenable groups (and hence all shift
spaces over Z%)) and addresses, by exploiting Folner sequence, the existence of the entropy
therein.

Besides the aforementioned fruitful achievements, works considering an alternative
generalization over semigroups with tree-like Cayley greaphs are also sprouting recently.
Shift spaces over free semigroups are first introduced and referred to tree-shifts by Aubrun
and Béal [1], in which they dig into the topological properties using the language of
automata. The entropy of a hom tree-shift, a tree-shift induced by a one-dimensional
shift space, is considered in [9] and [10]. Therein, the authors prove the existence of
limit of the topological entropy of tree-shifts, accompanied by abundant results both in
numerical experiments as well as in theory. In particular, the entropy of a hom tree-
shift is shown to be at least as large as those over Z, provided they share a common
forbidden set on any path in their Cayley graphs. The authors also relate the topological
entropy with the topological properties in the case of the nearest-neighbor tree-shifts,
which inspires the partially generalized theorems in the Chapter 3 this thesis. Aside from
the tree-shifts, the entropies of shift spaces over regular trees, or free groups, are also
studied by Piantadosi [11], in which the golden mean shift is investigated, yet the entropy
in the article is defined using limit superior without a discussion of the existence of the
limit. In addition to the topological entropy over the semigroups and groups mentioned,
a slightly different definition of entropy over a free semigroup is also considered in [2]
under a more general setting, and this definition is later used in the exposition of the
Fibonacci-Cayley tree-shifts, the shift spaces over a special semigroup named Fibonacci-
Cayley tree, carried out by Ban and Chang in [3]. In the article, the authors develop a
scheme for entropy computation utilizing the nonlinear recursive system associated with
the Fibonacci-Cayley tree-shifts. Despite a lack of existence of entropy in limit in general,
it is inferred from the Theorem 3.4 therein that the entropy exists in limit if every symbol

is essential and the system is simple. The works naturally raise a question toward the



existence of the entropy in limit, yet it is not until recently that a partial answer is given.

In view of the elucidation of the existence of entropy in limit over tree-like structures
above, a recent work makes a further step toward such study over a more extensive
collection. Based on the formulation in [4], Wu [14] studies the stem entropy over a
Markov-Cayley tree, which is essentially a semigroup with relators consisting merely of
two generators. In the work, the author exposes the intrinsic tiling structure of mixing
Markov-Cayley trees, which is later utilized to prove the existence in limit of the stem
entropy, the entropy defined on the substructure rooted at each generator of the tree.
Such a result makes a substantial leap in the study, yet currently to our knowledge, the
existence in limit of the topological entropy is left unknown.

As an application of the theorems derived in [14], Chapter 2 aims to deal with the
existence of topological entropy over Markov-Cayley trees and proves the existence of
topological entropy over two particular types of Markov-Cayley trees. For the first type,
we show that the limit in entropy exists if a nearest-neighbor Markov-Cayley tree-shift, a
shift space over a Markov-Cayley tree that is characterized by a single adjacency matrix,
has an associated matrix of the relators K containing a full row (Theorem 2.2.2). With
the theorem, the existence of topological entropy of Fibonacci-Cayley tree-shift and the
system with safe symbols follows immediately as an conequence. As for the second type,
we prove the existence of entropy of a nearest-neighbor Markov-Cayley tree-shift, which is
closely related to nearest-neighbor shifts of finite type over free groups (Theorem 2.2.5,
Theorem 2.2.6, Theorem 2.2.7).

The third chapter is devoted to the exposition of a partially generalized theorem
presented in [10] over the mixing Markov-Cayley. In their work, it is pointed out the
entropy of a nearest-neighbor hom tree-shift can be computed by counting the a subset
of patterns rather than the set of all admissible patterns provided the adjacency matrix
is either irreducible or primitive, while there is no knowing it is also valid for the shift
spaces even over the tree-like structures in general. In Chapter 3, we are able to extend the
result to any nearest-neighbor Markov-Cayley tree-shift, by introducing the an analogous
condition in the strong connectedness of symbols of the space in terms of the graph
representation of the shift space. Furthermore, this generalization proves its effectiveness
in showing not only the existence of entropy in limit but its equality with the stem entropy

(Theorem 3.2.4). The techniques used in Theorem 3.2.4 also give rise to an attempt to



the existence in limit of the topological entropy in described in Section 3.3. The thesis is
then concluded in the last section by a short discussion of the previous sections as well
as some problem remained unanswered. As for numerical experiments, the methodology

and the data are presented in Appendix A.



Chapter 2

Markov-Cayley Tree-Shifts

This chapter is devoted to the setup for notations and fundamental properties for

the upcoming discussions on shift spaces over Markov-Cayley trees.

2.1 Preliminaries

This section covers the general setting of the thesis. Let 7 be a finitely generated
semigroup with identity element e. We say T is Markov-Cayley tree if there exists k x k
binary matrix K indexed by a finite generating set ¥ = {s1, sa,..., st} of G such that
T = (X|R), where R = {s;s; € ¥ x ¥ : K(s;,5;) = 0}. That is, every s;5; = € if and only
if K(s;,s;) = 0. With respect to the generating set 3, every g € 7 is associated with a
unique minimal representation g = g1gs - - - ¢, with g; € ¥ in the sense K (g;, gi+1) = 1 for
every 1 < i < n. According to this minimal representation, the length of the g, written
as |g|, is defined to be n. This representation is assumed throughout the thesis unless
mentioned otherwise. Denote by AY the n-semiball rooted at g=0192 - gm €T, ie.,
AY = {9} U{99ms1- - gmu €T 1 g; € 5,1 <n,K(gj,9j41) = 1,V1 < j <m+1} for all
n > 0. Furthermore, AR := AP U {e} for all s; € £ and A, := U,,ex A/

Let A= {1,2,--- ,d} be a finite alphabet. A labeled Markov-Cayley tree is a function
t: T — Afor which t, := t(g) is the label attached to g € T, and the set A7 consisting of
all labeled Markov-Cayley trees is called the full d-Markov-Cayley tree-shift. On A7, the
shift map is a semigroup action o : T x A7 — A7 such that (0(g,t))n = tgn, for which we
also write ot = o(g,t). A pattern is a function u : A% — A with S C T a finite subset,

for which we call S the support of u and denote s(u) = S. A pattern u is said to be



accepted by t € Xy if there exists g € T such that the restriction (o4t)|sw) = u, and it is
rejected by t if it is not accepted by ¢. Let F be a set of patterns. A space X = Xr C A7
is called a Markov-Cayley tree-shift if every t by which all patterns in F are rejected is
included in X, and a pattern is said to be admissible (by X) if it is accepted by some
t € X. A Markov-Cayley tree-shift X is called a nearest-neighbor Markov-Cayley tree-
shift (NNMCTS) if there exists a k-tuple of d x d binary matrices A = (Ay, Ao, - -+, Ayg)
such that X = X,, where

XA - {t S AT : Ai(tgatgsi) = ]-asi & Za |gszl = |g| + 1}

For the case T is a semigroup, we simply refer to X and X, as a tree-shift and a nearest-
neighbor tree-shift, respectively. Furthermore, due to the frequent appearance later in

the thesis, the notations below are also defined. Given g € T,

1. pl¥ = pI(Xy) ={ue AMY 4y is admissible by € Xa}

2. pn = po(Xa) = pi (Xa)

3. pl9) = p%‘le(XA) ={ue ALY 4y is admissible by Xa,u, = a}

4. Pra = Pria(Xa) = piia(Xa)

5. i) = p(Xy) == {u € AY” : u is admissible by X4, u, = a}
With the notations above, we define the entropy of a NNMCTS as follows.
Definition 2.1.1. Suppose A is a finite alphabet, and X, € A7 is an NNMCTS.

1. The topological entropy of X, is defined to be

log p, (X
h = h(Xj4) := limsup ng—w. (2.1)
n— 00 |An|
2. The stem entropy rooted at g is defined as
log pi” (X»)
h'9) = h9(X,) := limsup ————22 (2.2)

nooo |AY)

In [14], it is proved that h(*) are equal for all s; € ¥ if K is a primitive matrix, i.e. there

exists N € N such that KV (s;, s;) > 0 for all s;,s; € 3. Later in the thesis, it is surprising
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to see that the stem entropy are actually coincident with the topological entropy in many

cases.

2.2 Existence of Topological Entropy in Limit

This section is devoted to the development of existence of entropy in limit. In Wu'’s
thesis [14], the stem entropy of Markov-Cayley tree-shifts is proved to exist in the following

theorem:

Theorem 2.2.1. Suppose that T is a Markov-Cayley tree with K € {0, 1} a primitive
matriz indeved by a generating set X, that A is a finite alphabet, and that Xy C AT
is an NNMCTS. Then, the limit lim,,_, % exists for all s € Y. In addition,
h)(Xy) = h3)(Xy) for every s;, s, € %.

On top of the theorem, this section further addresses the existence of limit in limit of the
topological entropy over two different types of Markov-Cayley trees, which are, in essence,
generalizations of Markov-Cayley tree-shifts over a free group and over the Fibonacci-

Cayley tree [3], respectively.

2.2.1 Topological Entropy over Markov-Cayley Trees with a Full
Row
This subsection is devoted to the existence of limit in the topological entropy of

the NNMCTS X, defined on a Markov-Cayley tree 7 with Z;?:l K (s;,sj) = k for some

s; € X2, which is shown in the following theorem.

Theorem 2.2.2. Suppose that T is a Markov-Cayley tree with K € {0, 1}** a primitive
matriz such that Z?Zl K(si,s5) =k for some s; € X, that A is a finite alphabet, and that

Xa C A7 is an NNMCTS. Then, the limit lim,,_,o % exists and equals h*V(Xy).

Proof. Note that every n-block u can be uniquely expressed as a (k + 1)-tuple

(ue’u‘AS—li’u’ASﬁ’ e ,u’Agﬁi)



and thus p, < |A]- H?Zl pgfj')l. As a consequence,

(s5)

k (s4)
: logpn _ .. Al logp,”1 [A,71] .
lim sup < lim sup - : noll — plsi) = plsn)

holds by applying Theorem 2.2.1. On the other hand, pﬁf") < p, holds naturally, which

further implies

(si)

log p, log pi,”) log i
lim inf =827 > Jim inf L8P0 i ing 08P p6s0) — g0,
n—oo  |Ay] n—oo  |Ay] n—o0 |A$le)
The proof is finished by combining the inequalities above. O

Theorem 2.2.2 directly leads to the following corollary.

Corollary 2.2.3. Suppose X, is an NNMCTS over a Markov-Cayley tree K =

Then, the limit lim,,_, % exists and equals h*V)(X}).

Proof. 1t is a straightforward application of Theorem 2.2.2. ]

For such an NNMCTS in Corollary 2.2.3, T is also referred to as a Fibonacci-Cayley

tree, and Xy is referred to as a Fibonacci-Cayley tree-shift [3].

Example 2.2.4. Suppose X4, 4, isan NNMCTS over a Fibonacci-Cayley tree. Algorithm
2 is implemented to numerically evaluates the topological entropy and the stem entropy

when A, Ay are either

] ()l
or ,

1 ol

and the results is presented in Table 2.

2.2.2 Topological Entropy over Free Groups

It follows from Section 2.1 that a free group 7 of rank k is inherently a Markov-Cayley

tree with a generating set

_ -1 -1 —1
Z_{Slas%"'ask’asl ySg 5t S }



and with K € {0,1}*>*2* a primitive matrix defined as

1
K(s,s") =

0, if s’ =s"1

, if s # s

Due to the requirement sisi_l = ¢, an NNMCTS of this type has the form Xy sr,
where A = (Ay, Ay,---, Ay) and AT = (AT AT --- AL). The topological entropy
of an NNMCTS over a free group is first considered by Piantadosi in [11], in which
such a space is referred to as a nearest-neighbor shift of finite type, and the entropy is
studied under the definition (2.2) with no mention of the existence of the limit. The

following theorem, on the other hand, shows such a limit does exist if one assumes

Ay =AT =4, =AT =...= A, = AL.

Theorem 2.2.5. Suppose Xy is an NNMCTS and K is a primitive matriz. IfZ?:1 K(s;,s5) =

25:1 K(sy,sj) for every 1 < i,¢' < k and Ay = Ay = --- = A, = A, then the limit
lim,, o % exists and equals h*)(Xy).

In fact, this theorem has several applications. In particular, when T is a free semi-
group, this leads to the existence of limit of topological entropy shown in [9]. For our
purposes of application to free groups, it is seen that not only the limit in the entropy
exists, but also h(Xa ar) = h®)(X, o) for every s € ¥. Some other variations are also
considered, each of which states a similar result as Theorem 2.2.5 exclusively over free
groups, with slightly different constraints either on the matrices of rules A or on the

number of symbols in the alphabet A.

Theorem 2.2.6. Suppose X ar is an NNMCTS over the free group rank k, and A; =

Ay == A, = A. The limit lim,,_, 0P (Xy 47)

] exists and equals h(sl)(XAAT).

Theorem 2.2.7. Suppose Xa ar is an NNMCTS over the free group rank k, and the

log prn (XA’AT)

dimension of matrices A; is no more than (2k — 1). Then, the limit lim,, A

exists and equals h(sl)(XA7AT).

However, before we dig into the the detailed elucidation, two prerequisite lemmas need
to be proved. The first one shows that h < L&) for all s € ¥ in any NNMCTS over

free groups in general, which not only provides an upper bound for topological entropy



estimation but sets up the foundation stone of the discussion of the existence in limit of

topological entropy.

Lemma 2.2.8. Suppose X, is an NNMCTS and K is a primitive matriz. Then,
RGD(X ) > h(Xa) for every s; € X.

Proof. Suppose ¥ = {s1,82,...,5:}. Note that a pattern w with support A, can be
uniquely expressed as a (k + 1)-tuple

(ue, u’SIASli’u’52ASQi7 e ’u‘szA(S’“D :
& i e

Using the identity proved above one derives
u (s;7)
o < Al ] 2520
j=1

As a consequence,

55)
logpn _ .. Al logp |A 1l
limsup ——— < limsup — +
k (81
A
o (si) . g |
2t (Jﬂ& A )
7=1
— p(s)
holds by applying Theorem 2.2.1. O

The second lemma is related to the proof of Theorem 2.2.5

Lemma 2.2.9 (Jensen-Minkowski inequality). Let {x;}Y, be a finite set of non-negative
real numbers and p > 1. Then, NP~ SN 2P > (32N 27 > SOV oP
Proof. Note that since x — xP is a convex function,

1 Al al
p—1 P P — . \P = \p
N S L Y e = (S

=1 =1

and thus the first inequality holds for all N € N and all p > 1.
The second inequality is proved by induction on N. It is clear that when N =1 the

inequality is actually an equality. For the case N = 2, it is sufficient to prove the case

10



To > x1 > 0, since the case 1 = 0 or x5 = 0 falls back to the case N = 0. Observe that
when 9 = 21 > 0,

(x1 + 22)P — (2] + 28) = (2P — 2)a¥ > 0,

and that

P ——[(x1 + 22)” — (2] + 25)] = p((z1 + z2)"" —2577) > 0.

These yield the desired result. Now suppose the induction hypothesis holds for N = n.
We show that it also holds for N = n + 1. Indeed, by induction hypothesis,

The lemma is then proved to hold for all N by induction. ]

Proof of Theorem 2.2.5. Since m = Zle K (s, s5) = Zle K(sy,s;) for every 1<i,i' <
kand Ay = Ay = -+ = A, = A, it follows immediately that p;(f;) = pna for every
si, 85 € X, for which we simply denote p;,., in the rest of the proof.

Note that since % > 1, the following inequality holds for every s € ¥ by Lemma
2.2.9:

d

W)™ m = Z
Tmana

k—m

E\w

o

3

~—
3=
I

pna

&I»—

| /\

On the other hand, it can also be deduced by applying Lemma 2.2.9 that

d d
) =)™ > Z ()"
a=1 =

11



The inequalities above yield that (pg)) > pn > A% (p (g))m and thus

logp®) 1AL m — klog|A] 1°g<'“4‘ ()

IAY] A m Ay A,
<R

logpl) £|AY)]  log <(p$”‘8))%>

~1AY) IAnI 1Ay

(s)
Since limnﬁw% is proved to be h®V) for all s € ¥ in Theorem 2.2.1 and since

Eal]
“— =1, the proof is finished. H

] m
hmn—>co AL

Proof of Theorem 2.2.6. Suppose ¥ = {s1,5,..., 8k, 87 5,55, s,gl} Due to the struc-

ture of the free group, it can be proved by inspection that pn( a) w pn o ) and that pn a R

,1 —1
prd ) for all s;, 5. For simplicity, we write 7)., = P = pD, g = ps ) = ),

and |An )| = |An P | = |A!| in the rest of the proof.

First, we claim that

logp!. log p!’.
lim sup ——2 = lim su e < pls1) 2.3
s S ETP g S (23)

To this end, Lemma 2.2.8 implies that

log p,.,
log|{u € ATV gy i accepted by some t € X a1, u. = a}|
AT +1

(s1) s
log|{u € A1 : u is accepted by some t € Xaar} logp( Y

INSES NS

since AR = AV U {e}. The inequality is then proved by taking limit superior of both

sides.

Now we claim that lim,,_, l|°§p i exists and equals R, Since it follows from Lemma

2.2.8 that limsup,,_, lfipr < RV it s left to show that lim inf, .. lfipr > h(1). Since

i) = > acaPha)®-(plh.,)" 1, there exists a,, € A for each n such that (p],, )*(plL., )F' >

12



(s1)
p|’j41| . Hence, by applying (2.3), for every € > 0 there exists N € N such that

/ 1" h(s1) ) |A!
Phians P, < 6( ) n|7

whenever n > N. Furthermore, from Theorem 2.2.1, one may assume that for n > NV,

(1)

_ pn 1 (h(sl)—6)|A(sl)|
(p;van)k ' (p;i'an)k ! > > R
’ ’ Al A
The inequalities above indicates that
k—1

" il ¢<p;L;an)k : (p;;;an)
n;an (p/. )k ’ (p//. )k72

BENCICYRSIIN e
A

= (WDt AL|(2k—2)

Le(h“l)—e)[(%—l)IA’nI—(2k—2)}—(h(51>+6)|A;\(2k—2)
Al
1 o~ (2k=2) (V) —¢) ,(h{51) —(4k—3)e)| A7 |

> [l
| Al

Hence,

pn;an Z (pfn;an)k Y (p{r;;an)k_l : pg;an

> L D_gIafY] | —@h-2) (D -9 (o) —(ak-0|

| AJ?
> |j|2€(h(51)—(4k—3)e)Agfl)| . e~ (2k=2)(hl51) =) (R —(4k=3)e) AT
-1 1|26(h<81>—(4k—3>e)<Aﬁf“+|A;|) o2k (hCD—0)

A
_ 1 en—@e-a90anty) | —@h-2)nhe0—o

AP i |

A

By taking limit inferior from both sides, one derives

1mint ———
n—oo  |A,]

l n.a
> lim inf —&Pm

noo A

21
> lim inf — og|A

oo Ay

>h) — (4k — 3)e.

[Aul+1 2k =2)(h) —¢)

+ (Y — (4K — 3)e) Al A

13



Since € > 0 is arbitrary, the proof is complete. [

= |A/D| = |A’] in the rest of

Proof of Theorem 2.2.7. For simplicity, we write |A/(%)
the proof.
By applying the same argument as in Theorem 2.2.6 (2.3), one obtains that

/(s)

lim sup hsv) (2.4)

n—oo

log pn <
[An] —

h(1) it is left to show that lim inf, . l‘l’ipr > A1) Since p,(f) = uea Hw# L P a), for

for every s € ¥. Furthermore, since it follows from Lemma 2.2.8 that limsup,,_, .,

every s € ¥ and n > 0 there exists a,,; € A such that Hwé A p#ﬁls > 1";1‘ Hence, by

applying Theorem 2.2.1 and (2.4), for every € > 0 there exists N € N such that for all
seX,weX\{s!}tandalln>N

ol s (2.5)
and that
1 3 (s)
IT »%. > We(h( o (2.6)
w#s—1L

At this moment, It is noteworthy that the restriction imposed on the dimension of A;
leads to the coincidence of some a,., = @, (2 # 2') such that K(z/,z7') = 1 by the

pigeonhole principle. As a result,

P 1
pnanz_p’ﬁlt)lnz p7§a )

gy e ARk

wH#z—1
To see this, note that for every admissible patterns v € A% with u, = Uniz = Qpos
it can be uniquely expressed as a 2-tuple <U|A5f)’u’A;§z_1>)’ where U‘Af)’u|A1§f1> are ad-
missible patterns and (ul ) )e = an;. and (u|A,(z/>)E = ay,. Due to the fact that u and

(ul A(z),u|A,(f1)) actually defines a one-one correspondence, the equality of (2.7) follows

as a consequence.
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Now apply (2.5)(2.6)(2.7), it follows that

1(w)
ey _ gty _ gt Priay

pnanz_ nya,,..r ()
Hw;ﬁz’—l w;ﬁz—l pn;an;z/

n;z

L (00l |- (hen) 4 a0 (26-2)

=14

_ L o[k 1)| A [~ (2h-2)] (D) +e) AL (26-2)
| Al

> L @20 e —ak-3)91a;]
| Al

By combining the results above,

-1
DPn Z pn;an iz H pn an z pn anz

w#z~1

o ) FT (WD =0|AR)| | —(2k=2)((D =€) ,(hD) —(4k—3)e) A1,
> |/11|2e(h<31>_(4k_3)e)|AS>| . e~ (2k=2)(h(*D =) (A —(4k~3)e) AT,

L e @k-3)9(1aP 1+18L)) | ~@R-2)(hD—4)

AP
- 1|2 RV —(@k=3))(|An|+1) | o~ (2k=2)(R(*D—c)

A

Hence, one obtains liminf,_, . lfipr > K1) which finishes the proof. ]

Example 2.2.10. Suppose X a7 is an NNMCTS over a free group of rank &, where

Then, the limit of lim,,_ loif" exists and equals h{*1)(X, 1) by either Theorem 2.2.5,

Theorem 2.2.6 or Theorem 2.2.7. In particular, since A is a symmetric matrix, h(Xy a7) =
h(sl)(XAAT) = h(X,a,..,4)), where X(4,4,. 4y is a nearest-neighbor tree-shift over the
semigroup of rank (2k — 1). For the case k = 2, it is numerically evaluated by Algorithm
1 and by (A.3) that h(X,sr) € (0.2332621211030,0.2332621211030 + 8 - 10~'2). More
experimental results of NNMCTS over free group of rank 2 are provided in Table 1.

It is remarkable that for every NNMCTS X, satisfying the assumption of Theorem

2.2.5, one can define an nearest-neighbor tree-shift of the form X4 4 . 4) as in 2.2.10

15



while preserving the topological entropy. By virtue of Algorithm 1, the computational

complexity is alleviated compared to Algorithm 2.
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Chapter 3

Graph Representation and Existence

in Limit of Topological Entropy

The purpose of this chapter is two-fold. On one hand, Section 3.1 and Section 3.2
carry out the partial generalization of the proposition of Petersen and Salama [9, Propo-
sition 3.1], which manifests the connection between topological properties of a nearest-
convergence of its topological entropy. On the other, techniques developed in Section 3.2
are adapted in Section 3.3 in an attempt to answer the question of existence of limit in

the topological entropy for general NNMCTS’s.

3.1 Topological Properties of One-Sided Nearest-Neighbor
Shift Spaces

Let Z, denote the set of non-negative integers, and A € {0,1}*** be a k x k binary
matrix with each row a non-zero row. A one-sided nearest-neighbor shift of finite type
X4 C A%+ is a degenerate NNMCTS defined on a Markov-Cayley tree generated by
Y with K = [1]. Since each row of A is non-zero, every locally admissible word by A,
apay -+ - a1 € A" satisfying A(a;,a;41) = 1 for every 0 < i < n, admits a labeling
x € X4 satisfying x|[0’n) = apay - - -a,_1. That is, every locally admissible word by A is
an admissible word by X 4. In the following, we recall several fundamental properties of
such a shift space.

Suppose X4 C A%+ is a one-sided nearest-neighbor shift of finite type. A directed
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graph G4 = (V4, E4) is called the graph representation of X 4 if
Va = A and Ey= {(a,b) eVyxVy: A(a,b) = 1}

It is not hard to see from the definition that a one-sided nearest-neighbor shift of finite
type can also be defined in this manner. That is, if G = (V| F) is a directed graph, one
can define a one-sided nearest-neighbor shift of finite type Xg C A?; by the adjacency

matrix Ag as follows:

1 if (a,b) € V;
Ag =V and Ag(a,b) =

0 otherwise.

In fact, the two definitions are equivalent in the sense that Xo = X4, for every directed
graph G and that X4 = X, for every binary matrix A.

In the past literature, the classical classification of a one-sided nearest-neighbor shift
of finite type consists of two important categories defined as follows, which play crucial
roles in our later discussion on entropy. Suppose X, is a one-sided nearest-neighbor
shift of finite type. X4 is said to be transitive if for all x,y € X, and finite intervals
[0,n),[0,m) C Zy, there exists N € N and z € X, such that z|j,) = z|j,) and that
2|t NontN+m) = Yl[o,m)- Xa is said to be mizing if for all finite intervals [0, 1), [0,m) C Z,,
there exists V € N such that for all [ > N there exists z € X, satisfying z|(p.) = #|jo.n)
and that z|jpiinti4m) = Ylpom). A directed graph G = (V, E) is said to be strongly
connected if every a,b € V, there exists a walk of length NV starts at a and terminates
at b, which we denotes a X b, Tt follows immediately from the definition that X, is
transitive if X 4 is mixing. Other fundamental properties are provided and proved in the

following.

Proposition 3.1.1. Suppose X4 C A%+ is a one-sided nearest-neighbor shift of finite
type. The following are equivalent.

1. X4 1s transitive.
2. For all a,b € A there exists N € N and x € X 4 such that vo = a and xy = b.

3. Ais an irreducible matriz, i.e. there exists N € N such that S.~_ A™(a,b) > 0 for
all a,b € A.
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4. The graph representation G = (V, E) of Xa is strongly connected.

Proof. We first demonstrate the equivalence between (1) and (2), and then their equiva-
lence with the rest.

(1) < (2). The necessity follows immediately, so it is left to show the sufficiency.
Suppose z,y € X4 and finite intervals [0,n), [0, m) C Z, are given. By the hypothesis of
the proposition, there exist N € N and z € X4 such that zg = z,_; and that zy = yp.
Then, the labeling Z = x|(0.n) 2|1, N—1]Y|[0,00) lies in X4, Z|0.n) = @[[0,n), a0 Z| oy N Ntm) =
Y|j0,m)- The proof is then finished.

(2) & (3). Note that A™(a,b) is the number of all locally admissible (n + 1)-words
starting with a and ending with b. Since each row of A is non-zero, every locally admissible
word is an admissible word in X4 and hence the equivalence follows.

(2) < (4). Note that (2) is equivalent to that for all a,b € A there exists an
locally admissible word aay - - - a,,_1b by A. The proof is finished by noting that a locally

admissible word aas - - - a,,_1b also denotes a path in G and vice versa. O

Proposition 3.1.2. Suppose X, C A%+ is a one-sided nearest-neighbor shift of finite
type. The following are equivalent.

1. X4 is mizing.

2. There exists N € N such that for all a,b € A and n > N there erists v € X4

satisfying xo = a and that x, = b.

3. A is an irreducible matriz, i.c. there exists N € N such that AN (a,b) > 0 for all
a,be A.

4. The graph representation G = (V, E) of Xa is strongly connected and there exist
a €V and N € N such that for alln > N, G admits a walk a— a.

Proof. We first demonstrate the equivalence between (1) and (2), and then their equiva-
lence with (3) and (4)

(1) < (2). The necessity follows immediately, so it is left to show the sufficiency.
Suppose [0,m1),[0,my) C Z, are given. By the hypothesis of the proposition, there
exist N € N such that for all n > N and z € X4 such that 2y = z,,,_1 and that
2, = Yo. Then, the labeling Z = |0m,)2[1,n-11Y][0,00) lies in Xa, Z|j0.m1) = Z|[o,m,), and

Z|fmy+nymi+n+ms) = Ylj0,ms)- Since n > N is arbitrary, the proof is then finished.
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(2) < (3). Note that A"(a,b) is the number of all locally admissible (n + 1)-words
starting with a and terminating with b. Since each row of A is non-zero, every locally
admissible word is an admissible word in X 4, and hence the equivalence follows.

(2) < (4). The necessity follows from definition and Proposition 3.1.1 that if X,
is mixing, then X4 is transitive by definition and thus G is strongly connected. As for
sufficiency, it follows from hypothesis of (2) that there exists N € N such that for all
n > N there is a locally admissible word aa; ---a,_1a by A. That is, aa;---a,_1a is a
n-walk in G. As for necessity, we assume a,b € A =V are given. Then, by hypothesis of
(4), there exists ¢ € A =V and M € N such that for every n > M, there is a walk ¢ = c.
In addition, since G is strongly connected, there exists walks a Mocy ¢ and ¢ &» b.

Ma,c+n+Mc,b
R

These yields a walk a b for every n > N. Since A is a finite set and n > M

is arbitrary, the proof is finished by noting N = M + max, M, . + maxy M. ]

3.2 Topological Properties of Nearest-NNeighbor Markov-
Cayley Tree-Shifts

The purpose of this section is to partially generalize the following proposition of

Petersen and Salama [9)].

Proposition 3.2.1 (Petersen-Salama [9]). Suppose X is a nearest-neighbor tree-shift
with A = (A, A,--- ,A). Then, the following statements hold.

o If A is irreducible, then h(X,) = limsup,,_, % foralla e A.

o If A is primitive, then h(Xy) = lim,, % for all a € A.

To establish an analogy of the proposition, it is a prerequisite to generalize the idea of
the graph representation of a one-sided nearest-neighbor shift of finite type, as discussed

in Proposition 3.1.2, to an analogous graph representation of Xjy.

Definition 3.2.2. Suppose X, is an NNMCTS. A graph G = (V, E) associated with X
is a directed graph with the vertex set and with the edge set

V=AxY and FE={((a,s),(bs;) eV xV:K(s,s;) =1 4;(ab) =1},

respectively.
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1. G is said to be strongly connected if for every (a,s;), (b,s;) € V there is a N-walk
from (a, s;) to (b, s;) in G (denoted by (a, s;) Dy (b, s;)) for some N depending on
(a,s;) and (b, s;).

2. A vertex (a,s;) € V is called a pivot if there exist s; € ¥ and an integer N € N

such that every (b,s;) € V admits a walk (a, s;) N (b, S;)-

The definition forms the foundation stone of the generalization of Proposition 3.1.1 and
3.1.2. In fact, it is not hard to see the strong connectedness of the graph in the above
definition agrees with Proposition 3.1.1 (4). In addition, the definition of the pivot mimics
the requirement for a shift space to admit periodic labelings as indicated in Proposition

3.1.2 (4). These generalizations are summarized in the following proposition.

Proposition 3.2.3. Suppose X is an NNMCTS with A = (A, A,..., A) a k-tuple of
matrices, K is a primitive matriz, and G = (V, E) is the directed graph associated with

Xa. Then,

1. G is strongly connected if and only if the adjacency matriz associated with Xq is

irreducible. In addition, it is also equivalent to A being irreducible.

2. G is strongly connected and contains a pivot if and only if the adjacency matriz as-

sociated with Xq is primitive. In addition, it is also equivalent to A being primitive.

Proof. (1) It is proved in Proposition 3.1.1 that G is strongly connected if and only if the
adjacency matrix Ag associated with G is irreducible. It remains to demonstrate their
equivalence with A being irreducible. It is not hard to see that A is irreducible if G is

strongly connected, since for (a, s;), (b, s;) € V, there exists a walk

(a, si)(a, siy)(az, 8iy) -+ (@n-1, 8i,_,)(b, 8i)

and thus aa; - --a,_1b is a word admissible by A. We now show the converse, i.e., for
(a,s;),(b,s;) € V, there exists a walk (a,s;) M, (b, s;). Since K is a primitive matrix,
there exists, by Proposition 3.1.2 (2), N such that for every n € N and s;,s; € X, there
exists an locally admissible (n+1)-word s;s;,s;, - - - Si,,_,5; by K. On the other hand, since
A is irreducible, for every a,b € A there exists an integer M > N and an (M + 1)-word
aajas - - - ap—1b admissible by A. This results in a walk (a s;) (a1, 8i,) - - (@pr—1, Sip,_, ) (D, 55)

in G. This completes the proof.

21



(2) First of all, we show that A is primitive if the adjacency matrix Aq associated with
G is primitive. Indeed, since A is primitive, there exists N such that for all (a, s;), (b, s;)

and n > N, there exists an walk

(CL, Si)(ala Sil)(a27 8i2> T (an—l’ Sin71)<b’ Si)

in G by Proposition 3.1.2. This naturally yields an admissible (n+1)-word aajasg - - - a,,_1b
by X4 which starts at a and terminates at b.

Secondly, we show that G is strongly connected and contains a pivot provided A is
primitive. To this end, we show every (a, s;) € V is a pivot of G. Since K is a primitive
matrix, there exists an integer NNy such that for every s; € ¥ and every n > Nj, there
exists, by Proposition 3.1.2, an (n + 1)-word admissible by K which starts from s; and
terminates at s;. On the other hand, since A is primitive, there exists N, > N; such
that for every b € A there exists a word apajas - - - an,—1an, With ag = a, ay, = b and
A(ag, agy1) for every k = 0,1,--+- Ny — 1. This implies for all n > N, there is a walk
(a1, si,)(as, Siy) - -+ (an—1, 8i, 1 )(an, si,,) in G with a; = a, a, = b, 5;, = s; and s;, = s;.
This finishes the proof of our claim. Note since every (a,s;) is a pivot, it follows from
Proposition 3.1.2 that G is strongly.

Finally, it remains to show that if G is strongly connected and contains a pivot, then
Ag is primitive. By Proposition 3.1.2; it is also equivalent to show that G is strongly
connected and there exists (a,s;) € V and N € N such that every n > N admits a walk
(a,s;) = (a,s;). Since strong connectedness follows immediately, it is left to show the
latter. Suppose (a, s;) is a pivot such that there exist s; € ¥ and walks (a, s;) AN (bk, 55)

for every b, € A as follows:

.S ’ 7 N e .
(a SZ)(al 1’Sl11)"'(a’1N 1,50, N 1)(@,5‘]),

(a’ Si)(a2,1v 512,1) T (GQ,N—la Slz,N—1)<b2’ Sj)’

(a,5:)(aq1,81,,) (@a,N-1, S14 5, ) (ba, 55)-
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Hence, the following are admissible words by A:

aayy--- a1 N-1Q,

aasq - - G2,N—1b2,

atqq - - Gd,NAbd-

From these, we are able to construct a (n + 1)-word of length for all n > N with both
starting and ending symbol a. For instance, for the case n = N + 2, we may observe if
ay N—2 = by for some 1 < k < d, then aay; - - - ax n—1bka1 y—1a is an admissible word by
A. This process can be done for N +1 < n < 2N + 1, and further extension process
for n > 2N + 1 is done by a proper concatenation with the prefix aa;2---a; ya. Now
since K is a primitive matrix, we can also prove that for every s; € ¥ and any sufficiently
large n € N there is an (n + 1)-word admissible by K which both starts and terminates
at s;. Combining these two facts, we are able to construct a walk (a, s;) — (a, s;) for all

sufficiently large n, and the proof is completed. O

With the generalization of the mixing property in hand, we are at a position to

present the existence of limit in the topological entropy.

Theorem 3.2.4. Suppose X, is an NNMCTS and K is a primitive matriz. Let G =

(V, E) be the directed graph associated with Xa. Then, the limit lim,,_, % erists

and equals h*V(Xy) if G admits a pivot and G is strongly connected.

(s1) (s4)
. g log pnt .. logp,,.
PTOOf. FlI‘St, we show that lim 1nfn_>oo Ioii)l = lim 1nfn—>oo (—Sj)b for every S;, S; e > and
n' AR

a,b € A. Suppose

log piv log py
lim inf Ogi_’ = min {liminf 08 Pric s €Y, c€ A} =:h

and o)
log p, log piY _
lim inf gfﬁjb = max < liminf og?? s E Y,ce Ay =:h.
n—00 |An5J n—00 |An8l |

We show that h = h. To begin with, we endow an order on ¥ so that the set {g;}}, =

{g € T : |g| = N} is endowed with the lexicographic order. With this order, we introduce
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the notation
s (si) . .
pg\,i by by = U € ASN" sy is accepted by t € Xy, uy, = b;, V1 <i < M}.  (3.1)

Since G is strongly connected, there is an admissible walk (a, s;) AN (b,s;) in G. As a con-

sequence, there exists g; = gl(o)gl(l) .. .gl(Nfl)sj €{geT:|g| =N} with g(o), o ,gl(Nfl)7 s; €

>’ so that
(s4)
PNiasby, b1 bbb = L
In this case, (b, s;) is said to appear in by, --- ,b_1,0,b51,- - -, bys. Therefore,

(ss) _ (s1) (s17) (s15) (8157)
p]\sf—l—n_ Z p]\sfab1,~ s pnbllpn;bzg ”'pn;b]\f/[

b1, by
(si) (s11)  (s15) (s4) (stp,) (32)
ZpN'a'b1,~~,b,~~,bM n;;)ll : n,lb22 : png) ’ n;bﬁ\/l/[
(s1)  (s15) sj (stp)
—pnlbll ’ n,;)22 p;j)) 77/7;)]]\\44 :
Hence, it yields
] (si) lo (s11) 1 (s5) (s5) 1 Sipng) (stpy)
s O PN+n : gpn b1 |A | O8 Prsp ’An ‘ ngn ibm ‘A ‘
lim me > liminf (Sl @ e ) ) e = :
(s1)
Note that lim,, ”AAC# is positive for every s; € ¥ and
N+n
AR g ja) AS] o aS)
lim = lim : o) T 1.
n—00 ’AN+TL’ n—00 ’A§$21|+|Anll ’++’An M ’
It follows that h > h.
(i) (s;)
Next, we show that liminf, % = limsup,,_,., lTiﬁ”T for every s; € 3 and

a € A. Suppose (a, s;) is a pivot in G. Then, for every for all ¢ € A, there is an admissible

walk (a, s;) S (c,s;) in G. As a consequence, there exists g, = gl(o)gl(l) . .gl(N_l)sj e{g e
T :|g| = N} with 91(0)7 e ,gl(N_l), sj € X so that pg\?it)z;bl,---,bl,l,c,le,---,bM > 1. On the other

hand, it follows from the claim above that for every ¢ > 0, there exists N’ such that for

every n > N'.s; € ¥ and ¢ € A,

logp (s1)
ALY

>h—e. (3.3)
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Hence,

(si) (s11) (s15) (s157)
p]\sf-i—na - Z pNabl7 b *DPn, bll pn;b22 © Py bAA/;
b1, by
1 (55) (1), (s13) (sty)
= Z W Z p]\sfabl,~ b pnb11 pn;b22 ”'pn;b]x[7
b1, b ceA:

(c,s5) appears in b1, ,bag

for every product in the first line is counted no more than |.A| times in the second sum of

the second line. From (3.3), one may further derive

) 1 (s1) (1) (s1,) (515
pN-l—n;a Z 72 Z pN;a;bl,- o pnbll pnb22 ”'pn;b]X;
‘ ’ c b1, ,bar:
(c,s5) appears in by, ,bM
(s1,,)
Ay ey, (Al
1. p Slm
B v Z
1 e Ba-a e, 18
At

It is inferred from the above inequality that

lo
lim inf —g PN+nia
'y |AN+n|
S (sj) (Slm)
l J A1(7, ]) _ - An + An
it} Ogi) im | |+(h—e)lim | [+ 20, |
n—o00 |A J | n—00 ’AN+n’ n—o00 |AN+n|

A A+ 5, 1A

= h(%) . lim e T (h —¢) - lim o
a v jabm), s5)
It follows as a result that h(5) = h = h(sl), since lim,,_, oo ”"T =1, lim,,_ |A<é y |
AN AN

0 and righthand side of the inequality is a convex combination of h(*7) and h — e.

We are now ready to prove the proposition. Since it follows from the same argument

in Proposition 2.2.2 that lim sup,,_, lfip < RV it is left to show that lim inf, lﬁ—ﬁl >

h(s1) . For every a € A, there exist by, bs,...by € A such that Prana > = lp(sl) > 0 for
all n € N. It can be deduced from above that

k (1) s1)
1 n 1 n;a 1 n,a 10 mn; A !
lim inf 22P" > Jim ing 08P _ jip g 08P S gy gf) i [Bn ],
n—o00 |An| n—o00 |An| n—o0 ’A1+n| n—oo = |An5l | ‘Al-l—n‘
The proof is then finished. [
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Corollary 3.2.5. Suppose X, is an NNMCTS and K is a primitive matriz. If A; =

log pn (Xa)

A ewists and equals R (X ).

<= A = A is primitive, then the limit lim,,_, o
Proof. This follows immediately from Proposition 3.2.3 and Theorem 3.2.4. [

Finally, it is noteworthy that the assumption in Theorem 3.2.4 is finitely checkable

in general.

Proposition 3.2.6. Suppose X is an NNMCTS and K is a primitive matriz with A
and K known. Suppose G = (V, E) is the directed graph associated with Xa. It is finitely

checkable whether G admits a pivot and whether G is strongly connected.

Proof. Since G is strongly connected if and only if the adjacency matrix Ags associated
with G is irreducible, it is clearly finitely checkable. To see the admittance of pivot is also

finitely checkable, we define the matrix B,, for all n € Z. as follows:

1 if A%((a, s;), (b, s5)) = 1,
Ba((a,5:), (b, 55)) = ((a, 51), (b, 55)

0 otherwise.

It is then clear that G admits a pivot if and only if there exist s;,5; € ¥, a € A, and
n € Z, such that B,((a,s;),(b,s;)) = 1 for all b € A. Since |{B,}nso| < 2V and B,
is eventually periodic, there exist 0 < Ny < N, < 2lVI* such that By, 4n = Bn,4n for all

n > 0. This completes the proof. [

3.3 An Attempt toward the Existence of Topological
Entropy

This section presents an attempt toward the existence of topological entropy in gen-
eral by exploiting the composition of colors on the boundary of all n-blocks. To be more

specific, it is inspired by (3.2) that pﬁjn or Py, Ccan be expressed as a linear combination
of products of the form H(a sl_)(p;(f;))wa,sn, which leads to the following definition.
Definition 3.3.1. Suppose X, is an NNMCTS.

1. For the product H(Mi)(pg;scf))wa,sn appearing in the calculation of entropy with
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V(a,s;) € Z4, we denote by a vector v € le:uxls’“‘. Note that

W .= Z rv-V:iry € Z,ry # 0 for finitely many v € Z\j:l\xlskl

[A[x|SE|
VEL

. Al xS,
is a free vector space over Z|+ ISl

2. Define the fundamental form homomorphism F : W — W as

1, if Via,s;) = 0

O, if V(a,sz') =0

3. Let ve W and F*: W — W be defined as

F* (er~v> :ZTQ~F*(V)

v

where

Il il
0, ifr,=0

F*(v) is called the simplified fundamental form of v.e W.

4. Define the shift homomorphism o : W — W by

Via,s;)

y=o | [Te =11 (> 1l Aabpbn

(a,s;) (a,s;) b j:K(i,j)=

5. Suppose x,y € W. We denote = > y if every term v appearing in F*(z) admits
a term w appearing in F*(y) satisfying v(,s,) > W(,,s,) for every a € A and every

s; € Sp.

Remark 3.3.2. The purpose of the shift homomorphism is as follows. Let n € N be

(s:)

fixed, and let pN+n,pN+1+n

be expressed as linear combinations z,y € W of products

of the form [], .\(pn =V as in (3.2). Then, a(pg\s,ln) = pg\‘jﬁnﬂ as a number, which

(s;)
follows as a consequence of the process that extends every admissible pattern u € A*N

to a admissible pattern v € AANH with v]s) = u.
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Proposition 3.3.3. Suppose X is an NNMCTS and K is a primitive matriz. If there ex-

ist N1, Ny € N and s; € S}, such that o™ (p,(f")(XA)) = o2 (p,(Xa)), then lim, o %

exists and equals h(*V(X}).

Proof. As in Proposition 3.2.4, let {¢g;}M, = {9 € T : |g| = N1} be endowed with the

lexicographic order and let pﬁ{;g;bhm’w asin (3.1). Denote x = o™ (p(s’)) and y = o™2(p,,).

Since x >~ y, every term v appearing in F*(z) admits a term ¢(v) appearing in F*(y)
satisfying v(,s,) > @(V)(a,s) for every a € A and every s; € Si. In this proof, we denote

[n, v] for every v =[], ., (p( ))W s € W for an emphasis on the size of the block.

(s4)
logPN1+n o h(s

(s4)
A5,

all n, there exists by the pigeonhole principle that

Note that since lim,,_, 1) and the number of terms in z is constant for

’(SZJ)V(al,szl)

[0, va] = (proct Ciar)y¥ersy)

(s5)
. logp
= lim, 00 — = A6V, Hence, for every

A

appearing in z such that lim, . %
(5)
e > 0, there exists N € N such that % > h(#1) — ¢ for all n > N, and that |gp" bl

h(1) + ¢ for every b € A and s; € ©. These indicate that for every (pé [ﬁ;’;))v(am*ﬂM in

[, v,
log prer) ([ V) ) (amssiy)
A M
s Jogln.va]_ 5~ 1ogpn<a " ([ Vi) ay )
M = n))(am,s
>R = &) B (D) ([n,]\x;[])( ™Sl )
and thus :
(St
log# > K _2n0fe.
A
Now observe that
logpn _ &([n, va])
> 20 > pls) — 20 e,
| A A
for all n > N. The proof is thus finished. ]

Remark 3.3.4. Even though Proposition 3.3.3 seem to provide a criterion for the limit

in the topological entropy to exist, there is no knowing whether this criterion is finitely
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checkable.
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Chapter 4

Conclusion and Discussion

This thesis aims at investigating the existence of limit of topological entropy defined
on Markov-Cayley tree-shifts. Based on Theorem 2.2.1 proved in [14], we are empowered
to show herein that three types of nearest-neighbor Markov-Cayley tree-shifts have the
topological entropy exist in limit, and that the topological entropy of these types coincides
with their stem entropy. To this end, the methods adopted in this thesis fall in the two
genres discussed in Chapter 2 and Chapter 3, respectively.

In Chapter 2, two types of Markov-Cayley tree-shifts are studied by a straightforward
estimation of the topological entropy, in which we exploit either the structure of the
Markov-Cayley tree (Theorem 2.2.2), the symmetry of the rules (Theorem 2.2.5, 2.2.6)
or the number of symbols in the alphabet (Theorem 2.2.7). In Chapter 3, we partially
generalize the idea of mixing property on Markov tree-shifts to that on Markov-Cayley
tree-shifts. With the property, we are enabled to partially generalize [9, Proposition 3.1]
and prove the coincidence of the stem entropy and the topological entropy, and techniques
developed for this purpose is adapted to prove the existence of topological entropy in limit
under special circumstances.

Despite the attempt of this thesis, the problem of the existence of topological entropy
in limit is far from being solved. The following problems naturally arise and are still left

unanswered.

1. Suppose X, is a Markov-Cayley tree-shift over a Markov-Cayley tree generated by
Y, where K is primitive. Does the topological entropy of X, exist in limit? Does

the topological entropy coincide with the stem entropy in general?
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2. It is shown in Theorem 3.2.4 that for every a,b € A and every s;,s; € X,

log pi&) log p.’3)
lim inf —Ogi " = lim inf —gz .
n—oo |An i n—o00 |Anj |

if the graph representation of X, is strongly connected. Does the equality also hold

for limit inferior, as pointed out in [9, Proposition 3.1]?
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Appendix A

Computation of Stem Entropy

A.1 Computation of Stem Entropy

In this section, we provide the pseudo codes for computation of topological entropy of
nearest-neighbor tree-shift and stem entropy of NNMCTS, which are shown in Algorithm
1 and Algorithm 2, respectively. For the the discussion of the algorithms, we denote by

® the entrywise product of vectors.

Remark A.1.1. The idea behind Algorithm 1 is given as follows. Following the notation

in Section 2.1, we denote by p,, the number of admissible patterns as

Pn = (pn;lapn;Qa = 7pn;k)T-

Then, it is shown (see for example [2]) that the growth rate of is governed by the system

of recursive equations

Prn = f(pn—l) = (Alpn—1> (ORERNO) (Akpn—1>

p0:[1717"' a]-]T'

However, due to the size required to limited resources of computer, computing entropy
directly from the above formula is impractical, which prompts us to consider a normalized

system defined as follows. Let {r, > 0 : n > 0} be a given sequence of positive real

34



numbers.

Pn = g(ﬁn—l) = f(l_)rtjl);

po = [1/ro, 1/r0,- - ,1/7"0]T

It is noteworthy that the following equality holds:

= f"(po)
= g"(Po) - T(0)*"r(1)F" - r(n)¥

= a1 (O (D)

If 7, is chosen to be the maximal element in p,, in Algorithm 1, the maximal element in

p(i) is 1 and thus
= log max pp,, = k" logro + k" logry + - -- + k° log . (A1)
In fact, if r,, is defined as in the algorithm, then 7, is a rational number and

log max, pp.q
i“XA)_Jgg,kmu/k_]_ E:kgrl m+1‘ (A.2)
In particular, if X4 4. 4) is a nearest-neighbor tree-shift with A an essential matrix, i.e.,
for every b € A there exists a € A satisfying A(a,b) =1, then |A| > r, > 1 foralln >0

and

Y k-1 Y -1 & k-1
1=0

=0 i=N+1

Remark A.1.2. As an generalization of Algorithm 1, the number of blocks of an NNM-

CTS must satisfy the following recursive system in general.

p7(15j) _ (Alpilsi)l)K(sj,sl) Q-0 (AkpglstK(sj,szc)

In the same manner, given any positive sequence of {n(fj) :n > 0,s; € X}, one may
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define the normalized system as

13§LSj) — (Alpﬁf_l)l)K(swsﬂ oXENo, (Akf,gfﬁ)K(swsk)/T

T
I_)(()Sj) = |:1/7a[()8j)7 1/74[()53')7 T 1/71(()8j)] :

By ertlng f= (f17f27 e 7fl~c) and g= (917927 e 7gk) the map Pn—1 ’_f> Pn and the map

Pn_1 V> Py respectively,

gzsj) = fj(fnil(péﬂ)apéwh ‘e 7pE)Sk)))
(

(1) (t 52)

— g (exp(t7) - B exp(t2) - B

where maxpi? = 1 and

t&1) = log max pgf;{l).

n— )'I_)n—h"' ,exp(t

Hence,
tsfj ) _ logmax, pg{ié)
]Affj)‘ o |A7(18j)’

which tends to the stem entropy of Xjy.
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A.2 Algorithms

input : A= (A, Ay, -, Ag): k binary matrices of dimension k.
iter: maximum of iterations in execution

€: threshold for convergence
output: h: approximation of entropy, where h,, := bgn@#

[y

Function normalized tree_entropy(A,iter,e)

2 Po = [Po;1; Doz - - - ,ﬁo;k]T =i RIE

3 ro < 1;

4 tg < logro;

5 ho R 80/|A0|;

6 forne {1,2,--- Jiter — 1} do

7 f)n T [ﬁn;laﬁn;% ey apn;k]T = (Alf)n—l) ORRRNO) (Akf)n—l);
8 Ty, < MaXg Dpa;

9 Pn < pn/rm

10 th < k-t,_1 + logry;

11 hn =t /|Avl;

12 if |hy, — hp—1| < by - € or h, < € then
13 ‘ break;

14 end

15 end

16 return h
17 end

Figure 1: Topological Entropy of nearest-neighbor hom tree-shift
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input : K: binary matrix of dimension k.
A = (A, As,- -+, Ag): k binary matrices of dimension k.

iter: maximum of iterations in execution

e: threshold for convergence
(s5)

output: h%): approximation of entropy, where h,(ff ) . _10gm|'czc:|pn;£
Function normalized mctree_entropy (A, iter,e)
for j € {1,2,--- ,k} do
T
f’(() ? p(()l)ap(()%)7 7158,]2) <—[1,1, 71]T;
7’((]8]) — 1;
4 = 1ogi
hy” =55 /18"
end
forne {1,2,--- Jiter — 1} do
for j €{1,2,--- ,k} do
. 5 (s T
];_)Slj) |:p£], 1)7p7(z ]2)7 T 7p7(172;)i| S
(Alpnsil)K(sjvsl) OREEXO) (Akpilsf%_)K(sj’Sk);
i)« max, pﬁf.{l);
T
I_)( (\= [ﬁgl),pijz) ,ﬁ;k)] %pn /7‘
gzsj) Sj, : [tfls TR Skl] + log,’ﬁ(sy)
hgsj) _ n /|Ansj) :
end
if 2?:1“%(181’) . hils )1| < E?:1 hifi)l -€ or ") < ¢ then
‘ break;
end
end
return (D AW ... pH))
end

Figure 2: Stem entropy of nearest-neighbor Markov-Cayley tree-shift
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A.3 Tables

The experiments in the following are conducted with mpmath library of python with

the following configuration: dps=5000,e = 107,

Ay ‘ Aoy ‘ stem entropy ‘ topological entropy ‘ iteration
0,1;1,1] [1,1;1,0] 0.1261881372008 | 0.1261881372008 37
[1,1;1,0] [1,1;1,0] 0.2332621211030 | 0.2332621211030 34

0,1,0;1,0,1;0,1,0] | [0,1,1;1,0,0;0,1,1] | 0.1681464340595 | 0.1681464340595 36

Table 1: Numerical experiments on the stem entropy of X4, 4, AT AT OVer the free group
(where log is computed with base 10).

Ay As stem entropy | topological entropy | iteration
[1,1;1,0] | [L,1;1,0] | 0.2178219813166 | 0.2178219813166 82
[0,1;1,1] | [0,1;1,1] | 0.2178219813166 | 0.2178219813166 82
[0,1;1,1] | [1,1;1,0] | 0.1267559612313 | 0.1267559612313 73
[1,1;1,0] | [0,1;1,1] | 0.1267559612313 | 0.1267559612313 73

Table 2: Numerical experiments on the stem entropy of Xy, 4, over Fibonacci-Cayley

; 1] (where log is computed with base 10).

tree generate by X, where K = [1 0
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