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Abstract

This thesis investigates the statistical and geometric properties of various symbolic and
geometric fractals. Utilizing techniques from dynamical systems, ergodic theory, and large
deviation theory, it provides a comprehensive analysis of key questions concerning Markov
subshifts on rooted d-trees, self-conformal and self-affine fractals, and their associated
measures. The research is organized into four central themes: the thermodynamic formalism of
Markov subshifts over d-trees, the recurrence properties in Bedford--McMullen carpets, the
decay in the Fourier spectrum of self-similar measures, and the local statistics of conformal
measures.

The exploration of thermodynamic formalism for Markov subshifts over d-trees aligns with
current research on statistical mechanical systems on trees, providing a large deviation
description for d-tree-indexed Markov chains, characterizing pressure, entropy, and dimension
in this non-Euclidean setting. Regarding recurrence in fractal systems, this work extends
knowledge on recurrence in self-affine fractals by examining Bedford--McMullen carpets with
coinciding Hausdorff and box-counting dimensions, providing new insights into quantitative
recurrence under non-conformal dynamics. The investigation of Fourier decay in self-similar
measures establishes a van der Corput lemma for one-dimensional non-atomic self-similar
measures, with applications to metric theorems and absolutely pointwise normality. Finally, the
study of local statistics of conformal measures expands the known class of fractal scaling
measures by demonstrating that projections of ergodic measures through self-conformal iterated
function systems are scaling measures, unveiling deep connections between scaling measures
and ergodic theory.

These results collectively contribute to a deeper understanding of the interplay between
fractal geometry, probability theory, and dynamical systems, providing novel approaches to
addressing problems and offering potential directions for future research.

Keywords: fractal distribution, recurrence, tree-indexed Markov chains, van der
Corput lemma
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Tiivistelmä

Tämä väitöskirja tutkii erilaisten symbolisten ja geometristen fraktaalien tilastollisia ja
geometrisia ominaisuuksia. Hyödyntäen tekniikoita, jotka liittyvät dynaamisiin systeemeihin,
ergodiateoriaan ja suurpoikkeamateoriaan, se tarjoaa kattavan analyysin keskeisistä
kysymyksistä, jotka koskevat Markovin siirtoja juurellisilla d-puilla, itse-konformeja ja itse-
affiinisia fraktaaleja sekä niihin liittyviä mittoja. Tutkimus on jaettu neljään keskeiseen
teemaan: Markovin siirtojen termodynaaminen formalismi d-puilla, toistuvuuden ominaisuudet
Bedford--McMullen -matoissa, Fourier-spektrin heikkeneminen itse-similaareille mitoille ja
konformien mittojen paikallinen tilastollinen käyttäytyminen.

Markovin siirtojen termodynaamisen formalismin tutkiminen d-puilla on linjassa nykyisen
tutkimuksen kanssa tilastollisista mekaanisista systeemeistä puilla, tarjoten
suurpoikkeamateoreettisen kuvauksen d-puuindeksoiduille Markovin ketjuille, ja paineen,
entropian ja ulottuvuuden karakterisoinnin tässä ei-Euklidisessa ympäristössä. Mitä tulee
toistuvuuteen fraktaalisissa järjestelmissä, tämä työ laajentaa tietämystä itse-affiinisten
fraktaalien toistuvuudesta tarkastelemalla Bedford--McMullen -mattoja, joiden Hausdorffin
dimensio ja laatikkodimensio ovat samat, tuoden uusia näkökulmia kvantitatiiviseen
toistuvuuteen ei-konformaalisissa dynamiikoissa. Fourierin heikkenemisen tutkiminen itse-
similaareille mitoille luo van der Corput'n lemman yksiulotteisille ei-atomisille itse-similaareille
mitoille, jolla on sovelluksia metrisiin teoreemiin ja absoluuttisesti pisteittäiseen
normaalisuuteen. Viimeisenä, konformaalisten mittojen paikallisten tilastojen tutkiminen
laajentaa tunnettua fraktaalisten skaalautuvien mittojen luokkaa osoittaen, että ergodisten
mittojen projisoinnit itse-konformaalisten iteratiivisten funktiosysteemien kautta ovat
skaalautuvia mittoja, paljastaen syviä yhteyksiä skaalautuvien mittojen ja ergodiateorian välillä.

Nämä tulokset yhdessä tarjoavat syvemmän ymmärryksen fraktaaligeometrian,
todennäköisyysteorian ja dynaamisten systeemien välisestä vuorovaikutuksesta, tarjoten uusia
lähestymistapoja avoimiin ongelmiin ja mahdollisia suuntaviivoja tulevalle tutkimukselle.

Asiasanat: fraktaali-jakauma, puuindeksoidut Markovin ketjut, toistuvuus, van der
Corput'n lemma
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1 Introduction

“What we observe is not nature itself, but nature exposed to our method
of questioning.”

– Werner Heisenberg

Excavations of the underlying principles of this world have never ceased since the birth
of humankind. From the evolution of the universe to changes in weather, the desire
for explanations of natural phenomena arises not just out of pure academic curiosity
but also because of their practical importance. In retrospect, the study of dynamical
systems has undeniably played a crucial role in such pursuits, with advancements often
marking new milestones in the field of natural science. A notable example is statistical
mechanics, which employs statistical methods and probability theory to study systems
comprising a large number of microscopic entities. Its mathematical foundations later
contributed to the development of ergodic theory and thermodynamic formalism, whose
influences on other mathematical fields remain substantial.

In particular, the aforementioned influences extend to the field of fractal geometry.
Inherently, fractals, as sets with fine structures at all scales, have the dynamics of
magnification in their blood, which likewise flows through their associated measures.
This nature suggests a deep connection with dynamical systems, which is captured and
exploited throughout the development of the study as well as within the scope of this
thesis. By employing techniques from dynamical systems, ergodic theory, and large
deviation theory, the work explores a variety of geometric and statistical properties of
symbolic and geometric fractals, with a focus on Markov subshifts over rooted d-trees
for the former and self-conformal and self-affine sets for the latter. Categorized into four
themes, the geometric and statistical properties in question are studied accordingly in
the following projects: the thermodynamic formalism of Markov subshifts over d-trees,
the recurrence in Bedford–McMullen carpets, the decay in the Fourier spectrum of
self-similar measures, and the scaling properties of ergodic measures for conformal
iterated function systems. Sections 1.2–1.5 provide a comprehensive overview of each
project, with key findings summarized below.

Thermodynamic formalism of Markov subshifts over d-trees The investiga-
tion is motivated by the study of nearest-neighbor statistical mechanical systems on
lattices with tree structures, focusing on the pressure and entropy of such systems. We
aim to contribute to the ongoing research by supplementing the existing studies with a

13



large deviation description for Markov subshifts and Markov measures. Consequently,
the results obtained in the work not only refine the Shannon–McMillan-Breiman theorem
by providing an explicit local entropy formula under the irreducible assumption, but
also reveal, from a geometric perspective, how the degree d of the underlying lattice
influences the entropy and the pressure.

Recurrence in Bedford–McMullen carpets The growing interest in the quantita-
tive study of recurrent points in fractal sets, particularly those that inherit dynamics
from iterated function systems, has encouraged this project. Concentrating on Bedford–
McMullen carpets with uniform fibers, this study characterizes, in terms of dimension,
the recurrence in the sets with respect to their associated ×m1-×m2 dynamics and
a prescribed inhomogeneous rate. The systems discussed in this framework are a
representative example of fractal systems with non-conformal dynamics, contributing to
the understanding of quantitative recurrence in such settings.

Decay in the Fourier spectrum of self-similar measures At the project’s
core is the pursuit of a van der Corput estimate for oscillatory integrals with respect
to fractal measures—a problem rooted in harmonic analysis. Utilizing Tsujii’s [1]
large deviation estimate of the Fourier spectrum for self-similar measures, the desired
estimate is established and applied to prove the decay in Fourier spectra of totally
nonlinear self-conformal measures, as well as to an almost sure pseudo-randomness of
the sequence (ξ xn)n∈N, ξ ̸= 0, with respect to a non-atomic self-similar measure.

Scaling properties of ergodic measures for conformal iterated function
systems This project collects the local statistics of a fractal measure through a
continuous magnification process, formulated as a scenery flow. Using ergodic theorems,
this project demonstrates that ergodic measures projected via conformal systems are
scaling measures with ergodic tangent distributions.

Through exploring the proposed projects, the thesis seeks to demonstrate the inextri-
cably intertwined nature of fractal geometry, probability theory, and dynamical systems,
offering inspiring perspectives and ultimately opening new avenues for future research
in these fields.

14



1.1 Notation

Let (X ,dX ) be a metric space. Denote the open r-ball centered at x ∈ X as B(x,r), and
let P(X) represent the collection of Borel probability measures on X .

Shift spaces Throughout the thesis, let A be a finite alphabet and G be a free
monoid with d generators (d ≥ 1), with G = N when d = 1, a special case. Explicitly,
the free monoid with d generators Σ = {1,2, · · · ,d} is represented as G = ∪∞

i=0Σi, where
Σ0 := {ε} is the set containing the identity element ε . For the remainder of the thesis,
the free monoid is identified by its Cayley graph as a rooted d-tree, in which ε is the
root of the tree. The following is a list of tree-related notations.

Definition 1.1.1. Let G be a rooted d-tree.

1. ∆
(d)
n = ∪n

i=0Σi denotes the initial n-subtree in G.
2. For every vertex g ∈ G\{ε}, denote by g̃ the parent of g.
3. For g,h ∈ G, write g ≤ h if g is on the (unique) path from ε to h.
4. For g,h ∈ G, denote by g∧ h the farthest vertex from ε such that g∧ h ≤ g and

g∧h ≤ h.

For conciseness, dependence on d is suppressed in the above notations when it is clear
from the context.

Definition 1.1.2 (full shift). A G-full shift is a topological dynamical system (A G,σ),
where

A G = {(xg)g∈G : xg ∈ A for all g ∈ G}

is endowed with the prodiscrete topology with a compatible metric

dA G(x,y) = sup{e−|∆n| : (xg)g∈∆n = (yg)g∈∆n},

and σ : G×A G → A G is a continuous map defined by

σ(g,x)h = (σgx)h = xgh.

Denote by Pσ (A G) the collection of σ -invariant measures and by Perg(A G) the
collection of ergodic measures.

As a special case, when G = N, the full-shift is identified as the set of infinite strings

A N = {(a1a2a3 · · ·) : ai ∈ A for all i ∈ N}

with the initial tree ∆
(1)
n = [1,n+1]⊂ N and the shift map defined by

σn(x1x2 · · ·) = xnxn+1 · · · .

15



Iterated function systems Let A be a finite alphabet, G = N, and (X ,dX ) be
a complete metric space. For open U,V ⊂ Rn and 0 < γ < 1, let C1+γ(U,V ) (respec-
tively, C1+γ(U)) denote the class of continuously differentiable functions f : U →V
(respectively, f : U → R) whose derivatives Dx f are γ-Hölder continuous. Similarly,
let Cω(U,V ) (respectively, Cω(U)) be the collection of analytic functions f : U →V
(respectively, f : U → R).

Definition 1.1.3 (iterated function system). Let Φ = ( fa)a∈A be a finite collection of
functions fa : X → X.

1. Φ is said to be an iterated function system (IFS) if each fa is a contraction. Under
the circumstances, there exists a non-empty compact set K ⊂ X satisfying

K =
⋃
a∈A

fa(K),

referred to as the attractor of ( fa)a∈A .
2. A self-affine IFS is an IFS consisting of linear maps of the form f (x) = Ax+ t for

some invertible matrix A ∈ GLn(R) and vector t ∈ Rn. The attractor of the IFS is
referred to as a self-affine set.

3. A self-similar IFS is a self-affine IFS whose defining maps are of the form f (x) =
r ·Ax+ t for some 0 < r < 1, orthogonal matrix A ∈ On(R) and vector t ∈ Rn. Its
associated attractor is referred to as a self-similar set.

4. A self-conformal IFS Φ is an IFS consisting of injective conformal maps f ∈C1+γ(U,

U) on a bounded open convex domain U ⊂ Rn satisfying ∥Dx f∥−1Dx f ∈ On(R) and
supx∈U∥Dx f∥< 1. Its associated attractor is referred to as a self-conformal set.

Equivalently, the attractor of an IFS Φ can be described by the canonical projection
Φ : A N → X

Φ(x) = lim
n→∞

fx1 ◦ fx2 ◦ · · · ◦ fxn(∗),

where ∗ is an arbitrary point in X . With the canonical projection, one can define the
associated measures of the IFSes as follows.

Definition 1.1.4. Let Φ be an IFS in Rn and µ ∈ Perg(A N) be a Bernoulli measure.
Then, the pushforward measure Φµ is referred to as a self-affine/self-similar/self-
conformal measure if Φ is self-affine/self-similar/self-conformal.

Definition 1.1.5 (Bedford–McMullen carpet). Let 2 ≤ m1 ≤ m2 be two integers and
A ⊂ {(a(1),a(2)) ∈ Z2 : 0 ≤ a(1) < m1,0 ≤ a(2) < m2}. A Bedford–McMullen carpet is
a self-affine set K ⊂ R2 associated with some IFS Φ = ( fa)a∈A of the form

fa(x) =

[
1

m1
0

0 1
m2

]
x+

[
a(1)

m1
a(2)

m2

]
.
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Dimensions Let (X ,dX ) be a metric space. The following dimensions of a set are
considered in this thesis.

Definition 1.1.6 (box-counting dimension). The upper/lower box-counting dimension
or upper/lower Minkowski dimension of a subset S ⊂ X is respectively defined by

dimBS = limsup
r→0+

logNr(S)
logr

and dimBS = liminf
r→0+

logNr(S)
logr

,

where Nr(S) is the minimal number of r-balls needed to cover the set S.

As an alternative measurement of subsets in X , the Hausdorff and packing dimensions
intend to capture the “critical dimension” for the associated Hausdorff measure and
packing measure in the following manner, both of which turn out to be Borel measures
on the metric space; see [2, Chapter 2] for a discussion.

Definition 1.1.7 (Hausdorff dimension). The s-dimensional Hausdorff measure of a set
S is an outer measure defined by

Hs(S) = lim
δ→0+

Hs
δ
(S),

where

Hs
δ
(S) = inf

{
∞

∑
i=1

diam(Ui) : S ⊆
∞⋃

i=1

Ui with diam(Ui)< δ

}
.

The Hausdorff dimension of a set S is defined as the critical exponent for the Hausdorff
measure to be finite-valued:

dimH S = inf{s > 0 : Hs(S) = 0}= sup{s > 0 : Hs(S) = ∞}.

Definition 1.1.8 (packing dimension). The s-dimensional packing pre-measure of a set
S ⊂ X is defined as

Ps
0(S) = limsup

δ→0
Ps

δ
(S),

where

Ps
δ
(S) = sup

{
∞

∑
i=1

diam(Bi) : Bi are disjoint closed balls centered in S,diam(Bi)≤ δ

}
.

The s-dimensional packing measure is defined as

Ps(S) = inf

{
∞

∑
i=1

Ps
0(Si) : S ⊂

∞⋃
i=1

Si

}
,

17



and the packing dimension of a set S is defined as the critical exponent for the packing
measure to be finite-valued:

dimP S = inf{s > 0 : Ps(S) = 0}= sup{s > 0 : Ps(S) = ∞}.

As artificial as Hausdorff measure and packing measure might seem, they prove natural
in the pursuit of generalizing the Lebesgue measure, especially for characterizing
Lebesgue-null Borel subsets—they indeed coincide, up to some multiplicative constant,
with Lebesgue measure when s is integral.

Similar concepts are adopted to define the dimensions of measures. Below are some
of these dimensions.

Definition 1.1.9 (local dimension). Let µ ∈ P(X). The upper/lower local dimension of
µ at x ∈ X is defined, respectively, as

dimloc(µ,x) = limsup
r→0

log µ(B(x,r))
logr

and dimloc(µ,x) = liminf
r→0

log µ(B(x,r))
logr

.

Definition 1.1.10 (Hausdorff dimension). Let µ ∈ P(X). The upper/lower Hausdorff
dimension of µ is defined, respectively, as

dimH µ = esssup
x∼µ

dimloc(µ,x) and dimH µ = ess inf
x∼µ

dimloc(µ,x).

Definition 1.1.11 (packing dimension). Let µ ∈ P(X). The upper/lower packing
dimension of µ is defined, respectively, as

dimPµ = esssup
x∼µ

dimloc(µ,x) and dimPµ = ess inf
x∼µ

dimloc(µ,x).

Definition 1.1.12 (entropy dimension). Let µ ∈ P(X). The upper/lower entropy
dimension of µ is defined, respectively, as

dimeµ = limsup
r→0

∫ log µ(B(x,r))
logr

dµ(x) and dimeµ = liminf
r→0

∫ log µ(B(x,r))
logr

dµ(x).

When X = Rd , the relationship between dimensions of a set and those of a measure is
discussed in [2, Chapter 10.1] and is summarized as follows.

Proposition 1.1.13. If µ ∈ P(Rd), then the following hold.

dimH µ = inf{dimHS : µ(S) = 1} and dimH µ = inf{dimHS : µ(S)> 0},

dimPµ = inf{dimPS : µ(S) = 1} and dimPµ = inf{dimPS : µ(S)> 0}.

18



Markov chains, entropy, and pressure The Markov chains considered in this
thesis are those indexed by d-trees G, as defined below.

Definition 1.1.14 (Markov chain). Let G be a rooted d-tree. A G-indexed Markov chain
(Xg)g∈G is a stochastic process satisfying the Markov property: There exists a stochastic
matrix M ∈ RA ×A

≥0 such that for all g ∈ G and all a,b ∈ A ,

P(Xg = b|Xg̃ = a,Xh for g∧h ≤ g̃) = P(Xg = b|Xg̃ = a) = Ma,b.

In this context, the stochastic matrix (Ma,b)a,b∈A ×A is referred to as the transition
matrix, and the probability vector (πa)a∈A := (P(Xε = a))a∈A is referred to as the
initial distribution.

Notably, a concrete construction of a Markov chain can be obtained through the Borel
probability space (A G,B,P), where each Xg(x) is defined as xg and the measure
P ∈ P(A G) is called the Markov measure. Moreover, these processes generalize
one-sided Markov chains, as they reduce to the latter when G = N for d = 1. The
following two important classes of Markov chains are considered in this thesis.

Definition 1.1.15. Let (Xg)g∈G be a d-tree-indexed Markov chain with transition matrix
M.

1. (Xg)g∈G is said to be irreducible if its transition matrix M is irreducible, namely, for
every a,b ∈ A , there exists some n ∈ N such that (Mn)a,b > 0.

2. (Xg)g∈G is labeled primitive if its transition matrix M is primitive, meaning for every
a,b, (Mn)a,b > 0 for all sufficiently large n ∈ N.

Naturally associated with the support of a Markov measure P is a Markov subshift
on d-tree, which is defined as follows:

Definition 1.1.16 (Markov hom tree-shift1). Let A ∈ RA ×A
≥0 . A Markov hom tree-shift

T
(d)

A on the d-tree associated with A is defined as

T
(d)

A = {x ∈ A T : Axg̃,xg > 0 for all g ∈ G\{ε}}.

With these definitions in place, one can define pressure, energy, and entropy
associated with Markov measures and Markov hom tree-shifts.

Definition 1.1.17. Given an interaction matrix A∈RA ×A
≥0 and a measure µ ∈P(T

(d)
A ),

denote the set of admissible blocks in T
(d)

A of height n as

Bn(T
(d)

A ) = {(xg)g∈∆
(d)
n

: x ∈ T
(d)

A },

1The term “hom-shifts” is introduced in [3], which refers to the Zd -shift spaces that arise as the space of graph
homomorphisms from Zd to a prescribed graph.
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and define for every n ∈ N a function φ
(d)
A,n : T

(d)
A → R

φ
(d)
A,n (x) =

1

|∆(d)
n |

∑
g∈∆

(d)
n \{ε}

logAxg̃,xg .

1. The pressure is defined as

P(d)
A = limsup

n→∞

1

|∆(d)
n |

log

 ∑
u∈Bn(T

(d)
A )

∏
g∈∆

(d)
n \{ε}

Aug̃,ug

 .

When A ∈ {0,1}A is a 0-1 matrix, then htop(T
(d)

A ) = P(d)
A is called the topological

entropy of T
(d)

A .
2. The energy of µ is defined as

φ
(d)
A (µ) = limsup

n→∞

∫
φA,n(x)dµ(x).

3. The entropy of µ is defined as

h(d)(µ) = limsup
n→∞

1

|∆(d)
n |

∑
u∈Bn(T

(d)
A )

−µ[u] log µ[u],

where [u] = {x ∈ A G : (xg)g∈∆
(d)
n

= u} is the cylinder set associated with the block

u ∈ Bn(T
(d)

A ).
4. The upper/lower local entropy of µ is defined as

h
(d)

(µ,x) = limsup
n→∞

− log µ[x|
∆
(d)
n
]

|∆(d)
n |

and h(d)(µ,x) = liminf
n→∞

− log µ[x|
∆
(d)
n
]]

|∆(d)
n |

.

The dependence on the degree d is again suppressed when it is clear from the context.
Notably, [4] has proven that the pressure always converges in the limit. As [5] notes, the
limits in the definitions of entropy and energy exist if µ is a homogeneous measure, or
specifically, measures invariant under all automorphisms of G. This includes the class of
homogeneous Markov measures, or, more explicitly, those satisfying πM = π .

Since the attention of this thesis is paid exclusively toward the Markov measures, it
is noteworthy that for these measures the entropy can be alternatively expressed as

h(d)(µ) = limsup
n→∞

∫
φ
(d)
M,n(x)dµ(x).

The formulation unifies the investigation of entropy and energy by studying the
ergodic average φA,n for a nonnegative interaction matrix A, recasting an asymptotic
characterization of local entropy as an ergodic theorem.
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Notably, when G = N, a folklore theorem on the interrelation of the introduced
notions is the variational principle due to Ruelle (see, e.g., [6, Theorem 12.1]), whereas
the local behavior of the entropy and energy are characterized by the Shannon–McMillan–
Breiman theorem ([6, Theorem 1.2.6]) and the Birkhoff Ergodic Theorem ([6, Theorem
9.3.1]), respectively. These results are summarized below.

Theorem 1.1.18 (Ruelle). Let A ∈ RA ×A
≥0 be a primitive matrix, T

(1)
A ⊆ A N be the

Markov subshift associated with A, and φ : T
(1)

A → R be a Hölder continuous function.
Then, there exists a unique equilibrium state µ for φ ; namely, µ is the unique σ -invariant
realizing

P(d)
φ

= sup
{

h(1)(µ)+
∫

φ dµ : µ ∈ Pσ (T
(d)

A )

}
,

where

P(d)
φ

= limsup
n→∞

1

|∆(1)
n |

log

 ∑
u∈Bn(T

(1)
A )

sup
x∈[u]

exp

 ∑
g∈∆

(1)
n

φ(σg(x))




= limsup
n→∞

1
n

log

 ∑
u∈Bn−1(T

(1)
A )

sup
x∈[u]

exp

(
n

∑
i=1

φ(σi(x))

)
Moreover, µ is supported on T

(1)
A and is a Gibbs measure.

Theorem 1.1.19 (Shannon–McMillan–Breiman). Let µ ∈ Pσ (T
(1)

A ). Then, the
upper and lower local entropy agree µ-almost everywhere as a µ-integrable function.
Furthermore, if µ is ergodic, then the limit is h(1)(µ) µ-almost everywhere.

Theorem 1.1.20 (Birkhoff). Let µ ∈ Pσ (T
(1)

A ) and φ be µ-integrable. Then, the
ergodic averages

lim
n→∞

1

|∆(1)
n |

∑
g∈∆

(1)
n

φ(σg(x)) = lim
n→∞

1
n

n

∑
i=1

φ(σi(x))

converge µ-almost everywhere to a µ-integrable function. Furthermore, if µ is ergodic,
then the limit equals

∫
φ dµ µ-almost everywhere.

Scenery flows Let (X ,dLP) be a metric space with X = {µ ∈ P(B(0,1)) : 0 ∈
suppµ} a subset of Borel measures in Rn and dLP the Lévy-Prohorov metric defined by

dLP(µ,ν) := inf{ε : µ(A)≤ ν(A(ε)) and ν(A)≤ µ(A(ε)),A ∈ B(X)},
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where A(ε) = {x ∈ Rn : infy∈A dLP(x,y) < ε} is the ε-neighborhood of A. For every
µ ∈ X , define the magnification of µ at x ∈ B(0,1) by et by

µx,t(A) =
µ(e−t(A∩B(0,1))+ x)

µ(B(x,e−t))
,

using which the scenery flow is defined as follows.

Definition 1.1.21 (scenery flow). Let µ ∈ P(Rd). The scenery flow of µ at x is defined
as

1
T

∫ T

0
δµx,t dt,T ≥ 0,

where δ· is the Dirac delta function. Any accumulation point of the scenery flow is
referred to as a tangent distribution.

Definition 1.1.22 (scaling measure). Let µ ∈P(Rd). Then, µ is referred to as a scaling
measure if the scenery flow converges at µ-a.e. x, and is referred to as a uniformly
scaling measure if it is a scaling measure with a unique tangent distribution.

This thesis focuses on a specific class of tangent distributions, defined as follows.

Definition 1.1.23 (fractal distribution). Let X be equipped with the scaling flow
S : R≥0 ×X → X defined as St µ := µ0,t , so that (X ,S) forms a topological dynamical
system.

1. P ∈ P(X) is said to be quasi-Palm if the following is satisfied: If S is a P-full
Borel set, then for P-a.e µ ∈ S and µ-a.e. x satisfying B(x,e−t)⊂ B(0,1), we have
µx,t ∈ S .

2. A distribution P ∈ P(X) is referred to as a fractal distribution if P is S-invariant and
quasi-Palm.

3. An ergodic fractal distribution P is a fractal distribution that renders (X ,S,P) ergodic.

Indeed, [7, Theorem 1.7] indicates that given every µ ∈ P(Rn), for µ-a.e. x, all tangent
distributions are fractal distributions.

1.2 Thermodynamic formalism of Markov subshifts over d-trees

The study of equilibria in statistical physics has a long history, with its foundations laid
in Gibbs’ seminal works [8, 9] on equilibrium thermodynamics and statistical mechanics.
As the theory evolved, a mathematical framework inspired by equilibrium statistical
mechanics gradually developed into an independent field known as thermodynamic
formalism, which Ruelle [10] and others notably advanced in the 1970s. At its core, the
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study focuses on the characterization of equilibrium states, drawing implications for the
macroscopic behavior of systems from these states.

Though successfully established for a wide range of systems, principles in classical
thermodynamic formalism do not apply universally. In particular, Burton, Pfister, and
Steif [5] hinted at a failure of the variational principle for Ising models on rooted
d-trees—a fundamental theorem pointing to equilibrium states. The breakdown, among
others, indicates that

P(d)
A ≥ sup{h(µ)+φA(µ) : µ is homogeneous} . (1)

With a possibly strict inequality in general, equation (2) contrasts with the classical
variational principle for Ising models on the degenerate rooted tree N. This phenomenon
invites a closer inspection of both sides of the inequality and motivates the project.

Immediately, the discrepancy prompts the following question:

Question 1. How does the tree structure affect the pressure?

Philosophically, one would expect the pressure to grow with the degree of the tree, as an
increase in the degree implies an increase in the freedom of the state at each site. As
it turns out, the right-hand side of (1) is shown in the same article to be the spectral
radius of E, independent of the underlying lattice structure; nevertheless, the left-hand
side, systematically investigated by Petersen and Salama as topological entropy [11, 12]
when φ = 0 or more generally as asymptotic pressure [4], is observed in special cases to
grow with the degree of the tree:

Theorem 1.2.1 ([11, Theorem 3.1]). Let T
(d)

A be a golden mean subshift, namely,

A =

[
1 1
1 0

]
.

Then, htop(T
(d)

A ) is strictly increasing in d.

Specifically, this sets the goal for this project to verify such monotonicity in general.
Particularly, when boiling down to its simplest form with φ = 0, equation (1) can be

paraphrased in terms of dimensions as follows:

dimB(TA)≥ sup{dimeµ : µ is homogeneous} (2)

Leaving aside its dynamical interpretation, the expression seemingly compares two
distinct notions from dimension theory: the box-counting dimension on one side and the
entropy dimension on the other. To clarify the relationship, we propose examining various
dimensions of the space dimBTA individually, leading to the following fundamental
question:

23



Question 2. What are the Hausdorff and packing dimensions of TA? What measures,
if any, attain sup{dimH µ : µ ∈ P(TA)} and sup{dimPµ : µ ∈ P(TA)}? Do these
dimensions coincide with dimBTA?

Unlike the entropy investigated in (1), Question 2 provides further insights into the local
structure of measures. The information needed is provided in statistical mechanics and
dynamical systems through the Shannon–McMillan–Breiman theorem, also known as
the asymptotic equipartition property in information theory. The theorem elaborates on
the contribution of each typical configuration regarding local entropy or, in dimensional
terminology, the local dimension of the measure. Particularly, recent developments of
the theorem have paid extensive attention to Markov chains on tree-indexed systems
[13, 14, 15, 16, 17], as Burton et al. highlighted, for the right-hand side of equation (1)
can be attained by Markov measures. In summary, the contribution of the previously
mentioned works was an almost sure convergence of the sample mean

φA,n(X) =
1

|∆n| ∑
g∈∆n\{ε}

logAXg̃,Xg (3)

with explicit characterization available only under the primitive assumption. Beyond
the framework, its limiting behavior remains largely unexplored, encouraging further
investigation into the topic, as explored in this thesis.

In this journey, the thesis follows the route of combinatorial reasoning, which is
recognized in large deviation theory as the “method of types” (see, e.g., [18, Chapter
2.1.1] for its classical settings). The argument well catalogs the distribution of Markov
chain realizations through the lens of combinatorics, specializing in providing a clear
picture of rare events in terms of the following limit:

1
|∆n|

logP(φA,n(X) ∈ (α,β ))

In implementation, the foundation stone of the method of types is laid in Article II
for Markov subshifts on rooted d-trees to address Question 1. Later, a large deviation
principle ensues in Article III. As an immediate consequence of the results, for irreducible
Markov chains of period p (see Definition 2.1.3), an analog of the law of large numbers
is recovered for the conditional sample means (φA,pn+ j(X)|Xε = a0), further aiding the
derivation of the Hausdorff dimension formula for TA.

1.3 Recurrence in Bedford–McMullen carpets

The characterization of orbits has long constituted a fundamental pillar in the study
of dynamical systems. For instance, in number theory, Diophantine approximation
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examines the best approximation of a real number through its orbit under the Gauss map,
taking the form of the number’s continued fraction expansion. In this project, the topic
is approached from the perspective of the recurrence set problem, attempting to explore
the dimensions of these sets in a system with a fractal structure.

Recurrence as a concept is ubiquitous in dynamical systems, and a comprehensive
conception of recurrent points provides key insights into a system’s intrinsic structure. A
notable example arises in the family of metric measure-preserving systems, for which
Poincaré’s recurrence theorem asserts almost every point revisits its vicinity infinitely
often, applying which Poincaré proved that every bounded Hamiltonian system is stable
in the sense of Poisson (see [19, Chapter 1] for a discussion). As a successor of such
a qualitative portrayal, a quantitative description of the recurrence was pioneered by
Boshernitzan, who offered a uniform bound for the typical return rate:

Theorem 1.3.1 ([20, Theorem 1.2]). Let (X ,B,d,µ,T ) be a metric measure-preserving
system and α > 0 be some constant such that α-Hausdorff measure Hα on X is σ -finite.
Then, for almost every x ∈ X,

liminf
n→∞

n1/α d(x,T n(x))< ∞.

If, in addition, H α(X) = 0, then for almost every x ∈ X,

liminf
n→∞

n1/α d(x,T n(x)) = 0.

Barreira and Saussol [21] later refined the theorem, considering the local dimensional
structure of X .

Boshernitzan’s result naturally spurs the research on the recurrent set with speed
ψ : N→ R>0:

R(X ,T,ψ) = {x ∈ X : d(x,T n(x))≤ ψ(n) for infinitely many n}, (4)

as one can infer from the theorem that

µ(R(X ,T,n−1/α)) =

1 if α > dimH X ,

0 if α < dimH X .

The formulation (4) yields a vast number of works characterizing recurrent sets. In the
context of metric measure-preserving systems, some even reveal a complete dichotomy;
specifically, µ(R(X ,T,ψ)) = 1 if ψ meets certain conditions and µ(R(X ,T,ψ)) = 0
otherwise. Notable contributions to this line of research include [22, 23, 24, 25, 26, 27].
As an alternative approach, researchers also examine the dimension of recurrent sets;
results of this kind can be found in [28, 29].

25



Motivated by the developments, this thesis seeks to investigate the recurrence in
fractal systems with dynamics arising from their associated iterated function systems:

Question 3. Suppose Φ is an IFS with attractor X and µ ∈ P(X)2. Assume that
µ-almost every x = Φ(x) ∈ X admits a unique coding in x ∈ A N so that T (x) = Φ(σx).
What is the size of R(X ,T,ψ)?

Within this framework, recent contributions toward the study include [30, 31] on
characterizations of µ(R(X ,T,ψ)) and [29] regarding dimH R(X ,T,ψ)—all of which
deal with self-similar or self-conformal IFSes. Beyond the setting of conformal dynamics,
however, characterizing recurrent sets becomes considerably more challenging, even for
systems associated with self-affine IFSes. To the author’s knowledge, the state-of-the-art
results are provided by [26, 32], which focus on matrix transformations on tori, and by
[33], which examines the generic self-affine systems regarding translation, but for a
slightly different set Φ(R(A N,σ ,ψ)).

In addressing Question 3, our eyes are set on recurrence in Bedford–McMullen
carpets3 X ⊂ T2, in which case the dynamics T : X → X can be explicitly expressed as

T (x(1),x(2)) =
(

m1x(1) (mod 1),m2x(2) (mod 1)
)
. (5)

The focus is on the dimensions of recurrent sets with different speeds in each coordinate:

Rγ(X ,T,ψ) =

x ∈ X :

|(T n(x))(1)− x(1)| ≤ ψ(n)

|(T n(x))(2)− x(2)| ≤ ψ(n)γ
for infinitely many n ∈ N

 ,

(6)
where γ ∈ [0, logm1

m2], with (4) recovered as a special case γ = 1. Compared to extant
results within the self-affine framework, ours is one of the exceptionally rare instances
where the dimension of recurrent sets can be determined for Euclidean balls, rather than
those projected from the symbolic space through the iterated function system.

To conclude the section, acknowledging the limitations of our approach is important.
At its core, the naïve covering strategy employed in the derivation of the upper bound
appears suboptimal beyond the aforementioned framework. For Bedford–McMullen
carpets with non-uniform fibers, the resulting upper bound fails to align with the lower
bound established by the piecewise Bernoulli measures. This discrepancy persists for
rectangular neighborhoods with parameter γ exceeding logm1

m2.

2Normally, the measure µ is a projected measure πµ via the IFS for some µ ∈ Pσ (A N) or a Hausdorff
measure Hα if 0 < Hα (X)< ∞.
3Strictly speaking, Bedford–McMullen carpets are subsets of [0,1]2. Nevertheless, the formulation of
associated dynamics is more straightforward if one considers its natural projection on T2 through the map
(x(1),x(2)) 7→ (x(1) (mod 1),x(2) (mod 1)).
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1.4 Decay in the Fourier spectrum of self-similar measures

Over the decades, Fourier analysis has proven to have numerous applications in scientific
studies and in practice alike, ranging from physics to engineering; its impact is equally
profound in mathematics itself, particularly in number theory.

In number theory, Weyl [34] initiated the study of equidistributed sequences on
[0,1]. Precisely, a sequence (an)n∈N in [0,1] is said to be equidistributed on an interval I
if it satisfies

lim
n→∞

|{1 ≤ k ≤ n : ak ∈ J}|
n

=
diam(J)
diam(I)

for every interval J ⊂ I.

In the spirit of Fourier analysis, Weyl’s work provided the following equivalent charac-
terization: For all λ ∈ N,

lim
n→∞

1
n

n

∑
j=1

e2πianλ = 0, (7)

paving the way for Fourier-analytic methods in number theory. Philosophically, an
equidistributed sequence possesses the nature of identically and independently generated
random numbers. This quality alone has numerous desirable consequences, with its
application to numerical integration a notable example. Particularly, identity (7), also
known as Weyl’s criterion, was later applied by Davenport, Erdös, and LeVeque in a
paper on the equidistribution of sequences of functions of real numbers, in which the
authors found a Lebesgue-almost sure equidistribution given a sufficient decay in the
Fourier spectrum of averages of the functions:

Theorem 1.4.1 ([35]). Suppose an : [a,b]→R, with a ≤ x ≤ b and n ∈N, is a sequence
of real functions. If the series

∞

∑
N=1

1
N

∫ b

a

∣∣∣∣∣ 1
N

N

∑
n=1

e2πian(x)λ

∣∣∣∣∣
2

dx

converges for each λ ∈ N, then the sequence an(x) is equidistributed for almost all x in
a < x < b. Conversely, given any increasing function (ψ(M))M∈N approaching infinity,
there exists a sequence an(x) which is not equidistributed for any x yet satisfies the
inequality

M

∑
N=1

1
N

∫ b

a

∣∣∣∣∣ 1
N

N

∑
n=1

e2πian(x)λ

∣∣∣∣∣
2

dx < ψ(M).

Results regarding the almost sure equidistribution of a parametrized family as in
Theorem 1.4.1 are referred to as metric theorems (see, e.g., [36]).
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On a general level, the condition Erdös et al. proposed raises the question of
estimating oscillatory integrals, which is of central interest in harmonic analysis. A
renowned answer is attributed to van der Corput, stating the following:

Theorem 1.4.2 ([37, Proposition 2 in Chapter 8]). Let f be a real-valued smooth
function on an interval J ⊂ R. Suppose | f (k)(x)| ≥ 1 for all x ∈ J, where k ≥ 1 is an
integer. If k = 1 and f ′ is monotonic, or if k > 1, then there is a constant ck, which does
not depend on f , such that

∫
e2πi f (x)λ dx ≤ ckλ

−1/k.

As it turns out, a polynomial bound of this type is paramount in many studies, especially
in those of fine-scale statistics of sequences initiated by [38]. Compared to the
equidistributed property, such statistics describe the behavior of a sequence on the
scale of mean gap 1/N, which can distinguish between different equidistributed
sequences, quantify the pseudo-randomness of sequences, and imply equidistribution.
See [39, 40, 41] for some examples.

Previously described achievements on the Lebesgue measure light the way for
researchers in their counterparts for fractal measures, producing the following question:

Question 4. Is there a van der Corput lemma for fractal measures?

Harnessing a large deviation estimate of the Fourier spectrum proved by Tsujii [1], the
question is resolved in the affirmative for one-dimensional non-atomic self-similar
measures, and its implications are fruitful. First, the estimate guarantees that given any
non-atomic self-similar measure µ and any nonlinear analytic function f : J → R, the
pushforward measure f µ has a polynomial decay in its Fourier spectrum, implying a
polynomial Fourier decay for self-conformal measures associated with an analytic IFS
containing a nonlinear map [42]. Consequently, this ensures µ-almost every number is a
normal number, namely, (ξ nx (mod 1))n∈N is equidistributed for all ξ ∈ N. Second, a
similar argument proves that given any non-atomic self-similar measure µ and any ξ > 0,
all orders of the correlation of the sequence (ξ xn)n∈N are Poissonian (see Definition
2.3.5 for a formal definition) for µ-almost every x, and, in particular, implies the
equidistribution of the sequence.
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1.5 Scaling properties of ergodic measures for conformal iterated
function systems

The ideology of approaching global characterization through local structures is pervasive
across mathematical fields, and a geometric realization of the concept is through
magnification.

Initiated by Furstenberg through CP-chains [43], geometrical statistics were gathered
across scales via a constant multiplier magnifier and analyzed with the aid of ergodic the-
ory. As derivatives, scenery flows, introduced by Gavish [44], replace the underpinning
machinery with a continuous zoom-in process, and their connection with CP-chains is
discussed in [7]. Both tools have proven effective in recent advances in fractal geometry,
demonstrating their utility in establishing powerful theorems. Notable examples include
[45], which concerns projection theorems, and [46], which illustrates the prevalence of
normal numbers with respect to fractal measures. See [7] for a systematic exposition of
both tools.

Philosophically, measures with uniform scaling statistics across sites are expected to
exhibit identical geometric properties everywhere. For example, uniformly scaling
measures are exactly dimensional [7, Proposition 1.19]; namely, dimloc µ is constant
almost everywhere. In light of this, posing the following question is logical:

Question 5. What measures are uniformly scaling or scaling?

Regarding Question 5, various fractal measures are shown to fall into this class; see
[47, 48, 49] for self-similar measures and quasi-Bernoulli measures projected through
conformal iterated function systems. Although many fractal measures are known to be
uniformly scaling, researchers also provide examples of non-scaling measures (see,
e.g., [50, 51]). This project further enriches the collection of fractal scaling measures
known to researchers by considering conformal measures Φµ with µ ∈ Perg(A N),
without imposing further separation conditions. Exploiting the ergodicity, this thesis
demonstrates that Φµ is a scaling measure with its tangent distribution, up to an
orthogonal transformation, unique and ergodic.

To conclude, the study of scaling measures offers deep insights into the geometric
and statistical properties of fractal measures. By extending the class of known scaling
measures to include conformal measures of ergodic origin, this work enriches the
existing theory and provides a broader framework for understanding uniform scaling
phenomena. The results presented here not only contribute to ongoing research in fractal
geometry but also reinforce the connection between ergodic theory and scaling dynamics.
Moreover, the application to Furstenberg-type problems highlights the relevance of
these techniques in addressing broader conjectures.
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2 Results and discussion

The chapter is dedicated to addressing Questions 1-5. The discussion follows a thematic
approach, summarizing the relevant results in Articles I-V.

2.1 Thermodynamic formalism of shift spaces over trees

Questions 1 and 2 are addressed in Articles II and III, respectively.

2.1.1 Results

Regarding Question 1, the exposition begins with a scrutiny of the combinatorics of
labeled root d-trees. Inspired by the method of types argument in large deviation theory,
Article II reinstates its fundamental combinatorial estimates for the tree-indexed systems,
laying the groundwork for the project. Manifested in the paper, the combinatorics are
predominantly dictated by a nonlinear operator ΨA,d : RA → RA , A ∈ RA ×A

≥0 , defined
by

(ΨA,d(x))a = ((Ax)a)d ,

whose interplay with the asymptotic pressure is illustrated as follows.

Theorem 2.1.1 (Theorem 3.1(c) of Article II). Suppose A has neither zero columns nor
zero rows. Let A∞ = {a ∈ A : ∃n ∈ N,(An)a,a > 0} and L = min{n ∈ N : (An)a,a > 0,
∀a ∈ A∞}. Then,

P(d)
A = max

a∈A∞

lim
n→∞

d −1
dLn+1 log(ΨLn

A,d(x))a.

Notably, no generality is lost by assuming E has neither zero columns nor zero rows,
for, as Article II highlighted, the asymptotic pressure remains unchanged by excluding
corresponding states. By differentiating d−1

dLn+1 log(ΨLn
A,d(x))a with respect to the degree d

unveils the monotonicity of asymptotic pressures, forming the following main theorem
of the article.

Theorem 2.1.2 (Theorem 1.1 of Article II). Suppose A has neither zero columns nor
zero rows. Then, P(d)

A is increasing in d. Furthermore,

lim
d→∞

P(d)
A = max

a∈A
log ∑

b∈A

Aa,b.

Particularly, the theorem resolves Question 1 by confirming that the asymptotic pressure
is increasing with respect to degree d of the tree.
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As a sequel to Article II, Article III further leverages the established estimates to
their fullest extent, resolving Question 2. Serving their original purposes, these estimates
enable the development of a Cramér’s theorem for finite-state Markov chains indexed by
rooted d-trees as stated below. Recall first the following definition of the period of a
state a ∈ A .

Definition 2.1.3. Suppose (Xg)g∈G is a Markov chain indexed by the d-tree with
transition matrix M.

1. The period of a state a ∈ A is defined as

p = gcd{n ∈ N : (Mn)a,a > 0},

where p is set to ∞ if the index set in question is empty.
2. If (Xg)g∈G is irreducible, then the period of the Markov chain is the common period

of all states. In particular, (Xg)g∈G is of period 1 if it is primitive.

In what follows, (Xg)g∈G is consistently a Markov chain indexed by the d-tree with
transition matrix M.

Theorem 2.1.4 (Theorem 1.2 of Article III). If a0 ∈ A is a state of finite period
p, then (φA,pn+ j(X)|Xε = a0)n∈N satisfies the large deviation principle with speed
(|∆pn+ j|−1)n∈N and rate

Λ
∗
j(α) = sup

µ∈R
[µα −Λ j(µ)],

where, with 1 ∈ RA denoting the all-1 vector,

Λ j(µ) = lim
n→∞

log((ΨM⊙A⊙µ ,d)
pn+ j(1))a0

|∆pn+ j|
.

Explicitly, for any Borel subset S ⊂ R,

sup
α∈S̊

−Λ
∗
j(α)≤ liminf

n→∞

logP(φA,pn+ j(X) ∈ S|Xε = a0)

|∆n|

≤ limsup
n→∞

logP(φA,pn+ j(X) ∈ S|Xε = a0)

|∆n|
≤ sup

α∈S
−Λ

∗
j(α).

Almost as a corollary of the previous theorem, a law of large numbers comes along
under the irreducible assumption of the Markov chain.

Theorem 2.1.5 (Theorem 1.3 of Article III). Under the assumptions of Theorem 2.1.4,
if the Markov chain is irreducible with period p, then for any state a0 ∈ A ,

lim
n→∞

(φA,pn+ j(X)|Xε = a0) =
p−1

∑
i=0

d−i

∑
p−1
ℓ=0 d−ℓ

∑
a,b∈A

π
(i+1− j)
a Ma,b logAa,b P-a.s.,

32



where (π(i))i∈Z are the (unique) left probability eigenvectors of Mp satisfying π(i) =

π(i+1)M and π
(i)
a0 > 0 if and only if i ≡ 0 (mod p).

The explicit expression of the almost sure limits aids the subsequent derivation of the
Hausdorff dimension of tree-indexed systems. Precisely, the dimension in question is
described in terms of the eigenvalues of the nonlinear transfer operator LA,r : RA →RA

(r ∈ RA
>0), LA,r = ΨA,rp−1 ◦ΨA,rp−2 ◦ · · · ◦ΨA,r0 as in the following theorem.

Theorem 2.1.6 (Theorem 1.4 of Article III). Let T
(d)

A be a Markov hom tree-shift with
matrix A ∈ {0,1}A ×A an irreducible matrix of period p. Then,

dimH T
(d)

A = min
r∈Rp,d

(
p−1

∑
ℓ=0

ℓ

∏
i=0

r−1
i

)−1

· logρ∗(LA,r), (8)

where

Rp,d =

{
r ∈ (0,d]p :

p−1

∏
i=0

ri = 1

}
,

ρ∗(LA,r) = inf{α : LA,r(u) = α ·u ∈ R\{0}}.

In particular, if A is a primitive matrix, then p = 1, LA,r = A for r ∈ R1,d = {1}, and
dimH T

(d)
A = logρ∗(A) = logρ(A), where ρ(A) is the spectral radius of A.

In summary, the findings combined answer Question 2. Assuming A ∈ {0,1}A ×A is an
irreducible incidence matrix, then Article II with Appendix A in Article III asserts

max
µ∈P(T

(d)
A )

dimPµ = d · max
µ∈P(T

(d)
A )

dimPµ

= dimP T
(d)

A = dimBT
(d)

A = d ·dimBT
(d)

A

= lim
n→∞

max
a∈A

d −1
dn+1 −1

logΨA,d(1)a,

which increases as d grows. Furthermore, Article III demonstrates

max
µ∈P(T

(d)
A )

dimH µ = d−1 max
µ∈P(T

(d)
A )

dimH µ

= dimH T
(d)

A

= min
r∈Rp,d

(
p−1

∑
ℓ=0

ℓ

∏
i=0

r−1
i

)−1

· logρ∗(LA,r),

which, according to the last expression, decreases as d approaches infinity.
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2.1.2 Further questions

Since Questions 1 and 2 have been addressed only for nearest-neighbor models on d-trees
under the assumption of an irreducible transition matrix, considering the following
questions is natural.

– Given the implicit formula of limiting behavior provided in the literature (e.g., [16]),
what is the limit of φ

(d)
A,n (X) for general Markov chains?

– Is Λ∗
j(α) in Theorem 2.1.4 differentiable?

– What is the multifractal spectrum of the Markov measure?
– What is limd→∞ dimH T

(d)
A ?

– Is there a large deviation estimate for non-nearest-neighbor systems on general trees?

2.2 Recurrence in Bedford–McMullen carpets

Regarding Question 3, Article I provides a partial answer.

2.2.1 Results

Throughout the section, let X ⊂ T2 denote a Bedford–McMullen carpet with the
dynamics T : X → X (together with m1,m2 ∈ N) defined as in (5). The function
ψ : N→ R>0 represents the speed of recurrence and Rγ(X ,T,ψ) is the recurrent set
given in (6). Additionally, define

τ1 = liminf
n→∞

logm1
ψ(n)

n
and τ2 = liminf

n→∞

logm2
ψ(n)

n
.

Recall that Bedford [52] and McMullen [53] independently obtained the box-
counting and Hausdorff dimensions of Bedford–McMullen carpets.

Theorem 2.2.1. Let X be a Bedford-McMullen carpet associated with the alphabet A

as in Definition 1.1.5, and

M = |{a(1) : a ∈ A }| and N
a(1) = |{b ∈ A : b(1) = a(1)}|.

Then,
dimP X = dimB X = logm1

M+ logm2
(|A |/M),

dimH X = logm1

(
∑
a∈A

N
logm2

m1

a(1)

)
.

In light of this, dimB X = dimH X if and only if there exist M nonempty columns, each
containing N rectangles. Throughout, M and N will consistently retain these meanings.
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Theorem 2.2.2 (Theorem 1.1 of Article I). Let X be a Bedford–McMullen carpet
satisfying dimB X = dimH X and 0 ≤ γ ≤ logm1

m2. Then, dimH Rγ(X ,T,ψ) = min{t1,
t2}, where

t1 =


(

1−
τ1 logm2

m1
1+τ2

)
· logm1

M+
logm2

N
1+τ2

if 1+(1− γ)τ1 ≤ logm1
m2,

logm2
M+logm2

N
1+τ2

if 1+(1− γ)τ1 > logm1
m2.

t2 =


logm1

M
1+τ1

+ logm2
N if 1+ τ1 ≤ logm1

m2,
logm1

M+logm1
N

1+τ1
if 1+(1− γ)τ1 ≤ logm1

m2 < 1+ τ1,
logm1

M+(1+(1−γ)τ1) logm2
N

1+τ1
if 1+(1− γ)τ1 > logm1

m2.

In particular, if γ = 1, this is reduced to the following form.
(1) If logm1

m2 > 1+ τ1, then

dimH Rγ(X ,T,ψ) = min
{

logm1
M+ logm2

N
1+ τ2

,
logm1

M
1+ τ1

+ logm2
N
}
.

(2) If logm1
m2 ≤ 1+ τ1, then

dimH Rγ(X ,T,ψ) = min
{

logm1
M+ logm2

N
1+ τ2

,
logm1

M+ logm1
N

1+ τ1

}
,

Notably, when γ = 1, the set Rγ(X ,T,ψ) is a recurrent set associated with balls
with respect to the L∞-distance. Nevertheless, the dimension remains unchanged if one
replaces the canonical balls with respect to the L2-distance, since the two norms are
equivalent up to a multiplicative constant that is subsumed into the rate function ψ . In
addition, although our formulae formally match those found for shrinking targets by
Bárány and Rams [54], the key difference, as Article I Remark 3.1 highlights, lies in the
underlying structure of the sets, necessitating the construction of distinct measures in the
derivation of lower bounds.

2.2.2 Further questions

As Question 3 remains largely unexplored in the self-affine setting, we would like to ask
the following questions:

– What is Rγ(X ,T,ψ) for γ > logm1
m2? What is the dimension formula if X is a general

Bedford–McMullen carpet?
– What is dimH Rγ(X ,T,ψ) for other carpets, e.g., Baránski carpets, Lalley–Gatzouras

carpets, Feng–Wang carpets?
– Suppose X is a self-affine set. What is µ(Rγ(X ,T,ψ)) if µ is a Hausdorff measure or

an associated self-affine measure?
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2.3 Decay in the Fourier spectrum of self-similar measures

Toward Question 4, Article IV proposed and proved a van der Corput estimate for
self-similar measures.

2.3.1 Results

Heuristically, the phase f : J → R in the van der Corput lemma shall not be too “flat” as
though it were a constant function, for the polynomial estimate would have failed for
an obvious reason. Considering this, the following condition on non-flatness of f is
apropos.

Definition 2.3.1. Let 0 < δ ≤ 1. A function h : R→R is called δ -non-flat on an interval
J ⊂ R if the following hold: For all ε > 0 there exists n0 = n0(ε)≥ 1 such that for all
n > n0 and every bounded subset A ⊂ J we have

N2−δn(A)≥ 2εn ⇒ diam(h(A))≥ 2−n.

With the definition, the van der Corput lemma for self-similar measures is stated as
follows.

Theorem 2.3.2 (Theorem 1.6 of Article IV). Let µ be a non-atomic self-similar measure
supported on a closed interval J ⊆ R. Let f ∈C1+α(J) for some 0 < α ≤ 1. Suppose
that f ′ is δ -non-flat on J. Then there exist constants τ = τ(µ,δ ,α) and C =C( f )> 0
such that ∣∣∣∣∫ e2πi f (x)λ dµ(x)

∣∣∣∣≤Cλ
−τ for λ > 0.

In fact, for smooth phase f ∈Ck(J), the non-flatness can be translated into conditions
on derivatives, as observed in the following lemma.

Lemma 2.3.3 (Lemma 2.6 of Article IV). Let J ⊂ R be a closed interval and h ∈Ck(J)
for some integer k ≥ 1. If

max
1≤ j≤k

| f ( j)(x)| ≥ 1 for any x ∈ J,

then there exists ρ > 0 such that f is 1
2k -non-flat on all sub-intervals I ⊂ J with

diam(J)≤ ρ .

Combining the above gives rise to the following theorem, which more closely resembles
the original van der Corput lemma.
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Theorem 2.3.4 (Theorem 1.1 of Article IV). Let µ be a non-atomic self-similar measure
supported on an interval J ⊆ R. Let f ∈ Ck(J) for some integer k ≥ 2 be such that
for some c0 > 0, max2≤ j≤k | f ( j)(x)| ≥ c0 for any x ∈ J. Then there exist constants
τ = τ(µ,k) and C =C( f )> 0 such that∣∣∣∣∫J

e2πi f (x)λ dµ(x)
∣∣∣∣≤Cλ

−τ for λ > 0. (9)

Importantly, the first order derivative of phase f is intentionally excluded from the
hypothesis, as certain Bernoulli convolutions (see, e.g., [55, Proposition 15.3.2]) exhibit
no decay whatsoever in their Fourier spectra, in which case the theorem fails for
g(x) = x.

The backbone of the theorems above is a large deviation estimate on the Fourier
spectra of self-similar measures proved by Tsujii [1, Theorem 1]. By the same argument,
Article IV proves the following two applications.

The first application focuses on the following fine-scale statistics of sequences.

Definition 2.3.5. Suppose N ≥ 1 and k ≥ 2.

1. Let Uk =Uk(N) denote the set of distinct integral k-tuples taking values in {1, . . . ,N};
that is,

Uk =
{

u = (u1, . . . ,uk) : ui ∈ {1, . . . ,N}, ui ̸= u j for all i ̸= j
}
.

For each u ∈ Uk and real-valued sequence (xn)n≥1 consider the difference vector

∆(u,(xn)n≥1) = (xu1 − xu2 , . . . ,xuk−1 − xuk) ∈ Rk−1.

Given f : Rk−1 → R with compact support, the k-level correlation function is defined
as

Rk( f ,(xn)n≥1,N) :=
1
N ∑

u∈Uk

∑
l∈Zk−1

f (N(∆(u,(xn)n≥1)+ l)). (10)

If

lim
N→∞

Rk( f ,(xn)n≥1,N) =
∫
Rk−1

f (x)dx, ∀ f ∈C∞
c (Rk−1) (11)

then we say the k-level correlation of (xn)n≥1 is Poissonian.
2. Let us reorder the sequence (xn)

N
n=1 and label them as

0 ≤ θ1,N ≤ θ2,N ≤ ·· · ≤ θN,N ≤ 1 with θ0,N := θN,N −1 (mod 1).

Suppose that for every s ≥ 0 the limit, as N → ∞, of the function

G(s,(xn)n≥1,N) :=
1
N
|{1 ≤ n ≤ N : N (θn,N −θn−1,N)≤ s}|

exists and equals G(s) = 1− e−s. We say that the level spacings are Poissonian.
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Each definition above alludes to the similarity between the deterministic sequence
(xn)n∈N and the one associated with the Poisson process with intensity 1; see [56] for
further discussion. In particular, either property implies that (xn)n∈N is equidistributed
on [0,1]. In Article IV, we proved that (ξ xn)n∈N is Poissonian in the sense of fine-scale
statistics above, augmenting Aistleitner et al.’s [56] results.

Theorem 2.3.6 (Theorem 1.2 of Article IV). Let µ be a non-atomic self-similar measure
on R such that µ-a.e. x is larger than 1. Let ξ ∈ R\{0}. Then for µ-almost every x
the k-level correlation of (ξ xn)n≥1 is Poissonian for all k ≥ 2. In particular, the level
spacings are also Poissonian, and the sequence (xn)n≥1 is equidistributed on [0,1].

The second application is the completion of Algom et al.’s [42] results, asserting a
decay in the Fourier spectrum for totally nonlinear conformal measures.

Corollary 2.3.7 (Corollary 1.3 of Article IV). Let µ be a non-atomic self-similar
measure supported on an interval J ⊆R, and let f ∈Cω(J) be a non-affine real analytic
function. Then there exist τ > 0 and C > 0 such that∣∣∣∣∫J

e2πi f (x)λ dµ(x)
∣∣∣∣≤C |λ |−τ as |λ | → ∞. (12)

As [42, Section 6.2] illustrated, the above corollary completes the puzzle of the following
theorem.

Theorem 2.3.8 (Theorem 1.4 of Article IV and Corollary 1.2 of [42]). Let Φ be a Cω(R)
IFS. If Φ contains a non-affine map then every non-atomic self-conformal measure ν

admits some τ > 0 such that

ν̂(λ ) = O
(

1
|λ |τ

)
as |λ | → ∞,

where ν̂ is the Fourier transform of ν:

ν̂(λ ) =
∫

e2πix·λ dν(x).

In particular, Baker and Banaji [57] obtain Theorem 2.3.8 simultaneously using a differ-
ent argument. Furthermore, using an argument essentially identical to the Davenport–
Erdös-LeVeque theorem (Theorem 1.4.1), one deduces the pointwise absolute normality
of the measure, namely, almost every x (with respect to f µ or ν) is a normal number
with respect to all bases greater than 1.
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2.3.2 Further questions

We include the following list of problems that remain unanswered in the thesis.

– Is there a (sharp) bound for the exponent τ in Theorems 2.3.2 and 2.3.4?
– Does the van der Corput lemma hold for self-similar measures in higher dimensions?

Does it hold for self-affine measures, given a generalization of Tsujii’s large deviation
estimate available in higher dimensions [58, Corollary 1.7]?

These questions highlight areas where future work may yield valuable insights or new
results.

2.4 Scaling properties of ergodic measures for conformal iterated
function systems

Article V provides a resolution to Question 5.

2.4.1 Results

The following theorem answers Question 5.

Theorem 2.4.1 (Theorem 1.1 of Article V). Suppose Φ is a conformal iterated function
system. If µ ∈ Perg(A N), then πµ is a scaling measure. Moreover, there exists an
ergodic fractal distribution P ∈ P(P(Rd)) such that the limit of the scenery flow Px is
of the form AxP for some orthogonal matrix Ax.

Essentially, the proof relies on the fact that Φµ is exactly dimensional if µ ∈ Perg(A N)

along with the local entropy average techniques from [45] and an application of Pinsker’s
inequality.

2.4.2 Further questions

Here we list a few further research problems.

– Theorem 2.4.1 ensures that Φµ is a scaling measure if µ ∈Perg(A N) is projected via
self-conformal IFS. Is Φµ uniformly scaling if µ is projected via a self-similar IFS?

– Does Theorem 2.4.1 hold if µ ∈ Pσ (A ) is only invariant?
– Are all self-affine measures scaling measures?
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1. Introduction

1.1. Background

The concept of recurrence plays an important role in dynamical systems and ergodic theory. Let 
(X, B, μ, T ) be a measure-preserving system equipped with a compatible metric d, i.e., (X, d) is a met-
ric space and B is a Borel σ-algebra of X. If (X, d) is a separable metric space, the Poincaré Recurrence 
Theorem implies that μ-almost every x ∈ X is recurrent in the sense that

lim inf
n→∞ d(T nx, x) = 0.

In nature, the result provides no information about the rate at which an orbit will return to the initial 
point or in what manner a neighborhood of the initial point will shrink under the iteration. The interest 
in this quantitative characterization has provoked a rich subsequent literature on the so-called quantitative 
recurrent sets: given a rate function ψ : X × N → (0, ∞), the quantitative recurrent set with respect to ψ is 
defined as

* Corresponding author.
E-mail addresses: yu-liang.wu@oulu.fi (Y.-L. Wu), yuanna199@gmail.com (N. Yuan).
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R(T, ψ) =
{

x ∈ X : d(T nx, x) < ψ(n, x) for infinitely many n ∈ N
}

. (1.1)

Boshernitzan [8] gave an outstanding result for general systems concerning the size in measure of R(T, ψ). 
Later, Barreira and Saussol [6] stated a finer result.

In recent years, many authors have turned their eyes to recurrent sets on fractals. On the one hand, 
some researchers showed that the μ-measure of the set R(T, ψ) is null or full according to convergence 
or divergence of a certain series in some dynamical systems (see Chang-Wu-Wu [10], Baker-Farmer [2], 
Hussain-Li-Simmons-Wang [15], Kirsebom-Kunde-Persson [16], Persson [24], Kleinbock-Zheng [17] and 
Baker-Koivusalo [3]). On the other hand, many researchers studied the Hausdorff dimension of the set 
R(T, ψ) in some dynamical systems (see Tan-Wang [28] and Seuret-Wang [26]). Note that when we require 
{T nx}n≥1 to return to the neighborhoods of a chosen point x0 ∈ X rather than the initial point x, the 
problem becomes the so-called shrinking target problem, which was first investigated by Hill and Velani 
[13]. Since then, many authors have contributed to the study of the shrinking target problem. To name but 
a few, see [1,4,9,12,14,18,20–22,25,27,29] and references within.

As for the Hausdorff dimension, it is to be noted that the aforementioned works mainly involve systems of 
R1 or dynamical systems in conformal dynamics, and hardly anything is known as far as high-dimensional 
non-conformal dynamics are concerned. The only known result was presented by Bárány and Troscheit [5], 
who investigated dimensions for both the quantitative recurrence and the shrinking target problems for 
dynamically defined subsets of generic self-affine sets (in the sense of Lebesgue almost all translations). In 
this work, we intend to consider the Bedford-McMullen carpets, a typical family of planar self-affine sets 
introduced in [7] and [23], and discuss the recurrence based on the Euclidean metric. This is the first time 
the problem of recurrent sets for deterministic self-affine fractal sets is discussed. We would like to point 
out that due to the similarity of the quantitative recurrence problem and the shrinking target problem in 
nature, techniques for one problem sometimes apply to the other. For our study, arguments closely follow 
those from Barany and Rams [4] with a technical nuance mentioned in Remark 3.1.

1.2. The main theorem

It is the purpose of this paper to study the quantitative recurrent set problem on the system (K, T ) of 
Bedford-McMullen carpet K. Let 2 ≤ m1 ≤ m2 be two integers and Σmi

= {0, 1, · · · , mi − 1} for i = 1, 2. 
Define for every a = (a(1), a(2)) ∈ Σm1 × Σm2 a map φa : [0, 1]2 → [0, 1]2 as

φa(x(1), x(2)) :=
(

x(1) + a(1)

m1
,

x(2) + a(2)

m2

)
.

Given any nonempty subset A ⊆ Σm1 ×Σm2 , the Bedford-McMullen carpet K associated with A is the unique 
attractor of the iterated function system {φa : a ∈ A}. If we consider the coding map π : (Σm1 ×Σm2)N →
[0, 1]2 defined as

π(x) =

( ∞∑
n=1

x(1)n

mn
1

,
∞∑

n=1

x(2)n

mn
2

)
,

where x = (x(1)1 , x(2)1 )(x(1)2 , x(2)2 )(x(1)3 , x(2)3 ) · · · , then the Bedford-McMullen carpet K can be expressed as 
K = π(AN). It is noteworthy that the latter definition naturally endows the carpet K with a map T : K → K

defined as

T (x) = (Tm1(x(1)), Tm2(x(2))) :=
(

m1x
(1) (mod 1), m2x

(2) (mod 1)
)

.
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Let ψ : N → (0, ∞) be a rate function and γ > 0, and define the recurrent set Wγ(K, T, ψ) with respect 
to ψ as:

Wγ(K, T, ψ) :=

{
x ∈ K :

{
|x(1) − T n

m1(x
(1))| < ψ(n)

|x(2) − T n
m2(x

(2))| < ψ(n)γ
for infinitely many n

}
. (1.2)

Note that for the rest of the discussion, we assume no monotonicity of ψ. Denote by dimH and dimB the 
Hausdorff and box dimensions, respectively. The following notations are used throughout the discussions.

�1(n) = − logm1 ψ(n) and �2(n) = − logm2 ψ(n)γ (1.3)

and

�i(n)
n

= τi(n) and lim inf
n→∞

�i(n)
n

= τi, for i = 1, 2. (1.4)

Denote

�̂i(n) = ��i(n)� := min{k ∈ N : k ≥ �i(n)}. (1.5)

for i = 1, 2 and n ∈ N. It is noteworthy that if 0 ≤ γ ≤ logm1 m2, then �1(n) ≥ �2(n) and �̂1(n) ≥ �̂2(n) for 
all n ∈ N.

Our main result related to the Hausdorff dimension of the set Wγ(K, T, ψ) is as follows.

Theorem 1.1. Let Wγ(K, T, ψ) be defined in (1.2), τ1 ≥ 0, and 0 ≤ γ ≤ logm1 m2. Let M be the number 
of columns containing at least one chosen rectangle and Ni the number of rectangles chosen from the i-th 
non-empty column. Suppose that dimB K = dimH K, or equivalently, there exists an integer N ≥ 1 such 
that Ni ∈ {0, N} for all i (see [7] or [23]), we have dimH Wγ(K, T, ψ) = min{t1, t2}, where

t1 =

⎧⎨
⎩
(
1 − τ1 logm2 m1

1+τ2

)
· logm1 M + logm2 N

1+τ2
if 1 + (1 − γ)τ1 ≤ logm1 m2,

logm2 M+logm2 N

1+τ2
if 1 + (1 − γ)τ1 > logm1 m2.

t2 =

⎧⎪⎪⎨
⎪⎪⎩

logm1 M

1+τ1
+ logm2 N if 1 + τ1 ≤ logm1 m2,

logm1 M+logm1 N

1+τ1
if 1 + (1 − γ)τ1 ≤ logm1 m2 < 1 + τ1,

logm1 M+(1+(1−γ)τ1) logm2 N

1+τ1
if 1 + (1 − γ)τ1 > logm1 m2.

In particular, if γ = 1, this is reduced to the following form.
(1) If logm1 m2 > 1 + τ1, then

dimH Wγ(K, T, ψ) = min
{
logm1 M + logm2 N

1 + τ2
,
logm1 M

1 + τ1
+ logm2 N

}
.

(2) If logm1 m2 ≤ 1 + τ1, then

dimH Wγ(K, T, ψ) = min
{
logm1 M + logm2 N

1 + τ2
,
logm1 M + logm1 N

1 + τ1

}
,

Remark 1.1. We note that Theorem 1.1 covers the cases of all nontrivial τ1 for if τ1 < 0, then Wγ(K, T, ψ) =
K. In fact, for the rest of the discussion, we further assume 0 < τ1 < ∞ since the cases τ1 = 0 and τ1 = ∞
could be inferred from the remaining cases by noting that Wγ(K, T, ψ) ⊂ Wγ(K, T, φ) if ψ ≤ φ.
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Remark 1.2. The set W1(K, T, ψ) can be interpreted as a quantitative recurrent set defined in (1.1) with the 
maximum norm of R2. Nevertheless, Theorem 1.1 implies that the dimension of the quantitative recurrent 
set is invariant under all equivalent metrics, including the one induced by the Euclidean norm.

Remark 1.3. The homogeneity property (i.e., Ni ∈ {0, N} for all i) in Theorem 1.1 is imposed only for 
the lower bound (derived in Section 3) and upper bound (derived in Section 4) to coincide. Nevertheless, 
our arguments for the lower and upper bounds remain valid (with necessary modifications) without this 
assumption. As a related issue, in Theorem 1.1, our study of Wγ(K, T, ψ) is limited to a restrictive class of 
γ so that τ1 ≥ τ2 and that the homogeneity property could be exploited to deduce matching lower bound 
and upper bound. We note that this is also the main difficulty we face if we were to further generalize the 
theorem by having independent rate functions in the two coordinates.

1.3. Organization of the paper

In this paper, we will present a Hausdorff dimension formula of the recurrent set valid for the subfamily 
of Bedford–McMullen carpets whose Hausdorff dimensions are equal to the box dimensions. The paper is 
organized as follows. In Section 2, we present necessary notation and preliminaries. Section 3 and Section 4
are devoted to the proof of Theorem 1.1. Finally, in Section 5, we provide some examples to which the main 
theorem is applicable.

2. Preliminaries

In this section, we introduce necessary notations and preliminaries. For convenience’s sake, the following 
notations of the symbolic space are also introduced. For i = 1, 2, let Σn

mi
= {u : u = (u1, . . . , un), uj ∈

Σmi
, j = 1, . . . , n}. Denote by |u| the length of u ∈ Σn

mi
for i = 1, 2. Firstly, for any l ∈ N ∪ {∞} and 

u ∈ Σn
mi
, write (u)l for the word (u, · · · , u) (l times repeated concatenation of the word). More generally, 

for any positive number l > 0, denote by (u)l the word (u)�l�u′, where u′ is the prefix of u with length 
�(l−�l
)|u|
 and �l
 = max{k ∈ N : k ≤ l}. Secondly, we identify the spaces (Σm1 ×Σm2)N and (ΣN

m1 ×ΣN
m2)

by setting

(x(1)1 , x(2)1 )(x(1)2 , x(2)2 )(x(1)3 , x(2)3 ) · · · ∼ (x(1)1 x(1)2 x(1)3 · · · , x(2)1 x(2)2 x(2)3 · · · ),

which is a one-to-one correspondence. With this identification, we introduce the following notation of cylinder 
set with different lengths in its coordinates:

[(w(1), w(2))] =
{
(x(1), x(2)) : x(i)1:ni

= w(i), i = 1, 2
}

,
(
w(1), w(2)

) ∈ Σn1
m1 × Σn2

m2

}
,

each of which is associated with a half-open half-closed rectangle

I([(w(1), w(2))]) =

[
n1∑

i=1

w(1)

mi
1

,

n1∑
i=1

w(1)

mi
1
+ m−n1

1

)
×
[

n2∑
i=1

w(2)

mi
2

,

n2∑
i=1

w(2)

mi
2
+ m−n2

2

)
.

We call I([(w(1), w(2))]) an n1-th level rectangle when n1 = n2. In particular, we call I([(w(1), w(2))]) an n1-th 
level approximate square when n2 = �logm2 m1 · n1�. For any x ∈ (Σm1 ×Σm2)N , let x

(i)
1:n := x(i)1 x(i)2 . . . x(i)n . 

If A ⊂ Σm1 × Σm2 , let

An =
{
(x(1)1 x(1)2 x(1)3 · · · x(1)n , x(2)1 x(2)2 x(2)3 · · · x(2)n ) : (x(1)i , x(2)i ) ∈ A

}
.

For any u = (u(1)1 u(1)2 . . . u(1)n , u(2)1 u(2)2 . . . u(2)n ) ∈ An, let u(i) = (u(i)1 u(i)2 . . . u(i)n ), i = 1, 2.
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3. Proof of the lower bound

In this section, we will prove the lower bound of the Hausdorff dimension of Wγ(K, T, ψ), and to this 
end, we are going to prove Lemma 3.1-3.3.

In the following, we outline our strategy of proof. To begin with, we note that it suffices to prove the 
lower bound of Theorem 1.1 with an additional assumption that 0 ≤ �̂2(n) ≤ �̂1(n) for all n. Indeed, if 
Theorem 1.1 holds under the assumption, then for any ψ(n) one may choose φ(n) = min{1, ψ(n)} so that 
dimH Wγ(K, T, ψ) ≥ dimH Wγ(K, T, φ) yields the desired lower bound. Let p ∈ [0, 1]A be a probability 
vector indexed by A. For every a ∈ A, let

pa(1) =
∑

b∈A, b(1)=a(1)

pb and A(1) = {a(1) : a = (a(1), a(2)), a ∈ A}.

We take an increasing sequence of natural numbers ni such that

2i
i∑

j=1
nj � ni+1 and lim

i→∞
τ1(nj) = τ1, (3.1)

and define the measure μ (with respect to probability measure p) as follows. To begin with, write W1 = An1

and set

Wi+1 =
{

wuvw′ ∈ Ani+1 : w ∈ Wi, u ∈ A�̂2(ni), v ∈ A�̂1(ni)−�̂2(ni), w′ ∈ Ani+1−(ni+�̂1(ni)),

(uv)(1) = (w(1))
�̂1(ni)

ni , u(2) = (w(2))
�̂2(ni)

ni

}

Observe that by construction, a word w is in Wi if and only if it can be written in the form of

w = w1u1v1w2 · · · wi−1ui−1vi−1wi , (3.2)

where, by setting n0 = 0, wj ∈ Anj−(nj−1+�̂1(nj−1)) is arbitrary, and uj ∈ A�̂2(nj), vj ∈ A�̂1(nj−1)−�̂2(nj−1)

satisfy

⎧⎪⎪⎨
⎪⎪⎩

uj
(1) vj

(1) =
(

w1(1) · · · uj−1(1) vj−1(1) wj
(1)
) �̂1(nj )

nj
,

uj
(2) =

(
w1(2) · · · uj−1(2) vj−1(2) wj

(2)
) �̂2(nj )

nj
,

(3.3)

for all 1 ≤ j ≤ i. For convenience, denote

Li = |w1 · · · ui | = ni + �̂2(ni),

Ri = |w1 · · · vi | = ni + �̂1(ni).

Next, we inductively define μ on cylinder sets of length ni + �̂1(ni) for i ∈ N as

μ[w] =

⎧⎪⎨
⎪⎩

μ[w′]
|v|∏

�=1

pv�

p
v(1)
�

|w′′|∏
�=1

pw′′
�
; if w′ ∈ Wi−1 and w = w′uvw′′ ∈ Wi

0 otherwise.
(3.4)

It is readily checked by definition that
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1 =
∑

w′∈An1+�̂1(n1)

μ[w′] and μ[w] =
∑

w′∈Ani+1+�̂1(ni+1)

μ[w′] for every w ∈ Ani+�̂1(ni),

which extends μ to an additive set function on the algebra generated by all cylinders sets and hence, by 
Carathéodory extension theorem, to a Borel probability measure on AN . It then follows from this definition 
that supp(μ ◦ π−1) ⊆ Wγ(K, T, ψ). We note that our choice of measure is similar to the piecewise Bernoulli 
measure considered in [4]. For convenience, we write

F (x, k) = μ
[
(x(1)1:k, x(2)1:	k logm2 m1
)

]
, (3.5)

and for the rest of this section abuse the notation xi (similarly for x(1)i and x(2)i ) to denote the random variable 
that indicates the i-th letter of the elements in the sample space (Σm1 ×Σm2)N , which consequently renders 
F (x, k) a random variable in this context. Under the circumstances, we recover in Lemma 3.2 an analog of 
[4, Lemma 4.2]:

lim inf
k→∞

− logm1 F (x, k)
k

= lim inf
k→∞

Ep

[− logm1 F (x, k)
k

]
μ-a.e.,

where Ep denotes the mathematical expectation with respect to μ. It is noteworthy that the above limit 
coincides with the lower local dimension function almost everywhere (see for example [19]), i.e.,

lim inf
k→∞

− logm1 F (x, k)
k

= lim inf
r→0

logμ ◦ π−1(B(π(x), r))
log r

μ-a.e.

We then apply [11, Proposition 2.3] to conclude that

dimH(Wγ(K, T, ψ)) ≥ sup
p

[
lim inf
k→∞

Ep

[− logm1 F (x, k)
k

]]
,

for which the lower limit on the right-hand side is calculated in Lemma 3.2 with the optimal value obtained 
thereafter. For convenience, we introduce the following notations.

H(p) =
∑
a∈A

−pa logm1 pa, (3.6)

H1(p) =
∑

a(1)∈A(1)

−pa(1) logm1 pa(1) , (3.7)

and

H2(p) =
∑
a∈A

−pa logm1

pa

pa(1)
. (3.8)

Now, we begin to prove the lemmas.

Lemma 3.1. Let {Xi : i ∈ N} be independent random variables with zero means and M := supi Ep|Xi|4 < ∞. 
Then, for all n, m ∈ N and ε > 0, μ(|m−1∑n

i=1 Xi| > ε) ≤ 3(m4

n2 )−1Mε−4.

Proof. It is an immediate consequence of Markov’s inequality. �
Lemma 3.2. Let F (x, k) be as defined in (3.5) and suppose 0 ≤ τ1 < ∞. Then,

lim inf
k→∞

− logm1 F (x, k)
k

= lim inf
k→∞

Ep

[− logm1 F (x, k)
k

]
μ-a.e. (3.9)
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Proof. Recall that according to equation (3.2), one can express x in the following form:

x = w1u1v1w2u2v2w3 · · · .

We first prove the claim that for any ε > 0,

μ

(∣∣∣∣ logm1 F (x, k)
k

− Ep

(
logm1 F (x, k)

k

)∣∣∣∣ > ε

)
= O(k−2),

where the O(k−2) may depend on p and ε but not on k, and thus ε throughout the discussion is treated as 
a constant. Due to the assumption ni � Ri−1, every k ∈ N must fall in one of the following cases.

Case 1: ni < k and �k logm2 m1
 ≤ Li. For such k, we have

logm1 F (x, k)
k

=
1
k

⎡
⎣logm1 μ[w1 · · · vi−1 ] +

|wi |∑
�=1

logm1 p(wi)(1)
�

+
min{|wi |,�k logm2 m1�−Ri−1}∑

�=1
logm1

p(wi)�

p(wi)(1)
�

+
max{k−Ri,0}∑

�=1
logm1 p(wi+1)(1)

�

⎤
⎦ .

(3.10)

Observe that, by virtue of ni � Ri−1,∣∣∣∣1k logm1 μ[w1 · · · vi−1 ]
∣∣∣∣ ≤ Ri−1

k
· max

a∈A:pa �=0
∣∣logm1 pa

∣∣ = o(1). (3.11)

In addition, according to (3.4) the remaining terms are, respectively, summations over i.i.d. random variables

{
logm1 p(wi)(1)

�
: 1 ≤ � ≤ |wi |

}
and

{
logm1

p(wi)�

p(wi)(1)
�

: 1 ≤ � ≤ |wi |
}

with finite fourth moments

Ep

∣∣∣logm1 p(wi)(1)
�

∣∣∣4 ≤ max
a(1)∈A(1):pa(1) �=0

∣∣logm1 pa
∣∣4 and Ep

∣∣∣∣∣logm1

p(wi)�

p(wi)(1)
�

∣∣∣∣∣
4

≤ max
a∈A:pa �=0

∣∣∣∣log pa

pa(1)

∣∣∣∣
4

.

Therefore, Lemma 3.1, together with (3.11), yields

μ

(∣∣∣∣ logm1 F (x, k)
k

− Ep

(
logm1 F (x, k)

k

)∣∣∣∣ > ε

)
= O(k−2)

Case 2: k ≤ ni+1 and Li < �k logm2 m1
. We begin with a similar expression as above:

logm1 F (x, k)
k

=
1
k

⎡
⎣logm1 μ[w1 · · · vi−1 ] +

|wi |∑
�=1

logm1 p(wi)�
+

min{|vi |,�k logm2 m1�−Li}∑
�=1

logm1

p(vi)�

p(vi)(1)
�

+
max{k−Ri,0}∑

�=1
logm1 p(wi+1)(1)

�
+

max{k logm2 m1−Ri,0}∑
�=1

p(wi+1)�

p(wi+1)(1)
�

⎤
⎦ .

(3.12)

The argument for i.i.d. random variables proceeds as above except for the summation involving vi , which 
are not necessary i.i.d. However, this issue could be resolved by considering the conditional measure μw∗ of 
μ on the cylinder set [w∗], w∗ = w1u1 · · · wi ∈ Wi. Hence, with respect to any well-defined μw∗ ,
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n∑
�=1

logm1

p(vi)�

p(vi)(1)
�

is a summation over independent random variables with uniformly bounded fourth moments

Ep

∣∣∣∣∣logm1

p(vi)�

p(vi)(1)
�

∣∣∣∣∣
4

≤ max
a∈A:pa �=0

∣∣∣∣logm1

pa

pa(1)

∣∣∣∣
4

.

Applying Lemma 3.1 again yields that for every w∗ ∈ Wi,

μw∗

(∣∣∣∣∣1k
n∑

�=1
logm1

p(vi)�

p(vi)(1)
�

− Ep

(
1
k

n∑
�=1

logm1

p(vi)�

p(vi)(1)
�

∣∣∣∣∣w∗
)∣∣∣∣∣ > ε

)
= O(k−2).

We note that the bound O(k−2) could be chosen uniform over w∗, and thus it remains to show that

μ

(∣∣∣∣∣Ep

(
1
k

n∑
�=1

logm1

p(vi)�

p(vi)(1)
�

)
− Ep

(
1
k

n∑
�=1

logm1

p(vi)�

p(vi)(1)
�

∣∣∣∣∣w∗
)∣∣∣∣∣ > ε

)
= O(k−2).

Recall that equation (3.4) asserts μ-almost surely,

(uivi)(1) =
(

w1(1) · · · ui−1(1) vi−1(1) wi
(1)
) �̂1(ni)

ni
,

which implies that if we associate each index � ∈ [1, |vi |] of vi with �′ ∈ [1, ni] satisfying �′ = Li+� (mod ni), 
then

(vi)� = (wi)�′−Ri−1 whenever Ri−1 < �′ ≤ ni.

Due to ni � Ri−1, we again deduce that for every 1 ≤ n ≤ |vi |,

1
k

n∑
�=1

logm1

p(vi)�

p(vi)(1)
�

=
1
k

∑
�∈[1,|vi |]:

�′∈(Ri−1,ni]

logm1

p(vi)�

p(wi)(1)
�′−Ri−1

+ o(1),

where o(1) is uniform due to a similar argument as (3.11). Thus, writing

tn,� := #{j ∈ [1, n] : � = j (mod ni)} ∈
{⌊

n

ni

⌋
,

⌊
n

ni

⌋
+ 1

}
(1 ≤ � ≤ |w[i]|),

we have

Ep

(
1
k

n∑
�=1

logm1

p(vi)�

p(vi)(1)
�

∣∣∣∣∣w∗
)
=

1
k

|wi |∑
�=1

tn,�

∑
a∈A:

a(1)=(wi)(1)
�

pa�

p(wi)(1)
�

logm1

pa�

p(wi)(1)
�

+ o(1), (3.13)

which again is a summation of i.i.d. random variables and Lemma 3.1 applies. In summary, we have

μ

(∣∣∣∣ logm1 F (x, k)
k

− Ep

(
logm1 F (x, k)

k

)∣∣∣∣ > ε

)
= O(k−2).

To wrap up, we note the lemma follows from the Borel-Cantelli lemma applied to our claim with ε → 0. �
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Table 1
Values of Si.

ki Case lim infi→∞ Ep

[ logm1 F (x,ki)
ki

]
ni

1 N/A
2 H1(p) + logm2

m1 · H2(p)

Li
1 (1 + τ2)−1 · H1(p) + max{(1 + τ2)−1, logm2

m1} · H2(p)
2 N/A

ni logm1
m2

1 max{1 − τ1 logm2
m1, logm2

m1} · H1(p) + logm2
m1 · H2(p)

2 N/A

Li logm1
m2

1 max{1 − (1 + τ2)−1τ1, (1 + τ2)−1} · H1(p) logm2
m1 + (1 + τ2)−1 logm2

m1 · H2(p)
2 N/A

Ri
1 (1 + τ1)−1 · H1(p) + min{(1 + τ1)−1, logm2

m1} · H2(p)
2 (1 + τ1)−1 · H1(p) + (logm2

m1 − (1 + τ1)−1τ2) · H2(p)

Lemma 3.3. Let F (x, k) be defined in (3.5). Then lim infk→∞ Ep

[− logm1 F (x,k)
k

]
= min{t1, t2}, where

t1 =

{ (1−(1−γ)τ1 logm2 m1)·H1(p)+logm2 m1·H2(p)
1+τ2

if 1 + (1 − γ)τ1 ≤ logm1 m2,
logm2 m1·H1(p)+logm2 m1·H2(p)

1+τ2
if 1 + (1 − γ)τ1 > logm1 m2.

t2 =

⎧⎪⎪⎨
⎪⎪⎩

H1(p)
1+τ1

+ logm2 m1 · H2(p) if 1 + τ1 ≤ logm1 m2,
H1(p)+H2(p)

1+τ1
if 1 + (1 − γ)τ1 ≤ logm1 m2 < 1 + τ1,

H1(p)+logm2 m1·(1+(1−γ)τ1)·H2(p)
1+τ1

if 1 + (1 − γ)τ1 > logm1 m2.

Proof. Recall that H(p) = H1(p) + H2(p). Calculating expectation of (3.10) and (3.12) respectively yields 
that

Case 1: if ni < k ≤ Li logm1 m2, then

Ep

[
logm1 F (x, k)

k

]
=

1
k
[(ni − Ri−1 +max{k − Ri, 0})H1(p)

+(ni − Ri−1 +min{0, k logm2 m1 − ni})H2(p)
]
+ o(1);

Case 2: if Li logm1 m2 < k ≤ ni, then

Ep

[
logm1 F (x, k)

k

]
=

1
k
[(ni − Ri−1 +max{k − Ri, 0})H1(p)

+(ni − Ri−1 + k logm2 m1 − Li)H2(p)
]
+ o(1).

From these expressions, we observe that the interval (ni, ni+1] can be divided by {Li, Ri, ni logm1 m2,

Li logm1 m2} into at most five subintervals so that on each subinterval the function k �→ Ep

[ logm1 F (x,k)
k

]
, 

by neglecting the o(1) terms, is a polynomial of k of the form ak−1 + b and hence monotone. This 
simplifies the calculation of the desired lower limit down to evaluating the minimum over the num-
bers {S1, S2, S3, S4, S5}, which are defined to be lim infi→∞ Ep

[ logm1 F (x,ki)
ki

]
with ki taken as ni, Li, Ri, 

ni logm1 m2, and Li logm1 m2, respectively. These values could be straightforwardly calculated and are sum-
marized in Table 1. Since H1(p), H2(p), τ1, τ2 ≥ 0, we observe the following order among these values.

• S1 ≥ S3 ≥ S5. The inequality S1 ≥ S3 is clear by comparing the coefficients of H1(p) and of H2(p). As 
for S3 ≥ S5, it is done by comparing the coefficients as follows.
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max{1 − τ1 logm2 m1, logm2 m1} =
{
logm2 m1 ≥ (1 + τ1)−1 if logm1 m2 ≤ 1 + τ1,

1 − τ1 logm2 m1 < (1 + τ1)−1 if logm1 m2 ≥ 1 + τ1,

logm2 m1 ≥ min{(1 + τ1)−1, logm2 m1} and logm2 m1 − (1 + τ1)−1τ2.

• S2 ≥ S4 if τ1 ≥ τ2. Note that the coefficient of H1(p) in S4 could be viewed as the maximum of two 
linear functions of logm2 m1, which yields

max{1 − (1 + τ2)−1τ1 logm2 m1, (1 + τ2)−1 logm2 m1} ≤ (1 + τ1)−1.

Under our assumption, this is less than the corresponding coefficient (1 +τ2)−1 in S2. The order between 
the coefficients of H2(p) is clear.

Now we plug τ2 = γ logm2 m1 · τ1 into S4 and S5 to deduce

S4 =

{ (1−(1−γ)τ1 logm2 m1)·H1(p)+logm2 m1·H2(p)
1+τ2

if 1 + (1 − γ)τ1 ≤ logm1 m2,
logm2 m1·H1(p)+logm2 m1·H2(p)

1+τ2
if 1 + (1 − γ)τ1 > logm1 m2.

S5 =

⎧⎪⎪⎨
⎪⎪⎩

H1(p)
1+τ1

+ logm2 m1 · H2(p) if 1 + τ1 ≤ logm1 m2,
H1(p)+H2(p)

1+τ1
if 1 + (1 − γ)τ1 ≤ logm1 m2 < 1 + τ1,

H1(p)+logm2 m1·(1+(1−γ)τ1)·H2(p)
1+τ1

if 1 + (1 − γ)τ1 > logm1 m2.

The proof is then completed. �
Remark 3.1. The essential difference between the measure μ constructed in this section and its counterpart 
in [4] lies in the subwords uj and vj (1 ≤ j ≤ i). Specifically, these subwords satisfy (3.3) in our work, 
while they fulfill a priori assumptions imposed on the shrinking target problem in [4]. The nuance urges 
necessary modifications in the proof of constant lower limit (Lemma 3.2) and is reflected in the expression 

(3.13). However, the subtlety is subsumed in Ep

[− logm1 F (x,k)
k

]
and in the homogeneity assumption of the 

Bedford-McMullen carpet; therefore, it is barely visible beyond the scope of the proof of Lemma 3.2.

Finally, we wrap up this section by noting that the lower bound of dimH Wγ(K, T, ψ) in Theorem 1.1
holds as a consequence of Lemma 3.2 and 3.3, for which we simply take pa = 1

#A for all a ∈ A so that 
H1(p) = logm1 M and H2(p) = logm1 N .

4. Proof of the upper bound

In this section, we give the rest of the proof of Theorem 1.1. We note that it suffices to prove the 
case where limn→∞ − logψ(n)

n exists, since for those ψ(n) without this property, we may consider φ(n) :=
max{ψ(n), m−τ1·n

1 } so that dimH Wγ(K, T, ψ) ≤ dimH Wγ(K, T, φ) and we may apply the aforementioned 
result for the case where limn→∞ − logψ(n)

n exists.
Note that the set Wγ(K, T, ψ) can be written as a limsup set

Wγ(K, T, ψ) = lim sup
n→∞

W γ
n (K, T, ψ),

where

W γ
n (K, T, ψ) :=

{
x ∈ K :

{
|x(1) − T n

m1(x
(1))| < ψ(n)

|x(2) − T n
m2(x

(2))| < ψ(n)γ

}
.
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We note that the set above can further be written as the following union:

W γ
n (K, T, ψ) =

⋃
w∈An

Jn(w) :=
⋃

w∈An

W γ
n (K, T, ψ) ∩ I(w).

For sufficiently large n, the set Jn(w) is contained in the interior of a rectangle R(1)(w) × R(2)(w) of width 
4ψ(n)m−n

1 and height 4ψ(n)γm−n
2 , since for any π(x) ∈ Jn(w),

|π(x)(i) − π(w∞)(i)| ≥ |T n(π(x))(i) − T n(π(w∞))(i)| − |π(x)(i) − T n(π(x)(i))|
≥ mn

i |π(x)(i) − π(w∞)(i)| − |π(x)(i) − T n(π(x)(i))|,
(4.1)

|π(x)(1) − T n(π(x)(1))| ≤ ψ(n)m−n
1 and |π(x)(1) − T n(π(x)(1))| ≤ ψ(n)γm−n

2 . By Remark 1.1, we know that 
0 < τ1 < ∞, then there exists G1 ∈ N such that for any n ≥ G1, ψ(n) < 1, (m2

m1
)n > 4. Now for any given 

δ > 0, we can choose G large enough so that for any n ≥ max{G, G1}, max{4ψ(n)m−n
i , 4ψ(n)γm−n

2 } < δ. 
For any n ≥ 1, let

ψ1(n) = ψ(n) and ψ2(n) = ψ(n)γ . (4.2)

For i = 1, 2, we denote by Bi,n the smallest number of balls of diameter 4ψi(n)m−n
i (the sidelength of 

the rectangles in R(1)(w) × R(2)(w) along the direction of the i-th axis) needed to cover W γ
n (K, T, ψ), the 

s-dimensional Hausdorff measure has the following estimate:

Hs
δ(Wγ(K, T, ψ)) ≤

∞∑
n=G

#Bi,n · (4ψi(n)m−n
i )s.

We now estimate the value of #Bi,n, i = 1, 2.
For i = 2, we need to estimate the number of balls B2,n of diameter 4ψ(n)γm−n

2 to cover W γ
n (K, T, ψ) =

∪w∈AnJn(w). Since Jn(w) is contained in the interior of a rectangle R(1)(w) × R(2)(w) of width 4ψ(n)m−n
1

and height 4ψ(n)γm−n
2 . To estimate the values, we consider two possible cases depending on the values of 

(1 − γ)τ1 and logm1 m2 − 1.
Case a-1: (1 − γ)τ1 > logm1 m2 − 1. By the definition of τ1, 4ψ(n)γm−n

2 > 4ψ(n)m−n
1 . For any n ≥ G1, 

m−n
1 ≥ 4ψ(n)γm−n

2 by the fact that ψ(n) < 1 and m1 ≤ m2. It is clear that #B2,n ≤ (MN)n. Therefore,

Hs
δ(Wγ(K, T, ψ)) ≤

∞∑
n=G

(MN)n(4ψ(n)γm−n
2 )s (4.3)

= C

∞∑
n=G

mnhn
1 ,

where C := 4s is a constant and

hn = logm1 M + logm1 N + s(n−1γ logm1 ψ(n) − logm1 m2).

Since we assume limn→∞ − logψ(n)
n exists, it is clear that 

∑∞
n=G mn·hn

1 converges as long as limn→∞ hn < 0
and that this is equivalent to the condition that

s > lim
n→∞

logm1 M + logm1 N

logm1 m2 − n−1γ logm1 ψ(n)
=

logm2 M + logm2 N

1 + τ2
.

This, together with (4.3), yields that
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0 ≤ Hs(Wγ(K, T, ψ)) = lim
δ→0

Hs
δ(Wγ(K, T, ψ)) ≤ lim

G→∞
C

∞∑
n=G

mn·hn
1 = 0,

which implies that dimH Wγ(K, T, ψ) ≤ logm2 M+logm2 N

1+τ2
.

Case a-2: (1 − γ)τ1 ≤ logm1 m2 − 1. By the definition of τ1, 4ψ(n)γm−n
2 ≤ 4ψ(n)m−n

1 . Notice that just a 
ball of diameter 4ψ(n)γm−n

2 is needed to cover Jn(w) along the direction of the second axis. Now let us look 
in the direction along the first axis. Let u > 0 be the unique integer such that m−u

1 ≤ 4ψ(n)m−n
1 ≤ m−u+1

1 , 
which implies there exist w′, w′′ ∈ Au−1 such that

Jn(w) ⊆ (I(1)u−1(w
′) × R(2)(w) ∪ I

(1)
u−1(w

′′) × R(2)(w)) ∩ K, (4.4)

where I(1)u−1(w′) is the projection of the rectangle Iu−1(w′) onto the first axis, I(1)u−1(w′′) is that of Iu−1(w′′), 
and K is the Bedford-McMullen carpet. Since 4ψ(n)γm−n

2 ≤ 4ψ(n)m−n
1 , there exists a unique integer v ≥ 0

such that

m−u−v
1 ≤ 4ψ(n)γm−n

2 ≤ m−u−v+1
1 , (4.5)

which yields that v ≤ 1 − n + n logm1 m2 + (1 − γ) logm1 ψ(n). Then Jn(w) can be covered by 2Mv+1 balls 
of diameter 4ψ(n)m−n

2 , which follows from that M denotes the number of columns containing at least one 
chosen rectangle. By (4.4), (4.5) and the definition of B2,n,

#B2,n ≤ 2Mv+1 · (#A)n = 2Mv+1(MN)n.

The remaining argument is just the same as Case a-1. We therefore conclude that

dimH Wγ(K, T, ψ) ≤ (1 − τ1 logm2 m1

1 + τ2
) logm1 M +

logm2 N

1 + τ2
.

For i = 1, we need to estimate the number of balls B1,n of diameter 4ψ(n)m−n
1 to cover Wn(K, T, ψ) =

∪w∈AnJn(w). To estimate the values, we consider two possible cases depending on the values of logm1 m2
and 1 + τ1.

Case b-1: logm1 m2 > 1 + τ1. By the definition of τ1, 4ψ(n)m−n
1 > m−n

2 . Now observe that a ball of 
diameter 4ψ(n)m−n

1 will also cover other n-th level rectangles in 
⋃

w∈An R(1)(w) × R(2)(w) along the second 
axis. Let j = �logm2 ψ(n) − n logm2 m1 + n
 − 2, then #B1,n ≤ (MN)nN−j , which yields that

Hs
δ(Wγ(K, T, ψ)) ≤

∞∑
n=G

(MN)nN−j(4ψ(n)m−n
1 )s.

Such an argument also applies to the case i = 1, from which we conclude that dimH Wγ(K, T, ψ) ≤ logm2 N+
logm1 M

1+τ1
.

Case b-2: logm1 m2 ≤ 1 + τ1. By the definition of τ1, 4ψ(n)m−n
1 ≤ m−n

2 .
Case b-2-1: (1 − γ)τ1 < logm1 m2 − 1. By the definition of τ1, 4ψ(n)γm−n

2 < 4ψ(n)m−n
1 . It is clear that 

#B1,n ≤ (MN)n. Therefore,

Hs
δ(Wγ(K, T, ψ)) ≤

∞∑
n=G

(MN)n(4ψ(n)m−n
1 )s.

The remaining argument is just the same as the case when i = 1. We therefore conclude that
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dimH Wγ(K, T, ψ) ≤ logm1 M + logm1 N

1 + τ1
.

Case b-2-2: (1 − γ)τ1 > logm1 m2 − 1. By the definition of τ1, 4ψ(n)γm−n
2 ≥ 4ψ(n)m−n

1 . Let u > 0 be the 
unique integer such that m−u

1 ≤ 4ψ(n)γm−n
2 ≤ m−u+1

1 , which implies there exist w′, w′′ ∈ Au−1 such that

Jn(w) ⊆ (I(1)u−1(w
′) × R(2)(w) ∪ I

(1)
u−1(w

′′) × R(2)(w)) ∩ K, (4.6)

where I(1)u−1(w′) is the projection of the rectangle Iu−1(w′) onto the first axis, I(1)u−1(w′′) is that of Iu−1(w′′), 
and K is the Bedford-McMullen carpet. Since 4ψ(n)γm−n

2 ≥ 4ψ(n)m−n
1 , there exists a unique integer v ≥ 0

such that

m−u−v
1 ≤ 4ψ(n)m−n

1 ≤ m−u−v+1
1 , (4.7)

which yields that v ≤ 1 − n + n logm2 m1 + (γ − 1) logm2 ψ(n). Then Jn(w) can be covered by 2Nv+1 balls 
of diameter 4ψ(n)m−n

1 . By (4.6), (4.7) and the definition of B1,n,

#B1,n ≤ 2Nv+1 · (#A)n = 2Nv+1(MN)n.

The remaining argument is just the same as Case a-1. We therefore conclude that

dimH Wγ(K, T, ψ) ≤ (1 + (1 − γ)τ1) logm2 N + logm1 M

1 + τ1
.

From the discussion above, we obtain the upper bound for Theorem 1.1.

5. Applications

In this section, we present some examples. Example 5.1 is a special case of Theorem 1.1 in which m1 = M

and m2 = N .

Example 5.1. Let T : [0, 1]2 → [0, 1]2 be an integer diagonal matrix transformation of [0, 1]2, i.e., T (x) =
(Tm1(x(1)), Tm2(x(2))) :=

(
m1x

(1) (mod 1), m2x
(2) (mod 1)

)
, with 2 ≤ m1 ≤ m2. Suppose ψ : N+ → R+

be a real positive function. Let

W (T, ψ) :=
{

x ∈ [0, 1]2 : T n(x) ∈ B(x, ψ(n)) for infinitely many n.
}

Then,

dimH W (T, ψ) =

⎧⎨
⎩
min

{
2

1+τ2
, 1
1+τ1

+ 1
}

if logm1 m2 > 1 + τ1,

min
{

2
1+τ2

,
1+logm1 m2

1+τ1

}
if logm1 m2 ≤ 1 + τ1,

where τi, i = 1, 2, is defined in (1.4).

The following example illustrates the case where K is a product of Cantor sets.

Example 5.2. Let C 1
3
denote the middle third Cantor set and C 1

4
be the attractor of the iterated function 

system {f1, f2, f3} on [0, 1], where f1(x) = 1
4x, f2(x) = 1

4x + 1
4 and f3(x) = 1

4x + 3
4 . Define T : C 1

3
× C 1

4
→

C 1
3

× C 1
4
as
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T (x) =
(
T3(x(1)), T4(x(2))

)
:=
(
3x(1) (mod 1), 4x(2) (mod 1)

)
.

Suppose ψ : N+ → R+ is a real positive function. Let

W1(T, ψ) :=
{

x ∈ C 1
3

× C 1
4
: T n(x) ∈ B(x, ψ(n)) for infinitely many n

}
.

Then,

dimH W1(T, ψ) =

⎧⎨
⎩
min

{
log3 2+log4 3

1+τ2
, log3 2
1+τ1

+ log4 3
}

if log3 4 > 1 + τ1,

min
{
log3 2+log4 3

1+τ2
, log3 2+1

1+τ1

}
if log3 4 ≤ 1 + τ1,

where τi, i = 1, 2, is defined in (1.4).
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This paper investigates the topological pressure of isotropic axial products of Markov

subshifts on the d-tree. We show that the quantity increases with dimension d. To achieve
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our main result to a broader class of shift spaces, accompanied by numerical experiments
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1. Introduction

This paper investigates the topological pressure of the axial product of a Markov

subshift on the d-tree, inspired by recent studies on the limiting entropy of the

axial product of Nd [11, 12] and the asymptotic pressure of the axial product on

d-tree [15]. Before presenting the main results, the motivation behind the study is

outlined below.

∗Corresponding author.
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Let A be a finite set with |A| = k and let X1, . . . , Xd ⊆ AN be one-sided

subshifts. The associated axial product of subshifts X1, . . . , Xd on N
d, denoted by⊗d

i=1 Xi = X1 ⊗ · · · ⊗Xd ⊂ AN
d

, is defined as

d⊗
i=1

Xi = {x ∈ AN
d

: ∀ g ∈ N
d ∀ i ∈ {1, . . . , d}, xg+Z+ei ∈ Xi}, (1.1)

where xg+Z+ei ∈ AN is the sequence obtained by shifting x by g and {e1, . . . , ed}
denotes the standard basis of Nd. Let T (d) be the rooted d-tree, which is the Cayley

graph of a free monoid generated by {f1, . . . , fd} with its identity element ε rep-

resenting the root of the tree. The axial product of subshifts X1, . . . , Xd ⊆ AN on

T (d), denoted by ×d
i=1Xi = X1 × · · · ×Xd, is similarly defined as

×d
i=1Xi = {x ∈ AT (d)

: ∀ g ∈ T (d) ∀ i ∈ {1, . . . , d}, (xgfn
i
)n∈Z+

∈ Xi}. (1.2)

An axial product
⊗d

i=1 Xi (or ×d
i=1Xi) is said to be isotropic if Xi = Xj for all

1 ≤ i �= j ≤ d, and anisotropic if otherwise. Isotropic axial products of shifts

on N
d were first introduced in [11], and many important physical systems, such

as the hard square model on N
2 or Z

2, belong to this class. In the context of

tree-shifts, a notable subclass of isotropic axial products is the family of hom tree-

shifts,a where Xi are one-sided Markov subshifts and identical. This family is widely

studied in the literature [1–3, 7, 13–15] and has attracted growing attention since

the subshifts defined on it exhibit rich and diverse phenomena in topological (cf. [2])

and statistical contexts (cf. [4, 5]).

One of the key quantities that characterize such symbolic dynamical systems is

topological entropy, which, in this context, measures the asymptotic growth in the

number of admissible patterns with finite supports in the following manner: for a

subshift X ⊆ AG (G = N
d or Zd), its topological entropy is defined as

h(X) = lim
n→∞

log |π([1, n]d, X)|
|[1, n]d| , (1.3)

where π : G×AG → AF is the canonical projection onto F defined by (π(F, x))g =

xg, |F | indicates the number of elements in a set F , and the limit is known to

exist because N
d/Zd is an amenable semigroup/group (cf. [9]) and {[1, n]d}∞n=1 is

a Følner sequence. Analogously, we define the topological entropy of a tree-shift

T (d) ⊆ AT (d)

to be

h(T (d)) = lim
n→∞

log |π(Δ(d)
n , T (d))|

|Δ(d)
n |

, (1.4)

where Ξ
(d)
n = {f1, f2, . . . , fd}n, Δ(d)

n =
⋃n

i=0 Ξ
(d)
i , and the existence of the limit (1.4)

was proved in [13]. For more on the existence of the limit for shifts defined

on a large class of trees, see [6]. It is important to note that despite similar

aSuch shifts are also called the associated tree shifts in [13, 14].
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definitions of topological entropy for these two types of systems, the resulting

quantities differ significantly in various ways. For instance, there are notable dif-

ferences (see [4]) in the structures of {h(T) : T is a Markov tree-shift on T (d)} and

{h(X) : X is a Markov shift on N
d}.

The theme of this paper centers on the behavior of the topological entropy as the

dimension of the underlying lattice grows. This concept was introduced by Louidor

et al. [11], leading to the study of limiting entropy defined as

h(∞)(X) = lim
d→∞

h

(
d⊗

i=1

X

)
,

where the limit exists since h(
⊗d

i=1 X) is non-increasing in d. Meyerovitch and

Pavlov [12] later proved that this asymptotic quantity coincides with the indepen-

dence entropy (see the references for a definition). A similar investigation on the

limiting entropy of ×d
i=1X was initiated by Petersen and Salama. In [14], they fo-

cused on XG, the golden-meanb subshift and employed the method of site strip

approximation to prove that h(X×d
G ) is strictly increasing in d [14, Theorem 3.7].

Recently, Petersen and Salama [15] extended the notion of limiting entropy to

topological pressure.c Under a similar setting to [8], they introduced the idea of

topological pressure to isotropic axial products on a broad class of trees called gen-

eralized Fibonacci trees.d In this paper, we focus on the cases where the underlying

lattices are d-trees. Under the circumstances, one may consider a physical system

of particles sitting on the d-tree so that the energy assigned to a particle of type

a ∈ A comes solely from the influence of the ambient field logwa (w ∈ R
A
≥0) and

the pairwise interaction logAa,b (A ∈ R
A×A
≥0 ) with neighboring particle of type

b ∈ A. Collectively, such information is embedded in a single matrix E ∈ R
A×A
≥0

defined as Ea,b = waAa,b. Under these assumptions, the configurations adhering

to the pairwise interaction constraint A naturally form an isotropic axial product

X×d
E , where

XE = {x ∈ Z+ : Exn+1,xn > 0, ∀n ∈ Z+}
and one can take the same route as in the study of thermodynamic formalism to

define the partition function |Zn(X
×d
E , E)| on the finite subsystem Δn as

|Zn(X
×d
E , E)| =

∑
u∈π(Δ

(d)
n ,X×d

E )

wuε

∏
g∈Δ

(d)
n−1

d∏
i=1

Eugfi
,ug

(1.5)

and the topological pressure as

P(X×d
E , E) = lim

n→∞
log |Zn(X

×d
E , E)|

|Δ(d)
n |

, (1.6)

bA shift space with two symbols 0, 1 that preclude the existence of neighboring 1s.
cThey refer to it as asymptotic pressure.
dSee [15] for a definition.

2550007-3



J.-C. Ban & Y.-L. Wu

where the existence of the limit was proved in [15, Theorem 3.10], and P(X×d
E , E) =

h(X×d
E ) if E is a 0-1 matrix. Moreover, the authors showed under the assumption∑

a∈A
Ea,b > 0 and

∑
b∈A

Ea,b > 0, (A)

that the topological pressure P(X×d
E , E) converges asymptotically, as d → ∞, to

log rE := logmax

{∑
a∈A

Ea,b : b ∈ A
}
, (1.7)

generalizing the limiting entropy to limiting pressure. Building upon this, this pa-

per further establishes that P(X×E
d , E) is increasing in d with the aid of pattern

distribution. Specifically, by letting ΓA represent the set of all probability vectors

indexed by A and ΥA be the set of left stochastic matrices acting on ΓA, we success-
fully relate the topological pressure to the maximum P (∞)(d,E) of the following

optimization problem:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

maximize
∞∑
j=0

d− 1

dj+1

∑
a∈A

∑
b∈A

p(j+1)
a P

(j)
b,a log

Eb,a

P
(j)
b,a

,

subject to p ∈ Γ
Z+

A , P ∈ Υ
Z+

A ,

P
(j)
a,b = 0 if Ea,b = 0,

p(j) = P(j)p(j+1), 0 ≤ j < ∞,

(Problem 1)

obtaining our main result.

Theorem 1.1. Suppose that the interaction matrix E satisfies (A). Then, the

following assertions hold :

(a) P (∞)(d,E) is continuous and increasing in d on (1,∞).

(b) P (∞)(d,E) = P(X×d
E , E) for all d ∈ N\{1}.

(c) Let ρ(E) be the spectral radius of E and rE be as in (1.7). We have

lim
d→1+

P (∞)(d,E) = log ρ(E) and lim
d→∞

P (∞)(d,E) = log rE . (1.8)

Heuristically speaking, the maximizing probability vectors p and stochastic ma-

trices P essentially capture the characteristics of a “typical configuration” in X×d
E

as discussed in Sec. 3. Applying this theorem, the following corollary partially gen-

eralizes a result discussed in [16] regarding the monotone convergence of entropy

for subshifts on free groups.

Corollary 1.1. Let G(d) be a free group with d generators, E = ET satisfy assump-

tion (A), and Y
(d)
E be a Markov shift space over G(d). Then, the entropy h(Y

(d)
E ) is

increasing in d.

This follows from the fact that h(Y
(d)
E ) = h(X

×(2d−1)
E ), as is proved in [6, Propo-

sition 4.5].
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A few remarks could be made at this point.

(1) Assumption (A) is reasonable in that (a) by dropping all such b ∈ A that∑
a∈A Ea,b = 0, we obtain a submatrix E′ of E with XE′ = XE , leading to

P(X×d
E′ , E′) = P(X×d

E , E), and (b) similarly, by omitting such b ∈ A that∑
b∈A Ea,b = 0, there exist a subset A′ of A and its associated submatrix E′ of

E such that P(X×d
E′ , E′) = P(X×d

E , E) for all d ≥ 2. The equality follows from

an essentially identical argument to that for a one-sided Markov shift.

(2) From Theorem 1.1, if E is a binary matrix, then P(X×d
E , E) = h(X×d

E ) is

increasing in d, as opposed to h(
⊗d

i=1 XE), which is decreasing in d.

(3) Aside from its capability to demonstrate that P(X×d
E , E) is increasing in d ≥ 2,

the function d �→ P (∞)(d,E) is also interesting in that it interpolates topological

pressure between tree-shifts X×d
E and one-sided subshift XE = X×1

E , given that

P (∞)(1+, E) = log ρ(E) coincides with the topological pressure of the potential

t �→ logEt1,t0 defined for t ∈ XE .

The paper is organized as follows. Section 2 provides background on tree shifts

and introduces the key concept of pattern distribution, which is central to our ex-

position. Section 3 relates the topological pressure to the intermediate quantity

P (∞)(d,E) and its finite approximation P (k)(d,E) (maximum of (Problem 5)), for

which the discussions are summarized in Theorem 3.1. The proofs of Theorems 3.1

and 1.1 are postponed until Secs. 3.4.1 and 3.4.2, respectively. Finally, Sec. 4 con-

tains two examples with their P (∞)(d,E) plotted for verification purposes (Figs. 1

and 2).

2. Preliminaries

2.1. Markov tree-shifts and topological pressure

To introduce the idea of pattern distribution, we should generalize topological en-

tropy and topological pressure in a way that instead of being confined to initial

n-subtree Δ
(d)
n , we consider projections onto the set

Δ(d)
n:m =

m⋃
i=n

Ξ
(d)
i .

Bearing this in mind, we describe the set of blocks, in terms of the projection map,

as

Bn:m(X×d
E ) = π(Δ(d)

n:m, X×d
E ) := {(tg)g∈Δ

(d)
n:m

: t ∈ X×d
E }.

The weight of u ∈ Bn:m(X×d
E ) on Δ

(d)
n:m is then defined as

Zn:m[u,E] =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
w[u|

Ξ
(d)
n

]
∏

g∈Δ
(d)
n:m−1

d∏
i=1

Eugfi
,ug

if n < m,

w[u|
Ξ

(d)
n

] otherwise,
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where notation w is slightly abused to express the weight of a block u ∈ Bn:n(X
×d
E ):

w[u|
Ξ

(d)
n

] =
∏

g∈Ξ
(d)
n

wug .

We then can introduce an analog of the partition function (1.5) defined as

|Zn:m(X×d
E , E)| =

∑
u∈Bn:m(X×d

E )

Zn:m[u,E],

defined on Δ
(d)
n:m so that |Zn(X

×d
E , E)| = |Z0:n(X

×d
E , E)|. It is noteworthy that we

suppress the notation w ∈ R in all of the notations above since the limit (1.6) is

independent of the vector. For convenience, we usually further omit the dependency

on X×d
E , E and d for the above notations as long as their meanings are clear from

the context.

Our conventions and notation for matrices and vectors are as follows. Recall

that ΓA is the set of all probability vectors indexed by A and ΥA is the set of

left stochastic matrices acting on ΓA. The notation for vectors in ΓA will be in a

lowercase sans serif font, such as p, q, while the matrices in ΥA will be denoted in

uppercase, such as P,Q. A left stochastic matrix P has each of its column summing

to 1, namely,
∑

a∈A Pa,b = 1 for all b ∈ A. The transpose of a matrix M is denoted

by MT , and for a vector v, its transpose is written as vT . The product of two

square matrices M and N (or the product of a matrix M and a vector v) of the

same dimension is denoted by MN (or Mv). For conciseness, we denote
∏k

i=1 Mi =

M1M2 · · ·Mk for any k square matrices of the same dimension. Finally, the standard

unit vector associated with the symbol a is denoted by ea, and both the all-one

vector and the all-one matrix are denoted by �.

The spaces ΓA and ΥA in this paper are implicitly endowed with the variational

distance defined as follows.

Definition 2.1. Let p, q ∈ ΓA and P,Q ∈ ΥA. The variational distance between

two vectors is given by

dv(p, q) = max
S⊆A

∣∣∣∣∣
∑
a∈S

pa − qa

∣∣∣∣∣ = 1

2

∑
a∈A

|pa − qa|

and the variational distance between two matrices is defined as

dV (P,Q) = max
b∈A

dv((Pa,b)a∈A, (Qa,b)a∈A).

Additionally, for any pairs (p,P) and (q,Q), their variational distance is defined as

dv,V ((p,P), (q,Q)) = max{dv(p, q), dV (P,Q)}.

For convenience, the product spaces Γn
A, Υ

n
A and Γn

A×Υn
A are assumed through-

out to be equipped with the maximum metrics, which, with a slight abuse of nota-

tion, are also denoted by dv, dV and dv,V , respectively.
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Proposition 2.1. Suppose p, q ∈ ΓA and P,Q,R ∈ ΥA. Then, the following hold :

• dv(Pp,Qp) ≤ dV (P,Q).

• dv(Pp,Pq) ≤ dv(p, q).

• dV (PR,QR), dV (RP,RQ) ≤ dV (P,Q).

Proof. It is clear that

dv(Pp,Qp) =
1

2

∑
a∈A

∣∣∣∣∣
∑
b∈A

Pa,bpb − Qa,bpb

∣∣∣∣∣
=

1

2

∑
b∈A

pb
∑
a∈A

|Pa,b − Qa,b| ≤ dV (P,Q),

that

dv(Pp,Pq) =
1

2

∑
a∈A

∣∣∣∣∣
∑
b∈A

Pa,bpb − Pa,bqb

∣∣∣∣∣ = 1

2

∑
b∈A

|pb − qb|
∑
a∈A

Pa,b ≤ dv(p, q)

and that the last inequality is a consequence of the former.

As part of our convention, every sequence q, p,Q,P has initial index 0 unless

mentioned otherwise. Furthermore, for q = (q(0), q(1), . . . , q(k)) ∈ Γk+1
A and Q =

(Q(0),Q(1), . . . ,Q(k)) ∈ Υk+1
A , we write

←−q = (q(k), q(k−1), . . . , q(0)) and
←−
Q = (Q(k),Q(k−1), . . . ,Q(0)).

2.2. Pattern distribution

The primary goal of this subsection is to introduce the distribution vectors and the

transition matrices, which, in essence, capture the frequency of symbol occurrence

in a block, and to prepare necessary combinatorial estimates for later discussions.

For t ∈ X×d
E , the distribution vector of t on level n is defined as

τn(t) =

(∑
g∈Ξ

(d)
n

χa(tg)

|Ξ(d)
n |

)
a∈A

∈ ΓA (2.1)

and Dn(X
×d
E ) denotes the set of all distribution vectors on level n, i.e.

Dn(X
×d
E ) = {τn(t) : t ∈ X×d

E }. (2.2)

Additionally, by writing σ(g) the set of all children of g, the transition matrix of t

from level n to n+ 1 is defined as

ηn(t)a,b =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(∑
g∈Ξ

(d)
n ,tg=b

∑
h∈σ(g) χa(th)∑

g∈Ξ
(d)
n ,tg=b

|σ(g)|

)
if

∑
g∈Ξ

(d)
n ,tg=b

|σ(g)| > 0,

Ea,b∑
a∈A Ec,b

otherwise

(2.3)
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and Sn(X
×d
E ) stands for the set of all transition matrices:

Sn(X
×d
E ) = {ηn(t) : t ∈ X×d

E }. (2.4)

For the sake of convenience, we similarly generalize the notations:

τn:m(t) = (τn(t), . . . , τm(t)) and Dn:m(X×d
E ) = {τn:m(t) : t ∈ X×d

E },

ηn:m(t) = (ηn(t), . . . , ηm−1(t)) and Sn:m(X×d
E ) = {ηn:m(t) : t ∈ X×d

E }

and we denote by Wn:m(X×d
E ) the set of all compatible pairs (q,Q) ∈ Dn:m(X×d

E )×
Sn:m(X×d

E ), that is,

Wn:m(X×d
E ) = {(τn:m(t), ηn:m(t)) : t ∈ X×d

E }

= {(q,Q) ∈ Dn(X
×d
E )× Sn(X

×d
E ) : q(i+1) = Q(i)q(i)}.

Finally, the sets of blocks with given distribution vectors and transition matrices

are defined as

Bn:m(X×d
E ; q) = {(tg)g∈Δ

(d)
n:m

: t ∈ X×d
E , τn:m(t) = q},

Bn:m(X×d
E ; q,Q) = {(tg)g∈Δ

(d)
n:m

: t ∈ X×d
E , τn:m(t) = q, ηn:m(t) = Q}

and the partition functions with given distribution vectors and transition matrices

are defined as

|Zn:m(X×d
E , E; q)| =

∑
u∈Bn:m(X×d

E ;q)

Zn:m[u,E],

|Zn:m(X×d
E , E; q,Q)| =

∑
u∈Bn:m(X×d

E ;q,Q)

Zn:m[u,E].

For conciseness, we suppress the notation X×d
E and d whenever no ambiguity should

occur. It turns out that, by a standard argument in large deviation theory, the size

of these sets merely has a sub-exponential growth rate with respect to |Δn:m|, as is
shown in the following proposition.

Proposition 2.2. For any n ≤ m,

1 ≤ |Dn:m| ≤
m∏
i=n

(|Ξi|+ 1)|A| ≤
( |Δn:m|
m− n+ 1

+ 1

)(m−n+1)·|A|
,

1 ≤ |Sn:m| ≤
m∏
i=n

(|Ξi|+ 1)|A|(|A|+1) ≤
( |Δn:m|
m− n+ 1

+ 1

)2(m−n+1)·|A|2

.

In addition, lim|Δn:m|→∞(m− n)/|Δn:m| = 0.

Proof. The inequalities essentially follow from a simple fact: given any k ∈ N, the

size of the set Ik,� := {(ai

k )1≤i≤� : ai ∈ Z+,
∑�

i=1 ai = k} is no more than (k + 1)�.
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For the set Dn:m, the first inequality is trivial, and the second follows from

that Di ⊂ I|Ξi|,|A| and that |Dn:m| ≤ ∏m
i=n |Di|. The third is a consequence of the

inequality of arithmetic and geometric means.

For the set Sn:m, the first inequality is again trivial. For the second inequality,

the set of vectors Λi = {(∑g∈Ξi,tg=b |σ(g)|)b∈A : t ∈ X×d
E } is contained in the set

|Ξi+1| · I|Ξi+1|,|A|. Consequently,

|Si| ≤
∑

(
∑

g∈Ξi,tg=b |σ(g)|)b∈A∈Λi

∏
b∈A

max{|I∑
g∈Ξi,tg=b |σ(g)|,|A||, 1}

≤
∑

(
∑

g∈Ξi,tg=b |σ(g)|)b∈A∈Λi

(|Ξi+1|+ 1)|A|2

≤ (|Ξi+1|+ 1)|A|(|A|+1).

The rest of the argument follows a similar line of reasoning.

Finally, the limit of the ratio holds true as a consequence of the exponential

growth of |Ξn|.

3. Topological Pressure and Pattern Distribution

This section explains the relationship between topological pressure and pattern dis-

tribution, laying the groundwork for the proof of Theorem 1.1. Before diving into

the exposition, we first outline the general idea. The core concept behind distri-

bution vectors and transition matrices is simple: any two blocks u, v ∈ Bn:m(q,Q)

have the same weight. Thus, by keeping track of |Bn:m(q,Q)|, we gain a clearer

understanding of the partition function. The road map of our approach is as below.

Step 1. Applying Lemma 2.2, we establish

lim
n→∞

log |Zn(X
×d
E , E)|

|Δ(d)
n |

= lim
k→∞

lim
n→∞

max
(q,Q)∈Wn:n+k

log |Zn:n+k(X
×d
E , E; q,Q)|

|Δ(d)
n:n+k|

.

Step 2. Instead of solving the maximization problem on the right-hand side, we

relate it to a more tractable optimization problem (Problem 5), whose maximum

P (k)(d,E) satisfies

lim
k→∞

lim
n→∞

max
(q,Q)∈Wn:n+k

log |Zn:n+k(X
×d
E , E; q,Q)|

|Δ(d)
n:n+k|

= lim
k→∞

P (k)(d,E).

Step 3. Determine P (k)(d,E) for d ∈ (1,∞).

Step 4. Prove that P (∞)(d,E) = limk→∞ P (k)(d,E) and show that the function,

defined for d ∈ (1,∞), is continuous and increasing.

Our argument is deeply inspired by the combinatorial proof of Cramér’s theorem

in large deviation theory (see, for example, [10, Chap. 2]), allowing us to apply the

well-established techniques therein.
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3.1. Step 1

This subsection studies the partition function as a function of distribution vectors

and transition matrices. Noting that Bn:m is a disjoint union of Bn:m(q,Q) ((q,Q) ∈
Wn:m), we may bound the partition function by

max
q∈Dn:m

|Zn:m(q,Q)| ≤ |Zn:m| ≤ |Dn:m| · max
q∈Dn:m

|Zn:m(q,Q)|. (3.1)

Therefore, for any unbounded increasing sequence (Δni:mi)i∈N, i.e. a sequence sat-

isfying that |Δni:mi
| ≤ |Δni+1:mi+1

| and that limi→∞ |Δni:mi
| = ∞, it follows from

Proposition 2.2 that

lim inf
i→∞

log |Zni:mi |
|Δni:mi

| = lim inf
i→∞

max
q∈Dni:mi

log |Zni:mi(q,Q)|
|Δni:mi

| , (3.2)

lim sup
i→∞

log |Zni:mi
|

|Δni:mi |
= lim sup

i→∞
max

q∈Dni:mi

log |Zni:mi
(q,Q)|

|Δni:mi |
. (3.3)

Following from a similar argument to [13, Theorem 2.1], the upper and lower limits

are known to coincide in the following two essential cases.

Lemma 3.1. Let E satisfy assumption (A) and (Δni:mi
)i∈N be an unbounded

increasing sequence. Then,

• If mi − ni = k for all i, then (3.2) equals (3.3).

• If limi→∞ mi − ni = ∞, then both (3.2) and (3.3) coincide with P.

Proof. For short, we denote ai = log |Zni:mi
|/|Δni:mi

|.
To prove the first claim, we may assume without loss of generality that mi =

ni + k = i + k, since the remaining cases follow naturally from this special case

since ni → ∞. Under this assumption, it is not hard to see from the definition

that

|Zi+1:i+k+1| ≤ |Zi:i+k|d and |Δi+1:i+k+1| = d · |Δi:i+k| for all i. (3.4)

Hence, ai is decreasing and in particular, convergent.

For the second claim, it is readily checked, following from (3.4), that

lim sup
i→∞

ai ≤ lim sup
i→∞

log |Zmi−ni
|

|Δmi−ni |
= P

and thus it remains to prove lim infi→∞ ai = P. To this end, we show a reversed

inequality of (3.4):

max
(q,Q)∈Wi:i+k

|Zi:i+k(q,Q)| ≥ max
(q,Q)∈W0:k

|Z0:k(q,Q)|d
i

for all i,

immediately yielding

lim inf
i→∞

ai ≥ lim inf
i→∞

log |Zmi−ni(q,Q)|
|Δmi−ni

| = P.
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To prove inequality, assume (q,Q) ∈ W0:k is a maximizer of the right-hand side

and u(g) ∈ W0:k(q,Q), g ∈ Ξi. Under the circumstances, q(0) = ea for some a ∈ A,

implying that u
(j)
ε = a for all g ∈ Ξi. Due to assumption (A), there exist b ∈ Ai+1

with Eb�+1,b� > 0 for 0 ≤ 	 < i and bi = a, and thus a block v ∈ Wi:i+k(q,Q)

defined as

vg =

⎧⎨
⎩
b� if g ∈ Ξ� for 	 ≤ i,

u
(g′)
g′′ if g = g′g′′, g′ ∈ Ξi.

As a result,

|Zi:i+k(q,Q)| =
∑

v∈Wi:i+k(q,Q)

Z[v, E] ≥
∏
g∈Ξi

∑
u(g)∈W0:k(q,Q)

Z[u(g), E]

= |Z0:k(q,Q)|d
i

proving the desired result.

An immediate consequence of the lemma above is

P = lim
k→∞

lim
n→∞

max
q∈Wn:n+k

log |Zn:n+k(q)|
|Δn:n+k|

, (3.5)

which leads to the investigation of the following optimization problem:⎧⎪⎨
⎪⎩
maximize

log |Zn:n+k(q,Q)|
|Δn:n+k|

,

subject to (q,Q) ∈ Wn:n+k.

(Problem 2)

3.2. Step 2

Solving the original optimization problem (Problem 2) is challenging due to its

combinatorial nature. Thus, we take the following steps to transform the problem

into a regular optimization problem without changing the limiting behavior of the

maximum:

(1) Rephrase the objective function.

(2) Extend the feasible domain to a convex set of Euclidean space.

To achieve it, we first approximate the objective function using Stirling’s approx-

imation (Problem 2). Before we demonstrate this, we first define the “Kullback–

Leibler divergence” vector. Let Q ∈ ΥA and M be a non-negative matrix of the

same dimension and Qa,b = 0 if Ma,b = 0. We define such a vector as

DKL(Q‖M)b :=
∑
a∈A

Qa,b log
Qa,b

Ma,b
,

where 0 log 0
0 is interpreted as 0. We should stress that M is not necessarily a

stochastic matrix, and so DKL(Q‖M) need not be non-negative.
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Proposition 3.1. Let (q,Q) ∈ Ωn:m. Then,

log |Zn:m(q,Q)|
|Δn:m| =

log |Zn:n(q
(0))|

|Δn:m| −
m−n−1∑

j=0

|Ξn+j+1|
|Δn:mi

| DKL(Q
(j)‖E)T q(j)

+O

(
log |Δn:m|
|Δn:m|

)
.

Proof. Recall that Stirling’s approximation gives

ln(n!) = n log n− n+O(lnn).

A combinatorial argument shows that

|Zn:m(q,Q)| = |Zn:n(q
(0))|

m−n−1∏
j=0

∏
b∈A

⎡
⎣
⎛
⎝ |Ξn+j+1| · q(j)b

|Ξn+j+1| · q(j)b · Q(j)
a,b

⎞
⎠

·
∏
a∈A

E
|Ξn+j+1|·q(j)b ·Q(j)

a,b

a,b

⎤
⎦ ,

where
(

a
b1,b2,...,bk

)
= a!

b1!b2!···bk! is the multinomial coefficient, which according to

Stirling’s approximation can be expressed as

log

(
a

b1, b2, . . . , bk

)
= −a

k∑
i=1

bi
a
log

bi
a
+O(log a).

Essentially, the multinomial coefficient in the expression of |Zn:m(q,Q)| simply

counts the blocks which have |Ξn+j+1| · q(j)b type b particles on level n + j that

produce |Ξn+j+1| · q(j)b · Q(j)
a,b type a particles on level n+ j + 1. Therefore,

log |Zn:m(q,Q)|
|Δn:m| =

log |Zn(q
(0))|

|Δn:m| +
m−n−1∑

j=0

|Ξn+j+1|
|Δn:m|

×
∑
b∈A

[
−
∑
a∈A

q
(j)
b Q

(j)
a,b log

(
Q

(j)
a,b

Ea,b

)
+O

(
log |Ξn+j+1|
|Ξn+j+1|

)]

=
log |Zni(q

(0))|
|Δn:m| −

m−n−1∑
j=0

|Ξn+j+1|
|Δn:m| DKL(Q

(j)||E)T q(j)

+O

(
log |Δn:m|
|Δn:m|

)
,

where the last equality follows from the concavity of x �→ −x log x.
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As a corollary of the proposition above, we transform (Problem 2) into the

following:⎧⎪⎪⎪⎨
⎪⎪⎪⎩
maximize

log |Zn:n(q
(0))|

|Δn:n+k|
−

k−1∑
j=0

|Ξn+j+1|
|Δn:n+k|

DKL(Q
(j)||E)T q(j),

subject to (q,Q) ∈ Wn:n+k.

(Problem 3)

The trickiest part of (Problem 3) lies in the first term involving |Zn:n(q
(0))|, for

which, to the authors’ knowledge, no good estimate is available. Nevertheless, our

main interest lies in the case k → ∞, where the term converges uniformly (with

respect to q) to zero and hence could be safely dropped. Thus, we shall continue

our discussion by rephrasing the problem, by writing p = ←−q and P =
←−
Q , as⎧⎪⎪⎪⎨

⎪⎪⎪⎩
maximize −

k−1∑
j=0

d− 1

dj+1 − dj−k
DKL(P

(j)||E)T p(j+1),

subject to (p,P) ∈ ←−−−−−
Wn:n+k := {(←−q ,

←−
Q ) : (q,Q) ∈ Wn:n+k}.

(Problem 4)

We remark that the bottom-up convention of (Problem 4) turns out to be more

convenient for our later discussion.

In what follows, we will further show that, as n → ∞, the maximum of

(Problem 4) converges to that with the feasible domain replaced by

Ωk = {(p,P) ∈ Γk+1
A ×Υk

A : P
(j)
a,b = 0 if Ea,b = 0, p(j) = P(j)p(j+1), 0 ≤ j < k},

which is a set containing
←−−−−−
Wn:n+k for all n. It is noteworthy that Ωk is a compact

set on which the objective function is continuous, guaranteeing a maximizer for

the problem defined on
←−−−−−
Wn:n+k. Given these, our aforementioned aim could be

reached if we were able to show that
←−−−−
Wk:k+n, as n → ∞, is asymptotically dense

in Ωk. Unfortunately, it is rarely the case, since for (q,Q) ∈ Wk:k+n, q
(i)
b = 0 forces

Q
(i)
a,b =

Ea,b∑
c∈A Ec,b

, whereas no such constraint is seen in Ωk. However, it is obvious

that the maximum is the same with or without the constraint, and thus we may

further impose the following restrictions.

Definition 3.1. Let E be the restriction matrix. A pair (q,Q) ∈ ΓA×ΥA is called

typical if the following hold:

• Qa,b = 0 if Ea,b = 0.

• Qa,b = Ea,b · (
∑

a∈A Ec,b)
−1 if qb = 0.

Furthermore, for any fixed P ∈ Υk+1
A , the objective function is just an affine

function of p(0) ∈ ΓA. Therefore, we can assume such maximizer, denoted by

(p,P) ∈ Ωk, has its last vector p(k) taking the form of p(k) = ea (a ∈ A) and
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lies in

Ω′
k = {(p,P) ∈ (Γk

A × {ea}a∈A)×Υk
A : p(j) = P(j)p(j+1),

(P(j), p(j+1)) is typical, 0 ≤ j < k}.

We then show in the following lemma that the set
←−−−−−
Wn:n+k is asymptotically dense

in Ω′
k as n tends to infinity.

Lemma 3.2. Let (q′,Q) ∈ Dn ×ΥA be typical. Then, there exists ((q′,Q′q′),Q′) ∈
Wn:n+1 such that

|Qa,b − Q′
a,b| ≤

1

|Ξn+1|q′b
for all a, b ∈ A.

Moreover, Q′ can be chosen so as to satisfy that Qa,b
′ = 0 if Qa,b = 0.

Proof. This is a consequence of the fact that ((q′,Q′q′),Q′) ∈ Wn:n+1 if and only

if Q′ ∈ ΥA and that the following hold:

• Q′
a,b =

ca,b

|Ξn+1|q′b
for some integer ca,b if q′b �= 0;

• Q′
a,b = Ea,b · (

∑
a∈A Ec,b)

−1 if qb = 0.

It is not hard to see that these criteria, together with the additional prop-

erties stated in the lemma, can always be satisfied simultaneously by some

Q′ ∈ ΥA.

Proposition 3.2. limn→∞ sup(p,P)∈Ω′
k
dv,V (

←−−−−−
Wn:n+k, (p,P)) = 0.

Proof. Let ε > 0 and (q,Q) = (←−p ,
←−
P ) ∈ Ω′

k be fixed, and denote

ζ = min

{
min

i,a:q
(i)
a >0

q(i)a , min
i,a,b:Q

(i)
a,b>0

Q
(i)
a,b

}
.

We take n sufficiently large such that

δ := max
i,a:q

(i)
a >0

(|Ξn+i+1|q(i)a )−1 satisfying
k|A|δ
ζ

< min

{
1

2
, ε

}
.

We then construct a pair (q′,Q′) ∈ Wn:n+k such that dv,V ((
←−
q′ ,

←−
Q ′), (q,Q)) < ε

through the following process. To begin with, take q(0)
′

= q(0) ∈ Dn and

choose Q(0)′ as in Lemma 3.2 to define q(1)
′
= Q(0)′q(0)

′ ∈ Dn+1. Now suppose

((q(i)
′
)0≤i≤j , (Q

(i)′)0≤i≤j−1) is found and q(j)
′
= 0 if and only if q(j) = 0, then

(q(j)
′
,Q(j)) ∈ Dn+j × ΥA is typical, so we again choose Q(j)′ as in Lemma 3.2

and set q(j+1)′ = Q(j)′q(j)
′ ∈ Dn+j+1. Otherwise, the process terminates. We claim

that the process terminates only after step k. To see this, we make use of the

following properties, which are proved in the next paragraph, for the well-defined
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((q(i)
′
)0≤i≤j , (Q

(i)′)0≤i≤j−1): for all 0 ≤ i ≤ j − 1:

(a) q
(i)
a

′
= 0 if and only if q

(i)
a = 0 and dv(q

(i)′, q(i)) ≤ i|A|δ.
(b) Q

(i)
a,b

′
= 0 if and only if Q

(i)
a,b = 0 and dV (Q

(i)′,Q(i)) ≤ |A|δ.

If the listed properties hold and if we suppose toward a contradiction that

j < k, then we see that q(j)
′
a = (Q(j−1)′q(j−1)′)a = 0 if and only if q

(j)
a =

(Q(j−1)q(j−1))a = 0, and thus the process should proceed, which is a contradic-

tion. Now that ((q(j)
′
,Q(j)′q(j)

′
),Q(j)′) ∈ Dn+j:n+j+1 for all 0 ≤ j < k, which

implies (q,Q) ∈ Wn:n+k and dv,V (
←−−−−−
Wn:n+k, (p,P)) < k|A|δ < ε as desired.

We prove the aforementioned claim by induction on i. When i = 0, since q(0) =

q(0)
′
, property (a) is automatic. For (b), if q

(0)
b = 0, then

Q
(0)
a,b

′
= Q

(0)
a,b = Ea,b · (

∑
a∈A

Ec,b)
−1.

If q
(0)
b > 0, then by Lemma 3.2,

Q
(0)
a,b

′
≥ Q

(0)
a,b − 1

|Ξn+1|q′b
≥ ζ − δ > 0.

In addition, we may apply Lemma 3.2 again to deduce dV (Q
(0)′,Q(0)) ≤ |A|δ.

For the induction step, we assume the hypotheses hold for i − 1 < j − 1. To

prove (a) for the index i, note that q(i)
′
= Q(i−1)′q(i−1)′ = 0 if and only if q(i−1) =

Q(i−1)q(i−1) = 0 is straightforward from the induction hypotheses, and a simple

calculation shows that

dv(q
(i)′, q(i)) = dv(Q

(i−1)′q(i−1)′,Q(i−1)q(i−1))

≤ dV (Q
(i−1)′,Q(i−1)) + dv(q

(i−1)′, q(i−1)) ≤ i|A|δ.

For (b), we note that if q
(i)
a

′
> 0,

(|Ξi+1|q(i)a

′
)−1 =

(
|Ξi+1|q(i)a

(
1− q

(i)
a

′
− q

(i)
a )

q
(i)
a

))−1

≤
(
|Ξi+1|q(i)a

(
1− dv(q

(i)′, q(i))

q
(i)
a

))−1

≤
(
|Ξi+1|q(i)a

(
1− i|A|δ

ζ
)

))−1

≤ 2δ.

We apply Lemma 3.2 for the last time to obtain dV (Q
(i)′,Q(i)) ≤ |A|δ. Furthermore,

Q
(i)
a,b

′
= Q

(i)
a,b if q

(i)
a,b = 0, and if q

(i)
a,b �= 0, then

Q
(i)
a,b

′
≥ Q

(i)
a,b − dV (Q

(i)′,Q(i)) ≥ ζ − |A|δ > 0.

Our proof by induction is therefore completed.
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As the last step of this subsection, we would like to once again reformulate the

problem (Problem 4) to eliminate its dependence on k in the objective function. We

note that the functionDKL(P
(j)‖E)T p(j+1) in (Problem 4) is uniformly bounded for

all j, k and P(j), p(j+1). Furthermore, its associated coefficient (d−1)/(dj+1−dj−k)

admits a limit (d − 1)/dj+1 and the ratio between the two coefficients is uniform

for all j:

d− 1

dj+1 − dj−k

/
d− 1

dj+1
=

1

1− d−k−1
→ 1.

As a consequence, we arrive at the following optimization problem:⎧⎪⎪⎪⎨
⎪⎪⎪⎩
maximize −

k−1∑
j=0

d− 1

dj+1
DKL(P

(j)‖E)T p(j+1),

subject to (p,P) ∈ Ωk.

(Problem 5)

whose maximum, denoted P (k)(d,E), converges, due to Proposition 3.2 and the

arguments above, to the topological pressure:

P(X×d
E , E) = lim

k→∞
P (k)(d,E).

It is noteworthy that the optimization problem above is closely related

to (Problem 1), whose the maximum P (∞)(d,E) is well-defined since its feasible

domain is compact with respect to the metric d∞v,V defined as

d∞v,V ((p,P), (p
′,P′)) =

∞∑
j=0

d− 1

dj+1
dv,V ((p

(j),P(j)), (p(j)
′
,P(j)′))

and the objective function is continuous on the feasible domain. Our goal is thus to

demonstrate that P (k)(d,E) → P (∞)(d,E), which, as a function of d ∈ (1,∞), can

be shown to be continuous and increasing using uniform convergence of P (k)(d,E)

on compact subintervals. However, the proof for this requires knowledge about the

solutions of (Problem 5) and is on hold for the time being.

3.3. Step 3

As pointed out in the last subsection, the objective function of (Problem 5) is affine

in p(k), and thus p = ea for some a ∈ A can be assumed since ΓA is the convex hull

of {ea}a∈A. The problem simplifies to the following:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

maximize −
k−1∑
j=0

d− 1

dj+1
DKL(P

(j)‖E)T
k−1∏

�=j+1

P(�)p,

subject to p = ea, P ∈ Υk
A,

P
(j)
a,b = 0 if Ea,b = 0, 0 ≤ j < k.

(3.6)

We denote by Fk(p,P; 1/d,E) the objective function of (3.6) and by F∞(p,P;

1/d,E) the objective function of (Problem 1), and we find a maximizer as follows.
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For conciseness, we suppress E and 1/d if doing so should not occasion any

confusion.

Proposition 3.3. The optimization problem (3.6) admits an optimal transition

P(i) (i = 0, . . . , k − 1) independent of p that is defined as

P
(i)
a,b =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

e
di+1

d−1 λ(i)
a Ea,b∑

c:Ec,b>0 e
di+1

d−1 λ
(i)
c Ec,b

if Ea,b > 0,

0 otherwise,

where λ(0) = 0 and

λ(i)
a =

d− 1

di
log

∑
b:Eb,a>0

e
di

d−1λ
(i−1)
b Eb,a for i = 1, . . . , k.

Moreover, the maximum of Fk(p,P) is λ(k)T p.

Proof. The idea of proving the optimality is as follows. We construct a sequence P,

independent of p and k, such that given any i = 0, . . . , k− 1 and Q(0), . . . ,Q(i−1) ∈
ΥA, Z = P(i) maximizes the function

Z
F

k;Q(i+1),...,Q(k−1)�−−−−−−−−−−−−→ Fk(p,P
(0), . . . ,P(i−1),Z,Q(i+1), . . . ,Q(k−1)).

To find P, we should also introduce an auxiliary sequence λ(i) in our construction.

By writing λ(0) = 0 ∈ R
A, we note that Fk;Q(1),...,Q(k−1) is an entropy maximization

problem in each column of Z and thus admits a maximizer (independent of p, Q

and k) such that

P
(0)
a,b =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

e
d

d−1λ
(0)
a Ea,b∑

c:Ec,b>0 e
d

d−1λ
(0)
c Ec,b

=
Ea,b∑
c∈A Ec,b

if Ec,b > 0,

0 otherwise.

Now if we suppose a maximizer P(i−1) satisfying our hypothesis is found, we let

λ(i) := −d− 1

di
DKL(P

(i−1)‖E) + P(i−1)Tλ(i−1)

= −
i−1∑
j=0

d− 1

dj+1

⎛
⎝ i−1∏

�=j+1

P(�)

⎞
⎠

T

DKL(P
(j)‖E) (3.7)

and express Fk;Q(i+1),...,Q(k−1) as

Fk;Q(i+1),...,Q(k−1)(Z)

= −
i−1∑
j=0

d− 1

dj+1
DKL(P

(j)‖E)T

⎛
⎝ i−1∏

�=j+1

P(�)

⎞
⎠Z

(
k−1∏

�=i+1

Q(�)

)
p
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− d− 1

di+1
DKL(Z‖E)T

k−1∏
�=i+1

Q(�)p−
k−1∑

j=i+1

d− 1

dj+1
DKL(Q

(j)‖E)T
k−1∏

�=j+1

Q(�)p

=

(
λ(i)TZ− d− 1

di+1
DKL(Z‖E)T

) k−1∏
�=i+1

Q(�)p

−
k−1∑

j=i+1

d− 1

dj+1
DKL(Q

(j)||E)T
k−1∏

�=j+1

Q(�)p,

(3.8)

which also results in a classical entropy maximization problem in each column of

Z, and an optimal solution independent of p, Q and k is

P
(i)
a,b =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

e
di+1

d−1 λ(i)
a Ea,b∑

c:Ec,b>0 e
di+1

d−1 λ
(i)
c Ec,b

if Ea,b > 0,

0 otherwise.

(3.9)

In this manner, we successfully construct the desired sequence and prove the opti-

mality. Moreover, if we plug (3.9) into (3.7), we deduce the recursive relation of λ,

and the proof is complete.

Remark 3.1. In Proposition 3.3, the vector ed
i+1/(d−1)λ(i)

satisfies ed/(d−1)λ(0)

= �

and the relation

e
di+1

d−1 λ(i)

= (ET e
di

d−1λ
(i−1)

)d for i ≥ 1,

which is essentially a generalization of the formula used in [6, Algorithm 1] for the

computation of entropy.

3.4. Step 4

3.4.1. Convergence of P (k)(d,E)

We first prove the following theorem regarding the convergence of the optimization

problems, preparing us for the proof of Theorem 1.1. The maximizer P∗ satisfies

the following properties.

Theorem 3.1. Let d ∈ (1,∞), E satisfy assumption (A),

A∞ = {a ∈ A : ∃n ∈ N such that (En)a,a > 0}

and

L = min{n ∈ N : (En)a,a > 0, ∀ a ∈ A∞}.
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Then, the maximizer found in Proposition 3.3 satisfies the following properties:

(a) For every p ∈ ΓA and k ≥ 1, Fk(p,P
(0:k−1)∗) = λ(k)T p takes values in [(1 −

d−k)α, (1− d−k)β], where

α = logmin
b

∑
a

Ea,b and β = logmax
b

∑
a

Ea,b.

(b) If a, b ∈ A with (Ei)a,b > 0, then for all j ≥ 0 and k ≥ 1,

Fk+i(eb,P
(0:k+i−1)∗)−

k+i−1∑
�=0

d− 1

d�+1
· γ ≥ Fk(ea,P

(j:j+k−1)∗)−
k−1∑
�=0

d− 1

d�+1
· γ,

where γ = logminEa,b>0 Ea,b. In particular, for all a ∈ A∞ and all 0 ≤ i < L,

FLn+i(ea,P
(0:Ln+i−1)∗)−

Ln+i−1∑
�=0

d− 1

d�+1
· γ

is non-negative and increasing.

(c) There exists p∗ ∈ Γ
Z+

A such that (p∗,P∗) is a maximizer of (Problem 1). In

particular,

P (∞)(d,E) = F∞(p∗,P∗)

= max
a∈A∞

lim
n→∞

FLn(ea,P
(0:Ln−1)∗)

= lim
k→∞

max
a∈A∞

Fk(ea,P
(0:k−1)∗)

= lim
k→∞

P (k)(d,E).

Proof. (a) We show by induction that the map λ(i) fi�−→ λ(i+1) in Proposition 3.3

satisfies that

fk ◦ · · · ◦ f0(λ(0))a ∈ [(1− d−k−1)α, (1− d−k−1)β] for all k ≥ 0,

which follows from the monotonicity of fi: fi(λ
′) ≥ fi(λ

′′) if λ′ ≥ λ′′. When i = 0,

f0(λ
(0))a =

d− 1

d
log

∑
b:Eb,a>0

Eb,a ∈ [(1− d−1)α, (1− d−1)β].

Now if the hypothesis holds for k − 1, then

fk(fk−1 ◦ · · · ◦ f0(λ(0)))a ≤ d− 1

dk+1
log

∑
b:Eb,a>0

β(1−d−k)· dk+1

d−1 Eb,a

≤ (1− d−k−1)β
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and a similar argument also applies to the lower bound fk(fk−1 ◦ · · · ◦ f0(λ(0)))a ≥
(1− d−k−1)α. The first item then holds by induction.

(b) For each a, b ∈ A, one can choose a sequence (ξ�)�≥0 as follows:

(ξ�)�≥0 = (ξa,b,i� )�≥0 such that ξ0 = a, ξi = b, Eξ�, ξ�+1
> 0, ∀ 	 ≥ 0. (3.10)

Then, we take transition matrices P(k+�)′ such that P(k+�)′
ξ�,ξ�+1

= 1. Under the

circumstances, we have (
∏k+1

�=0 P(k+j)′)a,beb = ea. Therefore, according to (3.6),

Fk(ea,P
(j:j+k−1)∗) +

k+i−1∑
�=k

d− 1

d�+1
· γ

= −
k−1∑
�=0

d− 1

d�+1
DKL(P

(j+�)∗|E)T
k−1∏

�′=j+�+1

P(�′)∗ea +
k+i−1∑
�=k

d− 1

d�+1
· γ

≤ Fk+i(eb, (P
(j:j+k−1)∗,P(j+k:j+k+i−1)′))

≤ Fk+i(eb,P
(0:k+i−1)∗).

This finishes the proof.

(c) We start by noting that the existence of optimizer (p′,P′) is guaranteed by

compactness of the feasible domain and continuity of the objective function. Next,

by recursively replacing P′ by P∗ according to Proposition 3.3, the compactness

again asserts that there exists a maximizer of the form (p∗,P∗) (and thus the first

equality).

The third equality and the existence of the limits therein follow from (b). Pre-

cisely, for each a ∈ A and each 0 ≤ i < L, the following relations:

lim
n≥0

max
a∈A∞

· = sup
n≥0

max
a∈A∞

· = max
a∈A∞

sup
n≥0

· = max
a∈A∞

lim
n→∞

·

coincide on the sequence

FLn+i(ea,P
(0:Ln+i−1)∗) +

∞∑
�=Ln+i

d− 1

d�+1
· γ.

To finish the proof of this part, we note the following fact due to assumption (A):

For each a ∈ A and k ≥ |A|, there exists b ∈ A∞ such that (Ek)a,b > 0.

(3.11)

Immediately this yields that

lim
n→∞

max
a∈A∞

FLn+i(ea,P
(0:Ln+i−1)∗) = lim

n→∞
max
a∈A∞

FLn(ea,P
(0:Ln−1)∗) for all i,

justifying the existence of the limits and their coincidence.

To prove the second equality, for each a ∈ A∞ and each k ∈ Z+, there exists

an extension (p(a, k),P(a, k)) ∈ Γ
Z+

A ×Υ
Z+

A of ((
∏k−1

j=� P
(�)∗ea)k�=0,P

(0:k−1)∗) (using

2550007-20



On the topological pressure of axial product on trees

the sequence (ξa,a,L� )� in (3.10)) such that

max
a∈A∞

lim
n→∞

FLn(ea,P
(0:Ln−1)∗) = max

a∈A∞
lim sup
k→∞

Fk(ea,P
(0:k−1)∗) +

∞∑
�=k

d− 1

d�+1
· γ

≤ max
a∈A∞

lim sup
k→∞

F∞(p(a, k),P(a, k)) ≤ F∞(p∗,P∗),

For the other inequality, we note that due to the affinity of p �→ Fk(p,P
(0:k−1)∗),

F∞(p∗,P∗) = lim
k→∞

Fk(p
(0:k)∗,P(0:k−1)∗) ≤ lim inf

k→∞
max
a∈A

Fk(ea,P
(0:k−1)∗). (3.12)

As a result, due to (3.11), we may apply (b) to deduce

lim
k→∞

max
a∈A∞

Fk(ea,P
(0:k−1)∗)

= lim
k→∞

max
a∈A∞

Fk(ea,P
(0:k−1)∗)−

k−1∑
�=k−|A|

d− 1

d�+1
· γ

≥ lim sup
k→∞

max
a∈A

Fk−|A|(ea,P
(0:k−|A|−1)∗) ≥ F∞(p∗,P∗). (3.13)

Combining the inequalities above and the third equality proves the second equality.

Finally, we note that the last equality, together with the existence of the

limit, also follows from (3.12) and (3.13), given that P (k)(d,E) = maxa∈A Fk(ea,

P(0:k−1)∗).

3.4.2. Proof of Theorem 1.1

Let β and γ be the constants defined in Theorem 3.1, which are independent of d.

We show that P (k) converges to P (∞) in a strong sense.

Proof. (a) For our convenience, we denote qk(d) = d−k − d−k−1 throughout the

rest of the discussion. In addition, we denote by P∗(d) the optimal matrices given

in Proposition 3.3 with the associated λ(k) denoted by λ(k)∗(d).
Our proof of continuity and increasing property relies heavily on the uniform

convergence of λ(Ln+i)∗(d)a: for every a ∈ A∞ and every 0 ≤ i ≤ L−1, the function

Λ(i)∗(d)a := limn→∞ λ(Ln+i)∗(d)a, which is well-defined for d ∈ (1,∞) according

to Theorem 3.1(b) is continuous with the convergence uniform on every compact

subinterval of I ⊂ (1,∞). To begin with, we note λ(k)∗(d) is obviously a contin-

uously differentiable function from its definition in Proposition 3.3. To prove the

uniform convergence on compact subinterval, we verify that it is an equicontinuous

sequence by computing the derivative of λ(k)∗(d):

(λ(k)∗)′(d) = (qk(d) log(E
T eqk(d)

−1λ(k−1)∗(d)))′

= q′k(d) log(E
T eqk(d)

−1λ(k−1)∗(d)) +
qk(d)

(ET eqk(d)−1λ(k−1)∗(d))
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·
[
ETdiag

(
− q′k(d)

qk(d)2
λ(k−1)∗(d) +

(λ(k−1)∗)′(d)

qk(d)

)
eqk(d)

−1λ(k−1)∗(d)

]

= −q′k(d)DKL(P
(k−1)∗(d)‖E) + P(k−1)∗(d)

T
(λ(k−1)∗)′(d)

=
k−1∑
j=0

(jd−j−1 − (j + 1)d−j−2)

⎛
⎝ k−1∏

�=j+1

P(�)∗(d)

⎞
⎠

T

DKL(P
(j)∗(d)|E)

(3.14)

and note that the derivative is uniformly bounded on the interval I:

|(λ(Ln+i)∗)′(d)| ≤ sup
d∈I

∞∑
j=0

|jd−j−1 − (j + 1)d−j−2|(|β|+ |γ|) < ∞.

The equicontinuity then follows from the estimate and the mean value theorem.

Now that the functions, when restricted to I, are clearly uniformly bounded, we

apply the Arzelà-Ascoli theorem to obtain uniform convergence.

For the continuity of P (∞)(d,E), we apply our claim to the function

max
a∈A∞

λ(Ln+i)∗(d)a = max
a∈A∞

FLn+i(ea,P
(0:Ln+i−1)∗(d)).

to deduce uniform convergence on compact subinterval, which, together with The-

orem 3.1(c), yields the desired result.

To prove that P (∞)(d,E) is increasing in d, we first associate with each a ∈ A∞
an open set Ia such that

Λ(Ln)∗(d)a ≥ Λ(Ln)∗(d)b, for all b ∈ A
and that ∪aIa is dense in (1,∞). This follows inductively from the fact that for any

continuous functions f1, f2 : U ⊂ R
n → R defined on some open set U ,

{x ∈ U : f1(x) > f2(x)} ∪ {x ∈ U : f2(x) > f1(x)}

∪ int({x ∈ U : f2(x) = f1(x)})
is dense in U . We then consider an alternative form of (3.14):

(eTa λ
(Ln)∗)′(d) =

Ln−1∑
j=1

j∑
i=1

(d−j−1 − d−j−2)eTa

⎛
⎝Ln−1∏

�=j+1

P(�)∗(d)

⎞
⎠

T

DKL(P
(j)∗(d)‖E)

−
Ln−1∑
j=0

d−j−2eTa

⎛
⎝Ln−1∏

�=j+1

P(�)∗(d)

⎞
⎠

T

DKL(P
(j)∗(d)‖E)

= −
Ln−1∑
i=1

d−i−1FLn−i(ea,P
(i:Ln−1)∗(d); d,E) +

d−2

1− d−1
λ(Ln)
a

∗
(d),

(3.15)
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where the last equality follows from swapping the order of summation. If we further

express d−2 · (1− d−1)−1 =
∑∞

i=1 d
−i−1, then the above becomes

(eTa λ
(Ln)∗)′(d) = −

Ln−1∑
i=1

d−i−1[FLn−i(ea,P
(i:Ln−1)∗(d); d,E)− λ(Ln)∗(d)a]

+

∞∑
i=Ln

d−i−1λ(Ln)∗(d)a,

≥
Ln−1∑
i=1

d−i−1[λ(Ln)∗(d)a − λ(Ln−i)∗(d)a] +
∞∑

i=Ln

d−i−1λ(Ln)∗(d)a,

where the last inequality follows again from Theorem 3.1(b) and the last function,

due to our claim, converges uniformly on every compact subinterval to the following

function:

L∑
i=1

dL − 1

dL+i+1 − dL+i
(Λ(0)(d)∗a − Λ(L−i)(d)∗a),

which is non-negative for all x ∈ Ia. By the mean value theorem, this provides the

following bound for [d′, d′′] ⊂ Ia:

P (∞)(d′′, E)− P (∞)(d′, E) ≥ lim sup
n→∞

inf
d∈[d′,d′′]

(eTa λ
(Ln)∗)′(d) · (d′′ − d′) = 0.

The proof is thus finished by noting that
⋃

a∈A Ia is open and dense in (1,∞) and

P (∞)(d,E) is continuous.

(b) It follows essentially from Theorem 3.1(c) that P (∞)(d,E) =

limk→∞ P (k)(d,E), where the limit is known to converge to P(X×d
E , E) as discussed

in Sec. 3.2.

(c) On the one hand, Theorem 3.1(a) guarantees limd→∞ P (∞)(d,E) ≤ β. On

the other hand, Theorem 3.1(b) together with assumption (A) implies, by taking

k = 1, j = 0 and letting i → ∞, that

lim
d→∞

P (∞)(d,E) = lim
d→∞

lim
i→∞

max
b∈A

Fi+1(eb,P
(0:i)∗; d,E)

≥ lim
d→∞

lim
i→∞

max
a∈A

F1(ea,P
(0:0)∗; d,E) +

i∑
�=1

(d−k − d−k−1) · γ

= lim
d→∞

(1− d−1)β + d−1 · γ = β.

For limd→1+ P (∞)(d,E), we plug the Parry measure

P
(i)
a,b =

Eb,awa

ρ(E)wb
and pa = vawa
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into (Problem 5) to deduce limd→1+ P (∞)(d,E) ≥ log ρ(E). To prove the other

inequality, for every ε > 0 we first construct a new interaction matrix

E′ =

[
ρ(E) + ε 0

� E

]
.

Since P (∞)(d,E) ≤ P (∞)(d,E′) for and d > 1 according to (Problem 1), it

is sufficient to show that limd→1+ P (∞)(d,E′) ≤ log ρ(E′) = log ρ(E) + ε. Let

v and w be the left and right eigenvector, respectively, associated with ρ(E′)
such that wT v = 1. According to the spectral decomposition of E′, we know

limn→∞ ρ(E′)−n(E′)n = vwT is non-negative, and thus we can assume without

loss of generality that v = ρ(E′)−1E′v is a positive probability vector. We see from

Remark 3.1 that for the system defined by E′, there exists Cd = maxa∈A′ v1−d
a ≥ 1

such that

vT e
dk+1

d−1 λ(k)

= vT ((E′)T e
dk

d−1λ
(k−1)

)d

≤ Cd · (vT (E′)T e
dk

d−1λ
(k−1)

)d

= Cd · ρ(E′)d(vT e
dk

d−1λ
(k−1)

)d. (3.16)

Indeed, we note that for all non-negative numbers xa,

1 ≤
∑

a∈A′ vax
d
a

(
∑

a∈A′ vaxa)d
≤ max

a∈A′

vax
d
a

vdax
d
a

= max
a∈A′

v1−d
a .

This provides a uniform bound for limd→1+ P (∞)(d,E′), and the claim is proved

by estimating the pressure using (3.16) and letting d → 1+. More specifically,

vT e
dk+1

d−1 λ(k) ≤ C1+d+···+dk−1

d ρ(E′)d+d2+···+dk

(vT e
dk

d−1λ
(0)

)d

= C1+d+···+dk−1

d ρ(E′)d+d2+···+dk

and thus limd→1+ P (∞)(d,E) ≤ log(ρ(E) + ε).

4. Experiments

In this section, we present two examples related to Theorem 1.1. Consider the

golden-mean tree-shifts X×d
G with

G =

[
1 1

1 0

]
.

We claim that the function P (∞)(d,E) can be approximated by P (k)(d,E) with a

crude estimate of error

d−�

1− d−1
· γ ≤ P (∞)(d,E)− P (k)(d,E) ≤ d−�

1−d−1 · β.
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Fig. 1. Topological entropy of golden-mean tree-shifts.

Fig. 2. Topological pressure of golden-mean tree-shifts.

Indeed, the first inequality follows from Theorem 3.1(b), and the second fol-

lows, by comparing (Problem 5) and (Problem 1), from the fact that each term

in (Problem 1) admits an upper bound − d−1
dj+1DKL(P

(j)|E)p(j+1) ≤ d−1
dj+1 β. The fig-

ure of the topological entropy is given in Fig. 1. For the purpose of demonstration

of Theorem 1.1 for general interaction matrices, we include Fig. 2 to show the

increasing property of pressure when

E =

[
2 2

1 0

]
.

Both of the figures turn out to be consistent with Theorem 1.1 in the sense

that both functions are continuous, limd→∞ P (∞)(d,G) = log10 2 ≈ 0.3010,
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limd→∞ P (∞)(d,E) = log10 3 ≈ 0.4771, limd→1+ P (∞)(d,G) = log10
1+

√
5

2 ≈ 0.2090

and limd→1+ P (∞)(d,E) = log10(1 +
√
3) ≈ 0.4365.
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Abstract
This paper features a Cramér’s theorem for finite-state
Markov chains indexed by rooted 𝑑-trees, obtained via
themethod of types in the classical analysis of large devi-
ations. Along with the theorem comes two applications:
an almost-sure type convergence of sample means and
a formula for the Hausdorff dimension of the symbolic
space associated with the irreducible Markov chain.

1 INTRODUCTION

This paper presents a version of Cramér’s theorem for finite-state Markov chains indexed by 𝑑-
trees, accompanied by a number of folklore theorems and an exploration of their connections to
dimension theory.
Let  be a state space that is at most countable. Recall that a classical Markov chain is an -

valued stochastic process (𝑋𝑛)𝑛∈ℕ satisfying theMarkov property: For any 𝑛 ∈ ℕ and 𝑎, 𝑏 ∈ , the
finite-dimensional distributions of the process satisfy

ℙ(𝑋𝑛 = 𝑏|𝑋𝑛−1 = 𝑎, 𝑋𝑛−2, … , 𝑋0) = ℙ(𝑋𝑛 = 𝑏|𝑋𝑛−1 = 𝑎) = 𝑀𝑎,𝑏

© 2025 The Author(s). The Journal of the LondonMathematical Society is copyright © LondonMathematical Society. This is an open access
article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium,
provided the original work is properly cited.
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with the transition probabilities {𝑀𝑎,𝑏 ∶ 𝑎, 𝑏 ∈ } independent of 𝑛. In this context, the transition
probabilities satisfy

∑
𝑏∈ 𝑀𝑎,𝑏 = 1 for all 𝑎 ∈ , forming a stochastic matrix 𝑀 = (𝑀𝑎,𝑏)𝑎,𝑏∈

known as the transition matrix. Additionally, the law of the initial state 𝑋0 can be represented
as a probability vector 𝜋 = (𝜋𝑎)𝑎∈ = (ℙ(𝑋0 = 𝑎))𝑎∈, referred to as the initial distribution. For
example, a lattice random walk can be modeled as a Markov chain whose state space consists
of all nodes in the lattice and 𝑋𝑛 is the position at time 𝑛 with the transition probability 𝑀𝑎,𝑏

specifying the probability to move from position 𝑎 to 𝑏. Extending this paradigm, Benjamini and
Peres in [5] introduced the concept of generalized Markov chains as-valued processes (𝑋g )g∈𝑇

indexed by some generalized “time” 𝑇. In this framework, 𝑇 is a rooted tree, that is, a locally finite,
connected acyclic graph that features a distinguished vertex 𝜖 called root. For g , ℎ ∈ 𝑇, we write
g ⩽ ℎ if g lies on the (unique) path from the root 𝜖 to ℎ. We denote by g̃ the parent of g with g̃ ⩽ g ,
and define g ∧ ℎ as the farthest vertex on both paths from 𝜖 to ℎ and from 𝜖 to g . A tree-indexed
Markov chain is then defined as follows.

Definition 1.1. Let denote the state space, 𝑇 a rooted tree,𝑀 ∈ ℝ×
⩾0 a stochastic matrix, and

𝜋 ∈ ℝ
⩾0 a probability vector. A Markov chain indexed by 𝑇 with transition matrix 𝑀 and initial

distribution 𝜋 is an-valued stochastic process (𝑋g )g∈𝑇 satisfying ℙ(𝑋𝜖 = 𝑎) = 𝜋𝑎 for all 𝑎 ∈ 

and the Markov property: For all 𝑎, 𝑏 ∈ ,

ℙ(𝑋g = 𝑏|𝑋g̃ = 𝑎,𝑋ℎ for g ∧ ℎ ⩽ g̃) = ℙ(𝑋g = 𝑏|𝑋g̃ = 𝑎) = 𝑀𝑎,𝑏, (1)

Notably, the underlying probability space (Ω, , ℙ) of a 𝑇-indexed Markov chain can be real-
ized using a standard Borel space. Specifically, by definingΩ = 𝑇 ,  as the Borel 𝜎-algebra, and
𝑋g (𝑡) = 𝑡g , the Markov property together with the assumption of initial distribution uniquely
determines a Borel probability measure (denoted also by ℙ by a slight abuse of notation). This
measure, referred to as aMarkov measure, is supported within

𝐌 = {𝑡 ∈ 𝑇 ∶ 𝐌𝑡g̃ ,𝑡g
= 1 for all g ∈ 𝑇 ⧵ {𝜖}}, (2)

where 𝐌 is the incidence matrix associated with 𝑀, a matrix satisfying 𝐌𝑎,𝑏 = 0 or 1 depending
on𝑀𝑎,𝑏 = 0 or > 0, respectively. In particular, when 𝑇 = ℤ+, the measure ℙ reduces to a classical
Markovmeasure and the space 𝐌 to aMarkov subshift, making them special cases of the broader
framework.Motivated by this observation, the present study examines and compares tree-indexed
and conventional Markov chains through the lenses of large deviation theory and dimension the-
ory, and our focus is on the class of finite-state Markov chains indexed by rooted 𝑑-trees (𝑑 ⩾ 2),
each corresponding to the Cayley graph of the free semigroup generated by Σ = {1, 2, … , 𝑑}:

𝑇 =
∞⋃
𝑖=0

Σ𝑖 ∶= {𝜖} ∪
∞⋃
𝑖=1

{g1g2 ⋯ g𝑖 ∶ g𝑗 ∈ Σ, ∀1 ⩽ 𝑗 ⩽ 𝑖},

with Σ0 = {𝜖} being part of our convention.
Despite their introduction in [5] in a general form, special cases of tree-indexed Markov chains

had appeared in earlier studies, typically as special cases of i.i.d. tree-indexed processes. For exam-
ple, first-passage percolation on trees (cf. [21]) is modeled by tree-indexed i.i.d. random variables
where each variable represents the “passage time” to traverse between vertices in 𝑇, and the pri-
mary focus is on the asymptotic passage time to reach a vertex from the root. For developments
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in this area, see, for example, [6] and see [14] for a multifractal analysis of first-passage percola-
tion. Further discussion on tree-indexed i.i.d. variables and some related fields can be found in [6,
Section 1] and [7].
Beyond the i.i.d. setting, the tree-indexed Markov chains, as explored in [6], are closely related

to tree-indexed randomwalks on groups or general countable graphs, where the rooted tree plays
the role of “generalized time” as illustrated in the previous paragraph. This approach addresses a
key challenge in the analysis of random walks on large groups or graphs, where a single sample
path visits only a relatively small portion of the space and thus provides limited information.
With the abundance of sample paths offered by the generalized time, tree-indexed random walks
provide a more comprehensive view of their underlying structure.
Another frequently explored aspect of nonconventional Markov chains is their entropy, which

motivates the first part of the present work. This line of research originates from the study of sta-
tistical mechanics on trees, as initiated in [27] and [30]. For related studies, see also [9, 10, 13, 15].
Continuing in this direction, the article focuses on both the typical and large deviation behav-
ior of configurations. Specifically, typical behavior is characterized by an ergodic theorem (also
known as the Shannon–McMillan–Breiman theorem or the law of large numbers, depending on
the context), while large deviation behavior is addressed through aCramér’s theorem. This focus is
influenced by [8] and its successors, where the researchers examined the entropy of the stationary
random fields on both rooted and unrooted 𝑑-trees. Subsequent works by the same authors [35,
36], building upon Pemantle’s combinatorial approach [22], established a Shannon–McMillan–
Breiman theorem with convergence in probability for ergodic random fields on homogeneous
trees. Further developments can be found in [17, 29, 31, 33, 34] and references therein, with
noteworthy contributions regarding deviation inequalities provided by [23, 28, 32].
Broadly speaking, the previously mentioned studies center on the asymptotic behavior of the

following empirical average over the initial 𝑛-subtrees Δ𝑛 ∶= ∪𝑛
𝑖=0

Σ𝑖:

𝑌𝑛 =
1|Δ𝑛| ∑

g∈Δ𝑛⧵{𝜖}

log𝐴𝑋g̃ ,𝑋g
, (3)

where 𝐴 ∈ ℝ×
>0 is the weight matrix and | ⋅ | denotes the cardinality of a set, with |Σ𝑛| = 𝑑𝑛

and |Δ𝑛| = ∑𝑛
𝑖=0 |Σ𝑖| = 𝑑𝑛+1−1

𝑑−1
, in particular. As it turns out, the empirical averages 𝑌𝑛 exhibit an

asymptotically periodic structure whose period is closely linked to that of the initial state. Recall
that the period of a state 𝑎 in a Markov chain is defined as 𝑝 = gcd{𝑛 ∈ ℕ ∶ (𝑀𝑛)𝑎,𝑎 > 0}, with
𝑝 = ∞ if no such 𝑛 exists. Recall also that a nonnegative matrix 𝐴 ∈ ℝ×

⩾0 is irreducible if for all
𝑎, 𝑏 ∈ , there exists 𝑛 ∈ ℕ such that (𝐴𝑛)𝑎,𝑏 > 0, and is said to be primitive if the condition holds
for all large 𝑛. AMarkov chain is said to be irreducible (respectively, ergodic) if it has an irreducible
(respectively, primitive) transition matrix. As readily checked facts, all states in an irreducible
Markov chain share a common period, which is referred to as the period of the Markov chain,
and the period of an ergodicMarkov chain is 1. In summary, the works listed in the previous para-
graph successfully recover several classical theorems for ergodic Markov chains, but leave open
the question of how the results extend explicitly to more general systems, in which the behavior
of 𝑌𝑛 differs significantly from its conventional counterpart. Particularly, unlike classical Markov
chains, almost sure convergence for (3) cannot be guaranteed even for irreducible Markov chains
(see Example 3.12). In light of this, the conditional averages (𝑌𝑝𝑛+𝑗|𝑋𝜖 = 𝑎0) (𝑛 ∈ ℕ) with ini-
tial state 𝑎0 of finite period 𝑝 will be studied in place of 𝑌𝑛 throughout the work. Agreeing with
this philosophy, our first result is an analog of Cramér’s theorem, which is presented after the
introduction of necessary definitions and notations below.
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Recall that given a positive real sequence (𝜀𝑛)𝑛∈ℕ tending to zero and a lower semicontinuous
function 𝐼 ∶ ℝ → [0,∞], a sequence of real-valued random variables (𝑋𝑛)𝑛∈ℕ is said to satisfy the
large deviation principle with speed (𝜀𝑛)𝑛∈ℕ and rate 𝐼 if for all Borel set 𝑆 ⊂ ℝ,

sup
𝛼∈𝑆̊

−𝐼(𝛼) ⩽ lim inf
𝑛→∞

𝜀𝑛 log ℙ(𝑋𝑛 ∈ 𝑆) ⩽ lim sup
𝑛→∞

𝜀𝑛 log ℙ(𝑋𝑛 ∈ 𝑆) ⩽ sup
𝛼∈𝑆

−𝐼(𝛼).

For matrices 𝐴, 𝐵 ∈ ℝ× (and similarly ℝ) and 𝑟 > 0, we denote by 𝐴 ⊙ 𝐵 ∶= (𝐴𝑎,𝑏𝐵𝑎,𝑏)𝑎,𝑏∈
the Hadamard product of 𝐴 and 𝐵, and by 𝐴⊙𝑟 ∶= (𝐴𝑟

𝑎,𝑏
)𝑎,𝑏∈ the element-wise power of 𝐴

whenever well defined. With these notations, we define the operator Ψ𝐴,𝑟 ∶ ℝ
⩾0 → ℝ

⩾0 by

Ψ𝐴,𝑟(𝑥) = (𝐴𝑥)⊙𝑟. (4)

Theorem 1.2 (Cramér). Let 𝑇 be a rooted 𝑑-tree, (𝑋g )g∈𝑇 be a finite-stateMarkov chain with transi-
tion matrix𝑀, and (𝑌𝑛)𝑛∈ℕ be the empirical average with respect to the weight 𝐴 ∈ ℝ×

>0 as in (3).
If 𝑎0 ∈  is a state of finite period 𝑝, then (𝑌𝑝𝑛+𝑗|𝑋𝜖 = 𝑎0)𝑛∈ℕ satisfy the large deviation principle
with speed (|Δ𝑝𝑛+𝑗|−1)𝑛∈ℕ and rate

Λ∗
𝑗 (𝛼) = sup

𝜇∈ℝ
[𝜇𝛼 − Λ𝑗(𝜇)],

where, with 𝟙 ∈ ℝ denoting the all-one vector,

Λ𝑗(𝜇) = lim
𝑛→∞

log((Ψ𝑀⊙𝐴⊙𝜇,𝑑)
𝑝𝑛+𝑗(𝟙))𝑎0|Δ𝑝𝑛+𝑗| .

A few comments about the theorem should be mentioned. First of all, we should emphasize
that assuming the initial state has finite period involves no loss generality in the characterization
of 𝑌𝑛. Precisely, we observe that the random tree

𝑇̃ = {g ∈ 𝑇 ∶ 𝑋ℎ has infinite period for all ℎ ⩽ g , ℎ ≠ g}

is almost surely a subtree ofΔ||, and its leaf vertices 𝜕𝑇̃ = {ℎ ∈ 𝑇̃ ∶ ℎ𝑖 ∉ 𝑇̃, ∀𝑖 ∈ Σ} are associated
only with states of finite period. This allows us to pass Theorem 1.2 to (𝑌𝑛|𝑋g , g ∈ 𝜕𝑇̃). Second, a
key challenge in proving Theorem 1.2 lies in the uncertainty of differentiability of Λ𝑗 , and hence
more sophisticated arguments, such as Gärtner–Ellis theorem, do not apply. This forces us to
resort to a combinatorial reasoning. Finally, results on large deviations of tree-indexed Markov
chains are also considered in [11] for trees generated by a Galton–Watson process with a positive
probability of producing zero offspring, which differs from our setting.
Despite its tediousness, an advantage of our combinatorial approach lies in that it almost

immediately gives the following version of ergodic theorem for irreducible Markov chains.

Theorem 1.3. Under the assumptions of Theorem 1.2, if the Markov chain is irreducible of period
𝑝, then for any state 𝑎0 ∈ ,

lim
𝑛→∞

(𝑌𝑝𝑛+𝑗|𝑋𝜖 = 𝑎0) =
𝑝−1∑
𝑖=0

𝑑−𝑖∑𝑝−1
𝓁=0

𝑑−𝓁

∑
𝑎,𝑏∈

𝜋(𝑖+1−𝑗)
𝑎 𝑀𝑎,𝑏 log𝐴𝑎,𝑏 ℙ-a.s.,
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where (𝜋(𝑖))𝑖∈ℤ are the unique left probability eigenvectors of𝑀𝑝 satisfying𝜋(𝑖) = 𝜋(𝑖+1)𝑀 and𝜋(𝑖)
𝑎0

>
0 if and only if 𝑖 ≡ 0 (mod 𝑝).

This confirms the cyclic structure of convergence of 𝑌𝑛 and complements the state-of-the-art
results by extending the limit theorems from primitive transition matrices to irreducible ones.
This periodic pointwise convergence will be utilized in the subsequent sections.
The second part of the article is motivated by another intriguing aspect of the tree-indexed

Markov chains: the “size” of the outcome space of labeled trees 𝐌 (recall (2)). This outcome
space, also known as a Markov hom tree-shift, represents a special family of symbolic systems
introduced by Aubrun and Béal [1] that can be viewed as a generalization of the one-sidedMarkov
subshifts, considering that the latter could be defined using the former with the underlying
tree 𝑇 = ℤ+. Building upon this concept, Petersen and Salama [24, 25] introduced the topolog-
ical entropy for such spaces as an analog to topological entropy for traditional shift spaces to
investigate their complexity. Results therein were later generalized to asymptotic pressure for a
broad class of systems [26]. Notably, the topological entropy could also be interpreted as the box-
counting dimension under a proper metric (see (19)). Motivated by this observation, the present
paper aims to investigate the Hausdorff dimension under the specified metric and relate such a
quantity to the eigenvalues of certain nonlinear transfer operators: Drawing inspiration from the
classical thermodynamic formalisms, the candidates of transfer operator 𝐴,𝑟 ∶ ℝ

⩾0 → ℝ
⩾0 for

𝑟 = (𝑟0, 𝑟1, … , 𝑟𝑝−1) ∈ ℝ
𝑝
>0 and 𝐴 ∈ ℝ×

⩾0 are defined as

𝐴,𝑟(𝑥) = Ψ𝐴,𝑟𝑝−1
◦Ψ𝐴,𝑟𝑝−2

◦⋯◦Ψ𝐴,𝑟0
(𝑥), (5)

with each Ψ𝐴,𝑟𝑖
(𝑥) defined in (4). The Hausdorff dimension is then related to the eigenvalues of

the nonlinear operator, as is seen in the following theorem.

Theorem 1.4. Let 𝐌 be a Markov hom tree-shift with an irreducible incidence matrix𝐌 of period
𝑝. Then,

dim𝐻 𝐌 = min
𝑟∈𝑝,𝑑

(
𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟−1
𝑖

)−1

⋅ log 𝜌∗(𝐌,𝑟), (6)

where

𝑝,𝑑 =

{
𝑟 ∈ (0, 𝑑]𝑝 ∶

𝑝−1∏
𝑖=0

𝑟𝑖 = 1

}
,

𝜌∗(𝐌,𝑟) = inf {𝛼 > 0 ∶ 𝐌,𝑟(𝑢) = 𝛼 ⋅ 𝑢 ∈ ℝ ⧵ {0}}.

In particular, if𝐌 is a primitive matrix, then 𝑝 = 1, 𝐌,𝑟 = 𝐌 for 𝑟 ∈ 1,𝑑 = {1}, and dim𝐻 𝐌 =
log 𝜌∗(𝐌) = log 𝜌(𝐌), where 𝜌(𝐌) is the spectral radius of𝐌.

It is noteworthy that the theorem formally generalizes the classical thermodynamic for-
malisms. Specifically, when 𝑑 = 1, the set 𝑝,𝑑 simplifies to = {(1, 1, … , 1)}, leading formally
to the conclusion that dim𝐻 𝐌 = 𝑝−1 log 𝜌(𝐌𝑝) = log 𝜌(𝐌), a known result for irreducible
Markov subshifts.
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At this stage, two main concerns arise regarding Theorem 1.4: the existence of nonnegative
eigenvectors and the attainment of min𝑟∈𝑝,𝑑

. To address the former issue, the proof of the the-
orem is deferred to Section 4.1, where a brief overview of nonlinear Perron–Frobenius theory is
provided to establish the required existence. The latter issue is discussed in Lemma 4.4, which
forms the cornerstone in the proof of Theorem 1.4. Notably, the proposed formula of the Haus-
dorff dimension can be further adapted to serve as an upper bound for anyMarkov hom tree-shifts,
leading to the following corollary.

Corollary 1.5. Let 𝐌 be a Markov hom tree-shift. Then, dim𝐻 𝐌 ⩽ log 𝜌(𝐌). In particular, for
any irreducible𝐌, the equality holds if and only if𝐌 has uniform row sums.

To provide an overview of our proof strategy, it is worthmentioning that the upper bound of the
Hausdorff dimension is derived via constructing efficient covers of 𝐌, while the lower bound is
obtained by applying the classical mass distribution principle to the “optimal” Markov measure.
Hence, the main contributions of this work lie not only in providing a formula for Hausdorff
dimension but also in establishing an analog of the variational principle for the tree-shifts.
The organization of the paper is as follows. In Section 2, we introduce preliminary definitions

and establish the general conventions. Section 3 is devoted to the proofs of Theorems 1.2 and
1.3. Section 4 presents the proposed variational formula for Hausdorff dimensions (Theorem 1.4),
which involves a recapitulation of the nonlinear Perron–Frobenius theory (Section 4.1), followed
by necessary lemmas on duality (Section 4.2) and lower and upper bounds for Hausdorff dimen-
sions (Sections 4.3 and 4.4). Section 4.5 concludes with a discussion of a general upper bound for
the Hausdorff dimension and an illustrative example validating our dimension formula. Finally,
the paper concludes with a brief discussion in Section 5.

2 PRELIMINARIES

We let 𝑇, Σ, Δ𝑛, and so on, be as defined and use the alias Ξ𝑛 = Σ𝑛 to avoid possible confusion.
We will consistently denote the transition matrix as𝑀 and its incidence matrix as𝐌. To simplify
our discussion, two assumptions will be made throughout unless otherwise mentioned. The first
one is rather fundamental, which states as follows:∑

𝑏 𝐌𝑎,𝑏 > 0 for all 𝑎 ∈ . (A0)

By assuming so, we avoid “nonessential” states in our discussion, as any 𝑎 failing the criterion
would appear in neither 𝐌 nor the Markov chain, and can be easily excluded by restricting to a
subset′ =  ⧵ {𝑎} of the state space without actually altering the systems. The second assump-
tion owes to our exclusive attention to states of finite period as in Theorem 1.2, and it requires the
following:

There exists 𝑎0 ∈  such that every 𝑎 ∈  admits 𝑛 ∈ ℕ satisfying (𝐌𝑛)𝑎0,𝑎
> 0. (A1)

Though such 𝑎0 might not be unique, the choice will not affect our discussion andwill henceforth
be fixed. Notably, this assumption becomes transparent if the incidencematrix𝐌 is irreducible, as
it is automatically satisfied under the circumstances. It plays a role onlywhen𝐌 is not irreducible,
in which case states are pruned if they would not be seen given the initial state 𝑎0, simplifying
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discussion of Theorem 1.2. We should alsomention that such requirement will only be dropped in
Section 4.5 when deriving an upper bound of Hausdorff dimensions for generalMarkov hom tree-
shift. Bywriting [𝑘] = {0, 1, … , 𝑘 − 1} for 𝑘 ∈ ℕ, the assumption (A1) naturally induces a collection
(𝐌) = {𝑗 ∶ 𝑗 ∈ [𝑝]} of subsets of such that

𝑎 ∈ 𝑗 if and only if (𝐌𝑛)𝑎0,𝑎
> 0 for some 𝑛 ≡ 𝑗 (mod 𝑝), (7)

where we set𝑖+𝑝 = 𝑖 for all 𝑖 ∈ ℤ. Although technical,(𝐌) is essential for characterizing the
cyclic structure of convergence in Theorems 1.2 and 1.3. In particular, (𝐌) forms a partition of
 if𝐌 is irreducible.
Some frequently used symbols are borrowed from the work of the first and the third authors

[3]. We let Γ be the set of all probability vectors indexed by , and Υ be the set of stochastic
matrices acting on Γ; explicitly, this means that given any 𝗉 ∈ Γ and any 𝖯 ∈ Υ, 𝗉, as a row
vector, can always be multiplied by 𝖯 from the right so that their product 𝗉𝖯 is still a probability
vector. For conciseness,  is suppressed from Γ and Υ, unless other index sets are involved.
We define the variational distances 𝖽𝑣 and 𝖽𝑉 on Γ and Υ, respectively, as

𝖽𝑣(𝗉, 𝗊) =
1
2

∑
𝑎∈𝑆

||𝗉𝑎 − 𝗊𝑎|| and 𝖽𝑉(𝖯, 𝖰) = max
𝑎∈

𝖽𝑣((𝖯𝑎,𝑏)𝑏∈, (𝖰𝑎,𝑏)𝑏∈).

Associated with the metrics is a sup metric 𝖽𝑣,𝑉((𝗉, 𝖯), (𝗊, 𝖰)) on the product space Γ × Υ defined
as

𝖽𝑣,𝑉((𝗉, 𝖯), (𝗊, 𝖰)) = max{𝖽𝑣(𝗉, 𝗊), 𝖽𝑉(𝖯, 𝖰)}.

For a labeled tree 𝑡 ∈ 𝑇 , the 𝑛th-level distribution of 𝑡 is denoted as

𝜏𝑛(𝑡) =

(|{g ∈ Ξ𝑛 ∶ 𝑡g = 𝑎}||Ξ𝑛|
)

𝑎∈

∈ Γ,

In addition, the 𝑛th-level transition of 𝑡 is written as

𝜂𝑛(𝑡)𝑎,𝑏 =

⎧⎪⎨⎪⎩
(|{g∈Ξ𝑛+1∶𝑡g̃=𝑎,𝑡g=𝑏}||{g∈Ξ𝑛+1∶𝑡g̃=𝑎}|

)
if |{g ∈ Ξ𝑛+1 ∶ 𝑡g̃ = 𝑎}| > 0,

𝐌𝑎,𝑏∑
𝑐∈ 𝐌𝑐,𝑏

otherwise.

For simplicity, we write the distributions of 𝑡 from level 𝑛 to level 𝑚 (𝑛 ⩽ 𝑚) by 𝜏𝑛∶𝑚(𝑡) =
(𝜏𝑛(𝑡), … , 𝜏𝑚(𝑡)), associated with which we put

𝐷𝑛∶𝑚 = {𝜏𝑛∶𝑚(𝑡) ∶ 𝑡 ∈ 𝐌}

to be the set of all admissible distributions. Likewise, the transitions of 𝑡 from level 𝑛 to level 𝑚
are denoted by 𝜂𝑛∶𝑚−1(𝑡) = (𝜂𝑛(𝑡), … , 𝜂𝑚−1(𝑡)) and

𝑆𝑛∶𝑚 = {𝜂𝑛∶𝑚−1(𝑡) ∶ 𝑡 ∈ 𝐌}
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is the set of all admissible transitions. Also, let

𝑊𝑛∶𝑚 = {(𝜏𝑛∶𝑚(𝑡), 𝜂𝑛∶𝑚−1(𝑡)) ∶ 𝑡 ∈ 𝐌}

be the collective admissible sets of distributions and transitions. In a similar fashion,
we may extend the definition of a subtree Δ𝑛 to a subgraph consisting of vertices from
level 𝑛 to level𝑚:

Δ𝑛∶𝑚 = ∪𝑚
𝑖=𝑛Ξ𝑖,

so the set of admissible blocks by prescribed distributions 𝗊 = (𝗊(0), … , 𝗊(𝑚−𝑛)) and transitions
𝖰 = (𝖰(0), … , 𝖰(𝑚−𝑛−1)) is defined as

𝐵𝑛∶𝑚(𝗊, 𝖰) = {𝑡|Δ𝑛∶𝑚
∈ Δ𝑛∶𝑚 ∶ 𝑡 ∈ 𝐌, 𝜏𝑚∶𝑛(𝑡) = 𝗊, 𝜂𝑛∶𝑚−1(𝑡) = 𝖰}.

In particular, the set of all admissible blocks 𝐵𝑛∶𝑚 is written as the union of 𝐵𝑛∶𝑚(𝗊, 𝖰):

𝐵𝑛∶𝑚 = ∪(q,Q)∈𝑊𝑛∶𝑚
𝐵𝑛∶𝑚(q, Q).

For simplicity, “𝑛 ∶” is suppressed in the notation of 𝐷𝑛∶𝑚, 𝑆𝑛∶𝑚, 𝑊𝑛∶𝑚, and 𝐵𝑛∶𝑚 if 𝑛 = 0.
Notably, for (q, Q) ∈ 𝑊𝑛∶𝑚, it is necessary that (a) 𝗊(𝑖+1) = 𝗊(𝑖)𝖰(𝑖), and (b) 𝖰(𝑖)

𝑎,𝑏
= 0 if 𝐌𝑎,𝑏 = 0

for every 𝑎, 𝑏 ∈  and all 0 ⩽ 𝑖 < 𝑚 − 𝑛. For brevity, We write 𝖰(𝑖) ≺ 𝐌 whenever (b) is satis-
fied and write 𝖰(𝑖) ∼ 𝐌 when both 𝖰(𝑖) ≺ 𝐌 and 𝐌 ≺ 𝖰(𝑖). For convenience’s sake, we denote

by (p, P) = (
←
q,

←
Q) the reversed sequence of (𝗊, 𝖰), (i.e., (𝗉(0), … , 𝗉(𝑛−𝑚)) = (𝗊(𝑛−𝑚), … , 𝗊(0)) and

(𝖯(0), … , 𝖯(𝑛−𝑚−1)) = (𝖰(𝑛−𝑚−1), … , 𝖰(0))) and consider the following set of all extended reversed
sequences:

𝑍 ∶= {(𝗉, 𝖯) ∈ Γℤ+ × Υℤ+ ∶ 𝗉(𝑖) = 𝗉(𝑖+1)𝖯(𝑖) and 𝖯(𝑖) ≺ 𝐌 for all 𝑖 ∈ ℤ+}, (8)

together with which we assign

𝑗 = {𝑥 ∈ ℝ
⩾0 ∶ 𝑥𝑎 = 0 if 𝑎 ∉ 𝑗} (9)

and

𝑍𝑗 = {(𝗉, 𝖯) ∈ 𝑍 ∶ 𝗉(𝑖) ∈ 𝑗−𝑖 for all 𝑖 ∈ ℤ+}. (10)

Additionally, for any sequence of probability vectors (and similarly for stochastic matrices), say
𝗉 ∈ Γℤ+ , we write

𝗉(𝑖∶𝑗) = (𝗉(𝑖), 𝗉(𝑖+1), … , 𝗉(𝑗)), 0 ⩽ 𝑖 ⩽ 𝑗 ⩽ ∞.

Finally, the convention of matrices and vectors is manifested as follows. Matrices are typed in
uppercase while vectors are in lowercase, and stochastic matrices and probability vectors are in
sans serif font, such as 𝖯, 𝖰, 𝗉, and 𝗊. In particular, {𝖾𝑎 ∶ 𝑎 ∈ } is the standard basis of ℝ.
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TABLE 1 Summary of notation.

Σ generating set of the semigroup
𝑇 free semigroup generated by Σ

Ξ𝑛 alias of Σ𝑛

Δ𝑛 ∪𝑛
𝑖=0Ξ𝑖

 state space
𝐌 incidence matrix
𝐌 Markov hom tree-shift associated with𝐌

[𝑘] {0, 1, … , 𝑘 − 1}

g̃ parent of g ∈ 𝑇

𝑎0 label satisfying (A1)
𝑝 period of state 𝑎0

(𝐌) {𝑗 ∶ 𝑗 ∈ [𝑝]}

Γ, Γ set of probability vectors indexed by
Υ, Υ set of stochastic matrix indexed by
𝗉, 𝗊 vectors in Γ

𝑀, 𝖯, 𝖰 matrices in Υ

𝜏𝑛(𝑡), 𝜏𝑛∶𝑚(𝑡) distribution vectors associated with 𝑡 ∈ 𝐌

𝜂𝑛(𝑡), 𝜂𝑛∶𝑚(𝑡) transition matrices associated with 𝑡 ∈ 𝐌

𝖽𝑣 , 𝖽𝑉 , 𝖽𝑣,𝑉 variational distances
𝐷𝑛∶𝑚, 𝐷𝑛 set of feasible distributions by 𝐌

𝑆𝑛∶𝑚, 𝑆𝑛 set of feasible transitions by 𝐌

𝑊𝑛∶𝑚,𝑊𝑛 set of collectively feasible distributions and transitions by 𝐌

𝐵𝑛∶𝑚, 𝐵𝑛 feasible patterns of 𝐌

𝐵𝑛∶𝑚(𝗊, 𝖰), 𝐵𝑛(𝗊, 𝖰) feasible patterns of 𝐌 with distributions 𝗊 and transitions 𝖰

(p, P) = (
←
q,

←

Q) reversed sequence of (𝗊, 𝖰)

𝑍, 𝑍𝑗 feasible set of extended reversed sequences
𝑗 vectors supported on𝑗

𝐷KL(𝖯||𝐴) relative entropy of 𝖯 and 𝐴

𝐴 ⊙ 𝐵 Hadamard product of 𝐴 and 𝐵

𝐴⊙𝑟 matrix or vector 𝐴 raised to power 𝑟
(𝑋g )g∈𝑇 Markov chain indexed by 𝑇

Except for probability vectors in Γ, every vector in the article is by default a column vector. In
addition, for any 𝖯 ∈ Υ and any nonnegative matrix 𝐴 ∈ ℝ×

⩾0 satisfying 𝖯 ≺ 𝐴, we define their
“Kullback–Leibler divergence” as

𝐷KL(𝖯||𝐴)𝑏 ∶=
∑
𝑏∈

𝖯𝑎,𝑏 log

(
𝖯𝑎,𝑏
𝐴𝑎,𝑏

)
,

where 0 log 0
𝐴𝑎,𝑏

is interpreted as 0 for 𝐴𝑎,𝑏 ⩾ 0. Also, when functions, such as division ∕, expo-
nential function 𝑒, and logarithm log, are acting on matrices or vectors, the actions are by default
entrywise unless stated otherwise. The notations are summarized in Table 1.
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3 LARGE DEVIATIONS OFMARKOV CHAINS ON 𝒅-TREES

The aim of this section is to carry out the proof of Theorem 1.2, which states the large deviation
principle for the conditional sample mean.
To illustrate our proof strategy, we present a heuristic proof of the following version of Cramér’s

theorem (see, for instance, [12, Theorem 2.1.24] for a similar version).

Theorem 3.1 (Cramér’s theorem). Let (𝑋𝑖)𝑖∈ℕ be a sequence of i.i.d. random variables taking values
on a finite subset of ℝ, say {𝑎1, 𝑎2, … , 𝑎𝑘}. Then,

1
𝑛

logℙ

(
1
𝑛

𝑛∑
𝑖=1

𝑋𝑖 ⩾ 𝛼

)
→ sup

𝜇∈ℝ
[𝜇𝛼 − Λ(𝜇)] for 𝛼 ⩾ 𝔼[𝑋1],

where

Λ(𝜇) = log 𝔼[𝑒𝜇𝑋1] = log
𝑘∑

𝑗=1

𝑝𝑗 ⋅ 𝑒
𝜇𝑎𝑗 with (𝑝𝑗)

𝑘
𝑗=1 = (ℙ(𝑋1 = 𝑎𝑗))

𝑘
𝑗=1.

By virtue of Stirling’s approximation, one can reformulate the probability in terms of an
optimization problem:

1
𝑛

log ℙ

(
1
𝑛

𝑛∑
𝑖=1

𝑋𝑖 ⩾ 𝛼

)

=sup
𝛽⩾𝛼

{
1
𝑛

logℙ

(
𝑘∑

𝑗=1

𝑡𝑗𝑎𝑗 = 𝛽

)
∶ 𝑡𝑗 =

1
𝑛

𝑛∑
𝑖=1

𝜒𝑎𝑗
(𝑋𝑖)

}
+ 𝑂(𝑛−1 log 𝑛)

= sup
𝛽⩾𝛼

{
𝑘∑

𝑗=1

𝑡𝑗 log
𝑝𝑗

𝑡𝑗
∶

𝑘∑
𝑗=1

𝑡𝑗𝑎𝑗 = 𝛽

}
+ 𝑜(1),

where 𝜒𝑎 denotes the characteristic function of the state 𝑎 and the first equality holds since the
set

𝐿𝑛 =

{
(𝑡𝑗)

𝑘
𝑗=1 ∶ 𝑡𝑗 =

1
𝑛

𝑛∑
𝑖=1

𝜒𝑎𝑗
(𝑋𝑖)

}

has its cardinality bounded from above by
( 𝑛
𝑘−1

)
, and the second from the fact that 𝐿𝑛 is asymp-

totically dense in the simplex of probability vectors. The theorem is ultimately proved by deriving
the rate function sup𝜇∈ℝ [𝜇𝛼 − Λ(𝜇)], as a dual problem, utilizing standard techniques from opti-
mization theory. Inspired by this argument, the authors analogously reproduced the necessary
approximations and estimations in [3], based upon which the method of types (see, e.g., [12,
Chapter 2.1.1]) can be adapted for Theorem 1.2.
To prove Theorem 1.2, our starting point would be an observation asserting that the topological

space Γℤ+ × Υℤ+ is metrizable, and that a natural choice of the metric would be induced by the
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variational distance on Γℤ+ × Υℤ+ , which is defined as

𝖽∞𝑣,𝑉((𝗉, 𝖯), (𝗊, 𝖰)) ∶=
∞∑
𝑖=0

𝑑 − 1
𝑑𝑖+1

⋅ 𝖽𝑣,𝑉((𝗉
(𝑖), 𝖯(𝑖)), (𝗊(𝑖), 𝖰(𝑖))) (𝑑 ∈ ℕ ⧵ {1}). (11)

We note that the product topology is compatible with this metric, rendering Γℤ+ × Υℤ+ a compact
metric space. For the scope of this article, the following two families of functions on 𝑍 are of
interest. For 0 ⩽ 𝑛 ⩽ 𝑚 ⩽ ∞ and 𝐴 ∈ ℝ×

⩾0 satisfying𝐌 ≺ 𝐴, define 𝑛∶𝑚,𝑛∶𝑚 ∶ 𝑍 → ℝ (with
parameter 𝐴) by

𝑛∶𝑚(𝗉, 𝖯; 𝐴) = −
𝑚∑
𝑖=𝑛

𝑑 − 1
𝑑𝑖−𝑛+1

𝗉(𝑖+1)𝐷KL(𝖯
(𝑖)||𝐴),

𝑛∶𝑚(𝗉, 𝖯; 𝐴) =
𝑚∑
𝑖=𝑛

𝑑 − 1
𝑑𝑖−𝑛+1

𝗉(𝑖+1)(𝖯(𝑖) ⊙ log𝐴)𝟙,

where, as previously, 𝐴 ⊙ 𝐵 denotes the Hadamard product of matrices 𝐴 and 𝐵, the logarithm
is applied entrywise, and 0 log 0 = 0. For conciseness, we suppress “𝑛 ∶” when 𝑛 = 0 and “𝑚”
when 𝑚 = ∞. The functions  and  turn out to be continuous, as shown in the following
lemma.

Lemma 3.2. Suppose 𝐴 ∈ ℝ×
⩾0 satisfying 𝐌 ≺ 𝐴. The functions (⋅; 𝐴), (⋅; 𝐴) ∶ 𝑍 → ℝ are

uniformly convergent and thus continuous.

Proof. Indeed, it is because the functions (𝗉, 𝖯) ↦ 𝗉(𝑖+1)𝐷KL(𝖯||𝐴) and (𝗉, 𝖯) ↦ 𝗉(𝑖+1)(𝖯(𝑖) ⊙
log𝐴)𝟙 are continuous and uniformly bounded over 𝑍. □

The continuity and compactness are crucial to the rest of our discussion. In particular, they
guarantee that for 𝛼 ∈ ℝ and all 𝑛 ∈ ℕ ∪ {∞}, the domains

𝑍(𝑛)(𝛼; 𝐴) = {(𝗉, 𝖯) ∈ 𝑍 ∶ 𝑛(𝗉, 𝖯; 𝐴) = 𝛼} and 𝑍(𝑛)
𝑗

(𝛼; 𝐴) = 𝑍(𝑛)(𝛼; 𝐴) ∩ 𝑍𝑗

are compact, of which we omit the superscript “(𝑛)” if 𝑛 = ∞.
Our next step is to discuss combinatorial approximations of the empirical distribution of

patterns, which are manifested in the following series of lemmas.

Lemma 3.3 Proposition 2.2, [3]. For any 𝑛 ⩽ 𝑚,

1 ⩽ |𝐷𝑛∶𝑚| ⩽ 𝑚−1∏
𝑖=𝑛

(|Ξ𝑖| + 1)|| ⩽ ( |Δ𝑛∶𝑚|
𝑚 − 𝑛 + 1

+ 1

)(𝑚−𝑛+1)⋅||
,

1 ⩽ |𝑆𝑛∶𝑚| ⩽ 𝑚−1∏
𝑖=𝑛

(|Ξ𝑖| + 1)||(||+1) ⩽

( |Δ𝑛∶𝑚|
𝑚 − 𝑛 + 1

+ 1

)2(𝑚−𝑛+1)⋅||2
,

where Δ𝑛∶𝑚 = ∪𝑚
𝑖=𝑛

Ξ𝑖 has cardinality
∑𝑚

𝑖=𝑛 = 𝑑𝑖 .
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The lemma indicates that the growth of admissible distributions and transitions is subexpo-
nential with respect to Δ𝑛∶𝑚, which is markedly smaller than the exponential growth rate of the
cardinality of the set 𝐵𝑛∶𝑚. The next two lemmas, on the other hand, demonstrate that the set
𝑊𝑛∶𝑚 is, in some sense, asymptotically dense in 𝑍, and Stirling’s approximations can be applied
as in our heuristic proof of Cramér’s theorem. Indeed, if we define

𝑊′
𝑘 =

{
(𝗉, 𝖯) ∈

(
Γ𝑘 × {𝖾𝑎}𝑎∈

)
× Υ𝑘 ∶ 𝖯(𝑖) ≺ 𝐌, 𝗉(𝑖+1) = 𝗉(𝑖)𝖯(𝑖),

𝖯(𝑖)
𝑎,𝑏

=
𝐌𝑎,𝑏∑
𝑐∈𝐌𝑐,𝑏

if 𝗉(𝑖+1)
𝑏

= 0 for all 𝑖 ∈ [𝑘]

}
,

we have the following lemmas.

Lemma 3.4 [3, Proposition 3.2]. Let 𝚍𝑘
𝑣,𝑉 be any product metric on the space Γ𝑘+1 × Υ𝑘 , say, for

example,

𝚍𝑘
𝑣,𝑉((𝗉, 𝖯), (𝗊, 𝖰)) ∶= max

{
max
0⩽𝑖⩽𝑘

𝚍𝑣(𝗉
(𝑖), 𝗊(𝑖)), max

0⩽𝑖<𝑘
𝚍𝑉(𝖯

(𝑖), 𝖰(𝑖))

}
.

Then, lim𝑛→∞𝑠𝑢𝑝(p,P)∈𝑊′
𝑘
𝑑𝑘
𝑣,𝑉(𝑊𝑛∶𝑛+𝑘, (

←
p,

←
P)) = 0.

Notably, given any (𝗉, 𝖯) ∈ 𝑍, the values of 𝑛(𝗉, 𝖯; 𝐴) and 𝑛(𝗉, 𝖯; 𝐴) are completely indepen-
dent of 𝖯(𝑖)

𝑎,𝑏
whenever 𝗉(𝑖+1)

𝑎 = 0, which renders the corresponding condition in the definition of
𝑊′

𝑘
transparent.

Lemma 3.5. For any (q, Q) ∈ 𝑊𝑛 and any (𝗉, 𝖯) ∈ 𝑍 satisfying (p(0∶𝑛), P(0∶𝑛−1)) = (
←
q,

←
Q),

1|Δ𝑛| ∑
𝑢∈𝐵𝑛(𝗊,𝖰)

∑
g∈Δ𝑛⧵{𝜖}

log𝐴𝑢g̃ ,𝑢g
= (1 − 𝑑−𝑛−1) ⋅ 𝑛(𝗉, 𝖯; 𝐴) + 𝑂

(
log |Δ𝑛||Δ𝑛|

)
,

where the implicit constant in the big O notation is independent of (𝗊, 𝖰) and (𝗉, 𝖯).

Proof. The equality follows from [3, Proposition 3.1] together with the observation that
𝑑−1

𝑑𝑛−𝑖+1 ∕
|Ξ𝑖||Δ𝑛| = 1 − 𝑑−𝑛−1. □

Similar to the classical arguments using themethod of types, the theory of convex optimization
plays a key role. In the present work, we resort to Sion’s minimax theorem (see, e.g., [18] for a
proof). To apply it, we need to verify a priori the concavity/convexity of the objective function,
and this is the moment when the following lemma is apropos. Throughout the discussion, the
convexity of a vector-valued function is defined in an entrywise sense, as stated below.

Definition 3.6. Let 𝑉 be a convex subset of a vector space. An extended vector-valued function
(𝑓𝑎)𝑎∈ ∶ 𝑉 → (ℝ ∪ {±∞}) is said to be convex if each 𝑓𝑎 is convex over the domain 𝑉.
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Lemma 3.7. Let 𝑉 be a convex set in a vector space. Suppose that

∙ 𝐸 ∶ 𝑉 → ℝ×
⩾0 satisfies 𝐸(𝑥) ∼ 𝐌 for all 𝑥 ∈ 𝑉 and log 𝐸 (entrywise logarithm) is convex,

∙ 𝜆 ∶ 𝑉 → ℝ is convex, and
∙ 𝑞 ∶ 𝑉 → ℝ>0 is affine.

If 𝐸 or 𝑞 is constant, then the following map is convex:

𝑥 ↦ 𝑞(𝑥) log(𝐸(𝑥)𝑒𝑞(𝑥)
−1𝜆(𝑥)),

where exponentiation and logarithm are both applied entrywise.

Proof. If 𝐸(𝑥) = 𝐸 is constant, then for nonnegative 𝛼, 𝛼′ satisfying 𝛼 + 𝛼′ = 1, we have

(𝑞(𝛼𝑥 + 𝛼′𝑥′)) log

(
𝐸𝑒

𝜆(𝛼𝑥+𝛼′𝑥′)
𝑞(𝛼𝑥+𝛼′𝑥′)

)
= log

((
𝐸𝑒

𝜆(𝛼𝑥+𝛼′𝑥′)
𝛼𝑞(𝑥)+𝛼′𝑞(𝑥′)

)𝛼𝑞(𝑥)+𝛼′𝑞(𝑥′)
)

⩽ log

((
𝐸𝑒

𝛼𝑞(𝑥)
𝛼𝑞(𝑥)+𝛼′𝑞(𝑥′)

𝜆(𝑥)
𝑞(𝑥)

+ 𝛼′𝑞(𝑥′)
𝛼𝑞(𝑥)+𝛼′𝑞(𝑥′)

𝜆(𝑥′)
𝑞(𝑥′)

)𝛼𝑞(𝑥)+𝛼′𝑞(𝑥′)
)

⩽ log

((
𝐸𝑒

𝜆(𝑥)
𝑞(𝑥)

)𝛼𝑞(𝑥)
)

+ log

((
𝐸𝑒

𝜆(𝑥′)
𝑞(𝑥′)

)𝛼′𝑞(𝑥′)
)

=𝛼𝑞(𝑥) log(𝐸𝑒𝑞(𝑥)
−1𝜆(𝑥)) + 𝛼′𝑞(𝑥′) log(𝐸𝑒𝑞(𝑥

′)−1𝜆(𝑥′)),

where the first inequality results from convexity and the second from Hölder’s inequality.
Similarly, if, without loss of generality, 𝑞(𝑥) = 1 is constant, then

log
(
𝐸(𝛼𝑥 + 𝛼′𝑥′)𝑒𝜆(𝛼𝑥+𝛼′𝑥′)

)
= log

(
𝑒log 𝐸(𝛼𝑥+𝛼′𝑥′)𝑒𝜆(𝛼𝑥+𝛼′𝑥′)

)
⩽ log

(
𝑒𝛼 log 𝐸(𝑥)+𝛼′ log 𝐸(𝑥′)𝑒𝛼𝜆(𝑥)+𝛼′𝜆(𝑥′)

)
⩽𝛼 log

(
𝐸(𝑥)𝑒𝜆(𝑥)

)
+ 𝛼′ log

(
𝐸(𝑥′)𝑒𝜆(𝑥

′)
)
,

by Hölder’s inequality. □

Lemma 3.8. Suppose that assumption (A1) holds. Then, for all sufficiently large 𝑛0 ∈ ℕ,
min𝑎∈0

(𝐌𝑝𝑛0)𝑎0,𝑎
> 0. In addition, for every 𝗊 ∈ 0 ∩ Γ, there exists (𝗉, 𝖯) ∈ 𝑍0 such that 𝗉(𝑝𝑛0) =

𝖾𝑎0
and that 𝗉(0) = 𝗊.

Proof. The existence of 𝑛0 satisfying min𝑎∈0
(𝐌𝑝𝑛0)𝑎0,𝑎

> 0 follows from (A1) and that 𝑎0 has
finite period 𝑝. To verify the additional properties are also satisfied, we first construct, for every
𝑎 ∈ 0, a sequence (𝑏𝑎,𝑖)𝑖∈ℤ+

satisfying that 𝑏𝑎,0 = 𝑎, that 𝑏𝑎,𝑝𝑛0 = 𝑎0, and that𝐌𝑏𝑎,𝑖+1,𝑏𝑎,𝑖 = 1 for
all 𝑖 ∈ ℤ+. Additionally, we assume that for every 𝑖 = 0, 1, … , 𝑝𝑛, the condition 𝑏𝑎,𝑖 = 𝑏𝑎′,𝑖 implies
(𝑏𝑎,𝑗)𝑗⩾𝑖 = (𝑏𝑎′,𝑗)𝑗⩾𝑖 . To achieve this, if 𝑏𝑎,1 = 𝑏𝑎′,1 but (𝑏𝑎,𝑗)𝑗⩾1 ≠ (𝑏𝑎′,𝑗)𝑗⩾1, then (𝑏𝑎′,𝑗)𝑗⩾1 can be
replaced by (𝑏𝑎,𝑗)𝑗⩾1, and the replacement continues until the property is satisfied for all 𝑏𝑎,1,
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𝑎 ∈ 0. Iterating process for 𝑖 = 1, … , 𝑝𝑛0, the property is further satisfied by 𝑏𝑎,𝑖 for 𝑖 and all 𝑎.
The lemma is then concluded by choosing

𝗉(0) = 𝗊 and 𝗉(𝑖+1)
𝑏

=
∑

𝑏𝑎,𝑖∶𝑏𝑎,𝑖+1=𝑏

𝗉(𝑖)
𝑏𝑎,𝑖 (𝑖 ∈ ℤ+),

and

𝖯(𝑖)
𝑏,𝑏′ =

⎧⎪⎨⎪⎩
𝗉(𝑖)
𝑏′

𝗉(𝑖+1)
𝑏

if 𝗉(𝑖+1)
𝑏

> 0,

𝐌𝑏,𝑏′∑
𝑐∈ 𝐌𝑏,𝑐

otherwise.
(𝑖 ∈ ℤ+)

□

Lemma 3.9. Suppose that assumption (A1) holds. Let𝐴 ∈ ℝ×
⩾0 satisfy𝐌 ≺ 𝐴 and define 𝐸(𝜇) =

𝑀 ⊙ 𝐴⊙𝜇 for every 𝜇 ∈ ℝ. Then, the following hold.

(1) Let (𝜆(𝑛)(𝜇))𝑛∈ℤ+
be a sequence of ℝ-valued functions iteratively defined by

𝜆(𝑛+1)(𝜇) =
𝑑 − 1
𝑑𝑖+1

log

(
𝐸(𝜇)𝑒

𝑑𝑛+1

𝑑−1
𝜆(𝑛)(𝜇)

)
with 𝜆(0)(𝜇) = 0. (12)

Then, 𝜇 ↦ 𝜆(𝑛)(𝜇) is convex for all 𝑛 ∈ ℤ+.
(2) For all 𝑎 ∈  and 𝑛 ∈ ℕ,

𝜆(𝑛)(𝜇)𝑎 = max
(𝗉,𝖯)∈𝑍,𝗉(𝑛)=𝖾𝑎

𝑛(𝗉, 𝖯; 𝐸(𝜇)),

inf
𝜇∈ℝ

[−𝜇𝛼 + 𝜆(𝑛)(𝜇)𝑎] = sup
(𝗉,𝖯)∈𝑍(𝑛)(𝛼;𝐴),𝗉(𝑛)=𝖾𝑎

𝑛(𝗉, 𝖯;𝑀).

(3) Let 𝑛0 ∈ ℕ be a constant given in Lemma 3.8. Then, there exists an absolute constant 𝐶 > 0 such
that for all 𝑛 ∈ ℕ,

|𝜆(𝑛+𝑝𝑛0)(𝜇)𝑎0
− max

𝑎∈0

𝜆(𝑛)(𝜇)𝑎| ⩽ 𝐶𝑑−𝑛(|𝜇| + 1).

(4) Let Λ𝑗 , Λ∗
𝑗
be as defined in Theorem 1.2. Then, Λ𝑗 is well defined and convex, satisfying

Λ𝑗(𝜇) = max
(𝗉,𝖯)∈𝑍𝑗

(𝗉, 𝖯; 𝐸(𝜇)).

Also, Λ∗
𝑗
is convex and lower semicontinuous, satisfying

−Λ∗
𝑗 (𝛼) = sup

(𝗉,𝖯)∈𝑍𝑗(𝛼;𝐴)
(𝗉, 𝖯;𝑀).

In particular, (Λ∗
𝑗
)−1[0,∞) = [𝛼1, 𝛼2] is a nonempty compact interval.

Proof. The minimax theorem forms the backbone of the proof.

(1) The convexity is secured by Lemma 3.7.
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(2) The first equality is given in [3, Proposition 11]. To prove the second, note that

sup
(𝗉,𝖯)∈𝑍𝑗

{
𝑛(𝗉, 𝖯;𝑀) ∶ 𝑛(𝗉, 𝖯; 𝐴) = 𝛼, 𝗉(𝑛) = 𝖾𝑎

}

= sup
𝖯(0∶𝑛−1)∈Υ𝑛

∀𝑖,𝖯(𝑖)≺𝐌

inf
𝜇∈ℝ

[
−𝜇𝛼 −

𝑛−1∑
𝑖=0

𝑑 − 1
𝑑𝑖+1

𝖾𝑎

(
𝑛−𝑖−1∏
𝓁=1

𝖯(𝑛−𝓁)
)
𝐷KL(𝖯

(𝑖)||𝐸)

]
,

where
∏𝑚

𝑖=𝑛 𝖯(𝑖) = 𝖯(𝑛)𝖯(𝑛+1) ⋯ 𝖯(𝑚) is set to identity matrix if 𝑚 < 𝑛. By fixing 𝖯(1∶𝑛−1) and
𝗉(𝑛), wemay apply theminimax theorem to swap “sup𝖯(0)∈Υ,𝖯(0)≺𝐌” and “inf𝜇∈ℝ” and simplify
the expression:

sup
(𝗉,𝖯)∈𝑍𝑗

{
𝑛(𝗉, 𝖯;𝑀) ∶ 𝑛(𝗉, 𝖯; 𝐴) = 𝛼, 𝗉(𝑛) = 𝖾𝑎

}

= sup
𝖯(1∶𝑛−1)∈Υ𝑛−1

∀𝑖,𝖯(𝑖)≺𝐌

inf
𝜇∈ℝ

[
−𝜇𝛼 + 𝖾𝑎

(
𝑛−1∏
𝓁=1

𝖯(𝑛−𝓁)
)
𝜆(1)(𝜇)

−
𝑛−1∑
𝑖=1

𝑑 − 1
𝑑𝑖+1

𝖾𝑎

(
𝑛−𝑖−1∏
𝓁=1

𝖯(𝑛−𝓁)
)
𝐷KL(𝖯

(𝑖)||𝐸)

]
.

We then proceed, by applying the minimax theorem recursively, to swap sup𝖯(𝑖)∈Υ,𝖯(𝑖)≺𝐌 and
inf𝜇∈ℝ as before to derive the second equality.

(3) The proof relies on the following estimate: For any 𝛽 ∈ ℝ
>0,

max
𝗊∈Γ

|||||
∑
𝑎∈

𝗊𝑎 log
𝛽𝑎

𝗊𝑎

||||| ⩽ log || + max
𝑎

| log 𝛽𝑎|,
which yields an absolute constant 𝐶 > 0 such that |𝐷KL(𝖯

(𝑖)||𝐸(𝜇))| ⩽ 𝐶 ⋅ (|𝜇| + 1) and
that, in particular, 𝑛∶𝑚(𝗉, 𝖯;𝑀) = 𝑛∶𝑚(𝗉, 𝖯; 𝐸(0)) ⩽ 𝐶𝑑−𝑛. Now given any 𝑎 ∈ 0, express
𝜆(𝑛)(𝜇)𝑎 = 𝑛(𝗉, 𝖯;𝑀) for some (𝗉, 𝖯) ∈ 𝑍𝑛 satisfying 𝗉(𝑛) = 𝖾𝑎. We then apply Lemma 3.8 to
find some (𝗉′, 𝖯′) ∈ 𝑍𝑛 such that (𝗉′

(0∶𝑛), 𝖯′(0∶𝑛−1)) = (𝗉(0∶𝑛), 𝖯(0∶𝑛−1)) and 𝗉(𝑛+𝑝𝑛0) = 𝖾𝑎0
. This

implies

𝜆(𝑛+𝑝𝑛0)(𝜇)𝑎0
⩾ 𝜆(𝑛)(𝜇)𝑎 + 𝑑−𝑛𝑛∶𝑛+𝑝𝑛0

(𝗉′, 𝖯′;𝑀) ⩾ 𝜆(𝑛−𝑝𝑛0)(𝜇)𝑎0
− 𝐶𝑑−𝑛.

For the other inequality, supposing 𝜆(𝑛+𝑝𝑛0)(𝜇)𝑎0
= 𝑛+𝑝𝑛0

(𝗉, 𝖯;𝑀) for some (𝗉, 𝖯) ∈ 𝑍𝑛 with
𝗉(𝑛+𝑝𝑛0) = 𝖾𝑎0

yields

max
𝑎∈0

𝜆(𝑛)
𝑎 ⩾ 𝑛(𝗉, 𝖯;𝑀) + 𝑛∶𝑛+𝑝𝑛0

(𝗉, 𝖯;𝑀) − 𝐶𝑑−𝑛 = 𝜆
(𝑛+𝑝𝑛0)
𝑎0

− 𝐶𝑑−𝑛.

Combining the above proves the proposed bound.
(4) The existence of the limit in Λ𝑗 as well as the proposed equality is justified by (3), while its

convexity follows from (1).
For Λ∗

𝑗
, we note that its convexity and lower semicontinuity are consequences of the Leg-

endre transform of Λ𝑗 (see, e.g., [12, Lemma 2.2.5 (a)]). We proceed to prove the first identity.
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Note that by definition,

sup
(𝗉,𝖯)∈𝑍𝑗

{(𝗉, 𝖯;𝑀) ∶ (𝗉, 𝖯; 𝐴) = 𝛼} = sup
(𝗉,𝖯)∈𝑍𝑗

inf
𝜇∈ℝ

[
−𝜇𝛼 + Λ𝑗(𝜇)

]
⩽ −Λ∗

𝑗 (𝜇), (13)

which is also known as the weak duality in the context of optimization theory. Hence, it
remains to prove the other inequality. For simplicity, we write

𝑓(𝑛)
𝑗

(𝛼) = sup
(𝗉,𝖯)∈𝑍𝑗(𝛼;𝐴),𝗉(𝑛)=𝖾𝑎0

𝑛(𝗉, 𝖯;𝑀) and 𝑓𝑗(𝛼) = sup
(𝗉,𝖯)∈𝑍𝑗(𝛼;𝐴)

(𝗉, 𝖯;𝑀),

and take 𝑛0 to be an integer as in Lemma 3.8.
First, we claim that there is a compact interval ∅ ≠ [𝛼′

1, 𝛼
′
2] ⊆ [𝛼1, 𝛼2] such that

sup(𝗉,𝖯)∈𝑍𝑗(𝛼;𝐴) (𝗉, 𝖯;𝑀) > −∞ if and only if 𝛼 ∈ [𝛼′
1, 𝛼

′
2]. The nonemptiness and compact-

ness of the domain of 𝑓𝑗 follows from the compactness of 𝑍𝑗 and the continuity of  and .
Based on the observation, if

𝛼′
1 ∶= (𝗉′, 𝖯′; 𝐴) < (𝗉′′, 𝖯′′; 𝐴) =∶ 𝛼′

2

are the extreme points of the domain of 𝑓𝑗 with (𝗉′, 𝖯′), (𝗉′′, 𝖯′′) ∈ 𝑍𝑗 , then for all 𝑛 ∈ ℕ there
exist, by Lemma 3.8, approximations (𝗊′, 𝖰′), (𝗊′′, 𝖰′′) ∈ 𝑍𝑗 such that

⎧⎪⎨⎪⎩
((𝗊′)(𝑝(𝑛+𝑛0)+𝑗+1∶∞), (𝖰′)(𝑝(𝑛+𝑛0)+𝑗∶∞)) = ((𝗊′′)(𝑝(𝑛+𝑛0)+𝑗+1∶∞), (𝖰′′)(𝑝(𝑛+𝑛0)+𝑗∶∞)),

((𝗊′)(0∶𝑝𝑛+𝑗), (𝖰′)(0∶𝑝𝑛+𝑗−1)) = ((𝗉′)(0∶𝑝𝑛+𝑗), (𝖯′)(0∶𝑝𝑛+𝑗−1)),

((𝗊′′)(0∶𝑝𝑛+𝑗), (𝖰′′)(0∶𝑝𝑛+𝑗−1)) = ((𝗉′′)(0∶𝑝𝑛+𝑗), (𝖯′′)(0∶𝑝𝑛+𝑗−1)),

which, in turn, implies that for all sufficiently large 𝑛,

(𝗊′, 𝖰′;𝑀) < 𝛼′
1 + 𝐶𝑑−𝑝𝑛−𝑗 < 𝛼′

2 − 𝐶𝑑−𝑝𝑛−𝑗 < (𝗊′′, 𝖰′′;𝑀).

Since it is not hard to construct a continuous curve 𝛾 ∶ [0, 1] → 𝑍𝑗 connecting (𝗊′, 𝖰′) and
(𝗊′′, 𝖰′′) ∈ 𝑍𝑗 , it follows from the intermediate value theorem that

𝑍𝑗(𝛼; 𝐴) ≠ ∅ for all 𝛼 ∈ [𝛼′
1 + 𝐶𝑑−𝑝𝑛−𝑗, 𝛼′

2 − 𝐶𝑑−𝑝𝑛−𝑗],

proving the claim when 𝑛 → ∞.
Next, we show that (13) holds for all 𝛼 ∉ [𝛼1, 𝛼2], or equivalently, [𝛼′

1, 𝛼
′
2] = [𝛼1, 𝛼2].

Suppose 𝛼 > 𝛼′
2 (similar for 𝛼 < 𝛼′

1), so the uniform convergence of 𝑛(𝗉, 𝖯; 𝐴) implies
𝑓(𝑝𝑛+𝑗)
𝑗

(𝛼) = −∞ for all sufficiently large 𝑛. Therefore, by (2) and (3),

−∞ = 𝑓
(𝑝(𝑛+𝑛0)+𝑗)
𝑗

(𝛼) = inf
𝜇∈ℝ

[
−𝜇𝛼 + 𝜆(𝑝(𝑛+𝑛0)+𝑗)(𝜇)𝑎0

]
⩾ inf

𝜇∈ℝ

[
−𝜇𝛼0 + max

𝑎∈0

𝜆(𝑝𝑛+𝑗)(𝜇)𝑎 − 𝐶𝑑−(𝑝𝑛+𝑗)(|𝜇| + 1)

]
⩾ inf

𝛼′∶|𝛼′−𝛼|⩽2𝐶𝑑−(𝑝𝑛+𝑗)
−Λ∗

𝑗 (𝛼
′) − 2𝐶𝑑−(𝑝𝑛+𝑗).

(14)

Since the estimate holds for all 𝛼 > 𝛼′
1 and all large 𝑛, Λ

∗
𝑗
is convex, and Λ∗

𝑗
(𝛼′

2) < ∞ is finite,
we deduce that Λ∗

𝑗
(𝛼) = ∞ for all 𝛼 > 𝛼′

2, that is, 𝛼2 = 𝛼′
2.
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Finally, it remains to show that (13) holds for 𝛼 ∈ [𝛼1, 𝛼2]. The case 𝛼 ∈ (𝛼1, 𝛼2) is proved
similarly as above. Let 𝛿 > 0. By uniformconvergence of𝑛,𝑓

(𝑝𝑛+𝑗)
𝑗

(𝛼) < ∞ for all sufficiently
large 𝑛. It follows from (3) that for all large 𝑛,

sup
𝛼′∶|𝛼′−𝛼|<𝛿

𝑓𝑗(𝛼
′) ⩾ 𝑓

(𝑝(𝑛+𝑛0)+𝑗)
𝑗

(𝛼) − 𝐶𝑑−(𝑝(𝑛+𝑛0)+𝑗)

= inf
𝜇∈ℝ

[
−𝜇𝛼 + 𝜆(𝑝(𝑛+𝑛0)+𝑗)(𝜇)𝑎0

− 𝐶𝑑−(𝑝(𝑛+𝑛0)+𝑗)
]

⩾ inf
𝜇∈ℝ

[
−𝜇𝛼 + max

𝑎∈0

[
𝜆(𝑝𝑛+𝑗)(𝜇)𝑎 − 2𝐶𝑑−𝑝𝑛+𝑗(|𝜇| + 1)

]]
⩾ inf

𝜇∈ℝ

[
−𝜇𝛼 + Λ𝑗(𝜇) − 3𝐶𝑑−(𝑝𝑛+𝑗)|𝜇|] − 3𝐶𝑑−(𝑝𝑛+𝑗)

⩾ inf
𝛼′∶|𝛼′−𝛼|⩽3𝐶𝑑−(𝑝𝑛+𝑗)

−Λ∗
𝑗 (𝛼

′) − 3𝐶𝑑−(𝑝𝑛+𝑗).

(15)

Since 𝑓𝑗 and−Λ∗
𝑗
are continuous on (𝛼1, 𝛼2), the equality (13) is proved by first letting 𝑛 → ∞

and then 𝛿 → 0. If 𝛼 ∈ {𝛼1, 𝛼2}, the discussion is divided into the following two cases. If 𝛼1 =
𝛼2, then 𝑓𝑗(𝛼1) = 0 asmax(𝗉,𝖯)∈𝑍𝑗

(𝗉, 𝖯;𝑀) has maximum 0 by nonnegativity of Kullback–
Leibler divergence, and 0 = 𝑓𝑗(𝛼1) ⩾ −Λ∗

𝑗
(𝛼1) ⩾ Λ∗

𝑗
(0) = 0. If 𝛼1 < 𝛼2, it suffices to show that

𝑓𝑗 is continuous at 𝛼1 and 𝛼2, since under the circumstances both 𝑓𝑗 and−Λ∗
𝑗
are continuous

at [𝛼1, 𝛼2] and therefore coincide. This follows similarly from the intermediate value theorem
as before. □

Proof of Theorem 1.2. For conciseness, we prove only the case 𝑗 = 0. Observing that the ratio
𝑑−1

𝑑𝑛−𝑖+1 ∕
|Ξ𝑖||Δ𝑛| = 1 − 𝑑−𝑛−1 is uniform for 0 ⩽ 𝑖 ⩽ 𝑛, we write

̃𝑛(𝗉, 𝖯;𝑀) ∶= −
𝑛−1∑
𝑖=0

|Ξ𝑛−𝑖||Δ𝑛| 𝗉(𝑖+1)𝐷KL(𝖯
(𝑖)||𝑀) =

𝑛(𝗉, 𝖯;𝑀)

1 − 𝑑−𝑛−1
,

̃𝑛(𝗉, 𝖯; 𝐴) ∶=
𝑛−1∑
𝑖=0

|Ξ𝑛−𝑖||Δ𝑛| 𝗉(𝑖+1)(𝖯(𝑖) ⊙ log𝐴)𝟙 =
𝑛(𝗉, 𝖯; 𝐴)

1 − 𝑑−𝑛−1
.

Notably, the sample mean 𝑌𝑝𝑛 = ̃𝑛(𝗉, 𝖯; 𝐴) if the Markov chain 𝑋 = (𝑋g )g∈𝑇 satisfies

(𝜏0∶𝑛(𝑋), 𝜂0∶𝑛−1(𝑋)) = (⃖⃖ ⃖⃖⃖𝗉(0∶𝑛), ⃖⃖⃖⃖⃖⃖𝖯(0∶𝑛−1)), which follows from a combinatorial argument: In level 𝑖
(0 ⩽ 𝑖 < 𝑝𝑛), there exist |Ξ𝑖|𝜏𝑖(𝑋)𝑎 = |Ξ𝑖|𝗉(𝑛−𝑖)

𝑎 vertices associated with state 𝑎, which are respon-
sible for (𝑑 ⋅ |Ξ𝑖|𝜏𝑖(𝑋)𝑎) ⋅ 𝜂𝑖(𝑋)𝑎,𝑏 = |Ξ𝑖+1|𝗉(𝑛−𝑖)

𝑎 𝖯(𝑛−𝑖−1)
𝑎,𝑏

transitions from state 𝑎 to 𝑏 between level
𝑖 and 𝑖 + 1.
Similar to the heuristic proof of Theorem 3.1, we first infer from Lemmas 3.3 and 3.5 that

1|Δ𝑝𝑛| log ℙ
(
𝑌𝑝𝑛 ∈ 𝑆|||𝑋𝜖 = 𝑎0

)
= sup

𝛼∈𝑆

{
1|Δ𝑝𝑛| log ℙ

(
̃𝑝𝑛(𝗉, 𝖯; 𝐴) = 𝛼

)
∶ 𝗉(𝑝𝑛) = 𝖾𝑎0

,



18 of 39 BAN et al.

(⃖⃖⃖⃖⃖𝗉(0∶𝑝𝑛), ⃖⃖⃖⃖⃖⃖⃖𝖯(0∶𝑝𝑛−1)) = (𝜏0∶𝑝𝑛(𝑋), 𝜂0∶𝑝𝑛−1(𝑋))

}
+ 𝑂

( log |Δ𝑝𝑛||Δ𝑝𝑛|
)

= sup
𝛼∈𝑆

{
̃𝑛(𝗉, 𝖯;𝑀) ∶ 𝗉(𝑝𝑛) = 𝖾𝑎0

, (⃖⃖⃖⃖⃖𝗉(0∶𝑝𝑛), ⃖⃖⃖⃖⃖⃖⃖𝖯(0∶𝑝𝑛−1)) = (𝜏0∶𝑝𝑛(𝑋), 𝜂0∶𝑝𝑛−1(𝑋)),

̃𝑛(𝗉, 𝖯; 𝐴) = 𝛼

}
+ 𝑂

( log |Δ𝑝𝑛||Δ𝑝𝑛|
)
, (16)

To prove the upper bound of the theorem, we consider the closed (1∕𝑘)-neighborhood 𝑆𝑘 = {𝛼′ ∈
ℝ ∶ inf𝛼∈𝑆 |𝛼′ − 𝛼| ⩽ 1∕𝑘} of 𝑆. Taking advantage of the uniform convergence and the uniform
boundedness of 𝑛 and 𝑛, we can bound (16), for sufficiently large 𝑛, from above by

sup
𝛼∈𝑆𝑘

{(𝗉, 𝖯;𝑀) ∶ (𝗉, 𝖯) ∈ 𝑍0(𝛼; 𝐴)} + 𝑜(1),

which, by Lemma 3.9 (4), coincides further with

sup
𝛼∈𝑆𝑘

inf
𝜇∈ℝ

[−𝜇𝛼 + Λ0(𝜇)] + 𝑜(1).

The desired inequality is obtained by first letting 𝑛 → ∞ and then 𝑘 → ∞. For the lower bound,
we analogously take 𝑆𝑘 = {𝛼′ ∈ ℝ ∶ inf𝛼∉𝑆 |𝛼′ − 𝛼| ⩾ 1∕𝑘}. By Lemma 3.4 and the equicontinuity
of 𝑛 and 𝑛, one derives the following uniform lower bound for (16):

sup
𝛼∈𝑆𝑘

{
(𝗉, 𝖯;𝑀)

1 − 𝑑−𝑝𝑛−1
∶ (𝗉, 𝖯) ∈ 𝑍(𝑛)((1 − 𝑑−𝑝𝑛−1)𝛼; 𝐴), 𝗉(𝑛) = 𝖾𝑎0

}
+ 𝑜(1),

Letting 𝑛 → ∞, the lower limit of the above (possibly −∞) is further bounded from below by

sup
𝛼∈𝑆𝑘+1

{(𝗉, 𝖯;𝑀) ∶ (𝗉, 𝖯) ∈ 𝑍0(𝛼; 𝐴)},

or, equivalently by Lemma 3.9 (4),

sup
𝛼∈𝑆𝑘+1

inf
𝜇∈ℝ

[−𝜇𝛼 + Λ0(𝜇)].

The proof is concluded by letting 𝑘 → ∞. □

As a special case, the following corollary simplifies the expression of Theorem1.2when focusing
on intervals.

Corollary 3.10. Suppose that 𝑋, 𝑌, and Λ∗
𝑗
(𝛼) are as in Theorem 1.2. Then,

lim
𝜀→0+

lim
𝑛→∞

1|Δ𝑝𝑛+𝑗| log ℙ
(
𝑌𝑝𝑛+𝑗 ∈ (𝛼 − 𝜀, 𝛼 + 𝜀)|||𝑋𝜖 = 𝑎0

)
= −Λ∗

𝑗 (𝛼).

Proof. It is a consequence of Theorem 1.2 with the existence of the limit justified by continuity
Λ∗

𝑗
(𝛼), a consequence of convexity and lower semicontinuity. □

Proof of Theorem 1.3. For simplicity, we only give the proof of the case 𝑗 = 0.
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To begin, we note that the existence and uniqueness of (𝜋(𝑖))𝑖∈ℤ is a consequence of the
Perron–Frobenius theorem (see, e.g., [16, Theorems 8.2.8 and 8.4.4]). Precisely, according to the
characterization (7), we can express𝑀 as a superdiagonal block matrix𝑀 = (𝑀𝑖,𝑗)0⩽𝑖,𝑗⩽𝑝−1 with

each 𝑀𝑖,𝑗 ∈ ℝ
𝑖×𝑗

⩾0 , and 𝑀𝑝 is a diagonal block matrix whose diagonal elements are primitive
matrices. The existence and uniqueness follows immediately from the cited theorem.
We first show that any maximizer (𝗉, 𝖯) ofmax(𝗉,𝖯)∈𝑍0

(𝗉, 𝖯;𝑀) satisfies

(𝗉, 𝖯; 𝐴) = (𝗉∗, 𝖯∗; 𝐴) (17)

where

(𝗉∗, 𝖯∗) = ((𝜋(0), 𝜋(1), … , 𝜋(𝑝−1))ℤ+, (𝑀)ℤ+) ∈ 𝑍0.

Notably, (𝗉∗, 𝖯∗) is indeed a maximizer: For every (𝗊, 𝖰) ∈ 𝑍0,

𝐷KL(𝖰
(𝑖)||𝑀) ⩾ 0 and 𝐷KL(𝖰

(𝑖)||𝑀) = 0 iff 𝖰(𝑖) = 𝑀, (18)

from which the maximality follows. To demonstrate (17), we apply (18) to derive that for any
optimal solution (𝗉, 𝖯),

𝗉(𝑝𝑁+𝑖) = 𝗉(𝑝(𝑁+1)+𝑖)𝑀𝑝 for all 𝑖 ⩾ 0, 𝑛 ⩾ 0.

Recall that 𝑀𝑝 is a diagonal block matrix whose diagonal elements are primitive. The Perron–
Frobenius theorem guarantees that

𝗉(𝑝𝑁+𝑖) = lim
𝑛→∞

𝗉(𝑝𝑁+𝑖+𝑝𝑛)𝑀𝑝𝑛 = 𝜋(𝑖).

Since 𝗉(𝑝𝑛+𝑖)
𝑎 = 𝜋(𝑖)

𝑎 is positive if and only if 𝑎 ∈ −𝑖 and 𝑛, 𝑖 ⩾ 0, once again we can apply (18)
to derive 𝖯(𝑝𝑛+𝑖)

𝑎,𝑏
= 𝑀𝑎,𝑏 if (𝑎, 𝑏) ∈ −𝑖−1 ×−𝑖 , and the claim is thus proved. Equivalently, by

Lemma 3.9, our claim implies −Λ∗
0(𝛼) admits a unique maximum point

𝛼 = 𝛼∗ ∶= (𝗉∗, 𝖯∗; 𝐴) =
𝑝−1∑
𝑖=0

𝑑−𝑖∑𝑝−1
𝓁=0

𝑑−𝓁

∑
𝑎,𝑏∈

𝜋(𝑖+1)
𝑎 𝑀𝑎,𝑏 log𝐴𝑎,𝑏,

at which −Λ∗
0 attains its maximum 0.

The rest of the proof is an application of the Borel–Cantelli lemma. Observe that 𝛿(𝜀) =
sup|𝛼−𝛼∗|⩾𝜀 −Λ∗

0(𝛼) < 0 for all 𝜀 > 0 due to the uniqueness of 𝛼∗. This secures the existence of
𝑁 ∈ ℕ such that for all 𝑛 ⩾ 𝑁,

ℙ
(|||𝑌𝑝𝑛 − 𝛼∗||| > 𝜀|||𝑋𝜖 = 𝑎0

)
⩽ 𝑒𝛿(𝜖)|Δ𝑝𝑛|

Summing over 𝑛, we obtain

∞∑
𝑛=𝑁

ℙ
(|||𝑌𝑝𝑛 − 𝛼∗||| > 𝜀|||𝑋𝜖 = 𝑎0

)
⩽

∞∑
𝑛=𝑁

𝑒𝛿(𝜀)|Δ𝑝𝑛| < ∞,
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F IGURE 1 Rate function Λ∗
0 .

which, by the Borel–Cantelli lemma, implies

ℙ

(
lim sup
𝑛→∞

{|||𝑌𝑝𝑛 − 𝛼∗||| > 𝜀}
||||𝑋𝜖 = 𝑎0

)
= 0.

This completes the proof since 𝜀 > 0 is arbitrary. □

Example 3.11. Let 𝑑 = 2 and 𝐴,𝑀 be matrices defined as

𝑀 =

[
1
2

1
2

1 0

]
and 𝐴 =

[
1 1

2 0

]
.

Since𝑀 is primitive, Theorem 1.2 ensures that the averages

𝑌𝑛 →
∑

𝑎,𝑏∈

𝜋𝑎𝑀𝑎,𝑏 log𝐴𝑎,𝑏 ℙ-a.s.

and satisfy the large deviation principle with rate Λ∗
0(𝛼). Numerically, −Λ∗

0(𝛼) is computed and
depicted in Figure 1. We note that −Λ∗

0(𝛼) is finite if and only if 𝛼 ∈ [0, 2
3
log 2], where 2

3
log 2 ≈

0.4621. Furthermore, the maximum point is 𝛼 = 1
3
log 2 ≈ 0.2310.

In the following, we present yet another example of irreducible𝑀 in order to (a) demonstrate
the upper and lower limit of the conditional sample mean might differ, and (b) compare the
conditional sample mean, unconditional sample mean, and their expectations.

Example 3.12. We consider 𝑑 = 2 and

𝐴 = 𝑀 =

⎡⎢⎢⎢⎣
0 1

3
2
3

1 0 0

1 0 0

⎤⎥⎥⎥⎦ , 𝜋 =
[
1
6

1
3

1
2

]
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F IGURE 2 Rate function Λ∗
0 , Λ

∗
1 , and Λ∗.

for which the conditional sample mean associated with0 ∶= {0} and on1 ∶= {1, 2} are plotted
in Figure 2, respectively. To address (a), let 𝛼∗

0 and 𝛼∗
1 be the maximum points of Λ∗

0 and Λ∗
1 ,

respectively. Theorem 1.2 then guarantees that almost surely

𝛼− ∶= lim inf
𝑛→∞

𝑌𝑛 = 𝛼∗
1 and 𝛼+ ∶= lim sup

𝑛→∞
𝑌𝑛 = 𝛼∗

0 .

Regarding (b), the rate function Λ∗ of the unconditional sample mean is

Λ∗(𝛼) = max{Λ∗
𝑗 (𝛼) ∶ 𝜋|𝑗

≠ 0} = max{Λ∗
0(𝛼), Λ

∗
1(𝛼)},

which attains its maximum at 𝛼∗
0 and 𝛼∗

1 . For the expectation of sample mean, we deduce by the
dominated convergence theorem that

𝛽− ∶= lim inf
𝑛→∞

𝔼(𝑌𝑛) = min
0⩽𝑖⩽1

1∑
𝑗=0

∑
𝑎∈𝑗

𝜋𝑎𝛼
∗
𝑖+𝑗,

𝛽+ ∶= lim sup
𝑛→∞

𝔼(𝑌𝑛) = max
0⩽𝑖⩽1

1∑
𝑗=0

∑
𝑎∈𝑗

𝜋𝑎𝛼
∗
𝑖+𝑗.

Notably, 𝛼− < 𝛽− < 𝛽+ < 𝛼+, as opposed to the case when𝑀 is primitive and the four numbers
coincide. This indicates that the conditional sample mean provides more information than the
unconditional one or the expectation. In fact, in some extreme cases, say

𝐴 = 𝑀 =

⎡⎢⎢⎢⎣
0 1 1
1
2

0 0
1
2

0 0

⎤⎥⎥⎥⎦ , 𝜋 =
[
1
2

1
4

1
4

]
,

we observe that

𝛼− =
1
3
log 2, 𝛼+ =

2
3
log 2, 𝛽− = 𝛽+ =

1
2
log 2,
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and that for every 𝑡 ∈ 𝐌(= suppℙ), the sample mean can be explicitly calculated as

𝑌𝑛(𝑡) ∈
{
𝛼− + 𝑜(1), 𝛼+ + 𝑜(1)

}
.

Nevertheless, it is interesting yet unsurprising that not a single labeled tree 𝑡 ∈ 𝐌 admits a sample
mean approaching 𝛽+ = 𝛽−.

4 HAUSDORFF DIMENSIONS OF IRREDUCIBLEMARKOVHOM
TREE-SHIFTS

The section is dedicated to presenting the Hausdorff dimension formula for Markov hom tree-
shifts 𝐌 ⊂ 𝑇 when 𝐌 is an irreducible matrix. We begin by considering the following metric
on𝑇:

𝐷(𝑥, 𝑦) = 𝑒− sup{|Δ𝑛|∶𝑥|Δ𝑛
=𝑦|Δ𝑛

}. (19)

Notably, this metric coincides with the canonical metric when 𝑇 = ℤ+ is degenerate and the
choice is due to the its intimate relation with topological entropy of tree-shifts, which was consid-
ered by Petersen and Salama [24, 25] as a natural generalization of its counterpart for one-sided
subshifts. See also [26] for related results for asymptotic pressure of tree-shifts, a generalized form
of the topological entropy. Specifically, the topological entropy of a Markov hom tree-shift 𝐌 is
defined by

ℎ𝑡𝑜𝑝(𝐌) ∶= lim sup
𝑛→∞

log |𝐵𝑛(𝐌)||Δ𝑛| ,

where the sequence actually converges as established in the aforementionedwork. Using this def-
inition and the existence of the limit, we observe the following equalities regarding box-counting
dimensions:

dim𝐵𝐌 ∶= lim sup
𝑟→∞

−
log𝑟(𝐌)

log 𝑟
= 𝑑 ⋅ ℎ𝑡𝑜𝑝(𝐌),

dim𝐵𝐌 ∶= lim inf
𝑟→∞

−
log𝑟(𝐌)

log 𝑟
= ℎ𝑡𝑜𝑝(𝐌),

where 𝑟(𝐌) denotes the minimal number of closed 𝑟-balls needed to cover the set 𝐌. It is
worth mentioning that the multiplicative difference by 𝑑 arises from the fact that closed 𝑟-balls

𝐵𝑟(𝑡) are aliases of the same set for all 𝑟 ∈ [𝑒−|Δ𝑛|, 𝑒−|Δ𝑛−1|) = [𝑒−
𝑑𝑛+1−1

𝑑−1 , 𝑒−
𝑑𝑛−1
𝑑−1 ), causing𝑟(𝐌)

to remain constant over the interval. As a natural follow-up question, it would be interesting to
determine the packing and Hausdorff dimensions of the Markov hom tree-shifts, where the for-
mer is a known to coincide with dim𝐵𝐌 when𝐌 is irreducible (see Appendix B) and the latter
is our primary focus of this section. As mentioned in the introduction, this goal is achieved by
finding a nonlinear transfer operator to link the Hausdorff dimension of 𝐌 to the eigenvalue of
the operator.
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4.1 Nonlinear Perron–Frobenius theory

The nonlinear Perron-Frobenius theory, as its name suggests, studies the eigenspace of a class
of (not necessarily linear) mappings and reproduces several classical results regarding nonnega-
tive primitive/irreducible matrix transformations. In this work, we will consider such an analysis
under the framework of [19], of which the setting can be described as follows. Let 𝑓 ∶ ℝ

⩾0 → ℝ
⩾0

be a continuous function. It is said to be order-preserving if 𝑓(𝑥) ⩽ 𝑓(𝑦) for every 𝑥 ⩽ 𝑦, and it is
called homogeneous if 𝑓(𝛼𝑥) = 𝛼𝑓(𝑥) for all 𝛼 ∈ ℝ⩾0, where the comparison of two vectors via
≤ is taken entrywise. In addition, we say that 𝑓 is multiplicatively convex if log ◦𝑓◦ exp is a con-
vex function on ℝ

>0 (see Definition 3.6), where log and exp are applied entrywise as explained in
Section 2. Within this framework, we establish that the operator 𝐌,𝑟 (recall (5)) possesses all the
aforementioned characteristics and that its eigenspace can be characterized as follows. We note
that throughout the section, ‖⋅‖ denotes the 1-norm.
Proposition 4.1. Suppose 𝐌, 𝐌,𝑟, and 𝑟 ∈ 𝑝,𝑑 be as in Theorem 1.4. Then, the following
properties hold.

(1) 𝐌,𝑟 ∶ ℝ
⩾0 → ℝ

⩾0 is continuous, order-preserving, homogeneous, analytic on ℝ
>0, and multi-

plicatively convex.
(2) Suppose 𝐌,𝑟 maps ′ = {𝑥 ∈ ℝ

⩾0 ∶ 𝑥𝑎 = 0 if 𝑎 ∉ ′} into itself for some′ ⊆ . Then, there
exists an eigenvector 𝑣 ∈ ′ associated with eigenvalue 𝜌(𝐌,𝑟|′ ) such that

lim sup
𝑛→∞

‖‖‖𝑛
𝐌,𝑟(𝑤)‖‖‖1∕𝑛

⩽ 𝜌(𝐌,𝑟|′ ) for all 𝑤 ∈ ′.

In particular, if𝐌 is irreducible, for each𝑗 ∈ (𝐌), there exists a unique (up to scaling) eigen-
vector 𝑣(𝑗) ∈ 𝑗 , whose associated eigenvalue 𝜌𝑗

(𝐌,𝑟) satisfying the stated property on 𝑗 , and

𝑣(𝑗)
𝑎 > 0 for all𝑗 .

(3) If𝐌 is irreducible, then for every 𝑥 ∈ +
𝑗

∶= {𝑥 ∈ 𝑗 ∶ 𝑥𝑎 > 0 if 𝑎 ∈ 𝑗}, there exists 0 < 𝜃 < 1
such that

lim sup
𝑛→∞

‖‖‖‖‖
𝑛

𝐌,𝑟(𝑥)‖𝑛
𝐌,𝑟(𝑥)‖ −

𝑣(𝑗)‖𝑣(𝑗)‖‖‖‖‖‖
1∕𝑛

= 𝜃,

where 𝑣(𝑗) ∈ +
𝑗
is the unique eigenvector as in (2).

Proof.

(1) The first four conditions follow from a routine check of definition, while the multiplicative
convexity follows from Lemma 3.7 applied toΨ𝐌,𝑠 (𝑠 > 0). which extends naturally to 𝐌,𝑟 =
Ψ𝐌,𝑟𝑝−1

◦⋯◦Ψ𝐌,𝑟0
.

(2) According to [19, Corollary 5.4.2], 𝐌,𝑟 admits an eigenvector 𝑣 ∈ ′ such that 𝐌,𝑟(𝑣) =

𝜌(𝐌,𝑟|′ ) ⋅ 𝑣, while [19, Theorem 5.3.1] asserts that lim sup𝑛→∞
‖‖𝐌,𝑟(𝑤)‖‖1∕𝑛

⩽ 𝜌(𝐌,𝑟|′ )
for all𝑤 ∈ ′. We observe that for any 𝑥 ∈ ℝ

⩾0,Ψ𝐌,𝑠(𝑥)𝑎 > 0 if and only if (𝐌𝑥)𝑎 > 0. Recur-
sively applying this property, one deduces that 𝐌,𝑟(𝑥)𝑎 > 0 if and only if (𝐌𝑝𝑥)𝑎 > 0. Now
if𝐌 is irreducible, (𝐌) is a partition and𝐌𝑎,𝑏 > 0 if and only (𝑎, 𝑏) ∈ 𝑗 ×𝑗+1 for some
𝑗 ∈ [𝑝]. Notably, 𝐌,𝑟 maps 𝑗 to 𝑗 , each of which hence admits an eigenvector 𝑣(𝑗) ∈ 𝑗 .
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Moreover, 𝑣(𝑗)
𝑎 > 0 for all 𝑎 ∈ 𝑗 as every state 𝑎 plays the role of 𝑎0 in (A1). By denoting

the natural inclusion as 𝜄𝑗 ∶ 𝑗 → ℝ
⩾0, we have that 𝜄

−1
𝑗
◦𝐌,𝑟◦𝜄𝑗 maps ℝ

𝑗

⩾0 into ℝ
𝑗

⩾0 and the
derivative of 𝜄−1

𝑗
◦𝐌,𝑟◦𝜄𝑗 at 𝜄−1

𝑗
(𝑣(𝑗)) is primitive. Therefore, by [19, Corollary 6.5.8], 𝜄−1

𝑗
(𝑣(𝑗))

is unique up to scaling, and thus so is 𝑣(𝑗).
(3) We note that all the properties of𝐌,𝑟 in (1) are inherited by 𝜄−1

𝑗
◦𝐌,𝑟◦𝜄𝑗 . Hence, the existence

of 𝜃 follows as a consequence of [20, Theorem 4.7]. □

4.2 Some lemmas

For conciseness, we suppress, unless mentioned otherwise, 𝐌 from 𝑛∶𝑚(𝗉, 𝖯;𝐌) for the rest of
the paper. We first state a number of technical lemmas, whose proofs are postponed until the
appendix. These lemmas establish the desired minimax properties, bridging the upper bound of
the Hausdorff dimension obtained through efficient covering with the lower bound obtained via
the mass distribution principle, as discussed in the coming subsections.

Lemma 4.2. The following minimax property holds.

max
(𝗉,𝖯)∈𝑍0∶
𝑝-periodic

min
𝑠∈Γ[𝑝]

𝑝−1∑
𝑚=0

𝑠𝑚𝑚∶∞(𝗉, 𝖯) = min
𝑠∈Γ[𝑝]

max
(𝗉,𝖯)∈𝑍0∶
𝑝-periodic

𝑝−1∑
𝑚=0

𝑠𝑚𝑚∶∞(𝗉, 𝖯). (20)

The proof of Lemma 4.2 is presented in Appendix A.1.

Remark 4.3. We should note that(𝐌) is a partition if𝐌 is irreducible. Under the circumstances,
if (𝗉, 𝖯) is a 𝑝-periodic optimizer in Lemma 4.2, then so is (𝗉, 𝖯∗), where

𝖯∗(𝑖)
𝑎,𝑏

= 𝖯∗(0)
𝑎,𝑏

∶= 𝖯(𝑗)
𝑎,𝑏

for all (𝑎, 𝑏) ∈ −𝑗−1 ×−𝑗 and 𝑖 ∈ [𝑝].

Therefore, the value of (A.1) remains unchanged even with every appearance of “max 𝖯∈Υ𝑝

𝗉(𝑝)∈0

”

replaced by “max (𝗉,𝖯)∈𝑍0∶
𝖯 is 1-periodic
𝗉 is 𝑝-periodic

”.

For convenience, we introduce the following sequence before we present our quintessential
lemma.

𝑡∗𝑛,𝑁 =

⎧⎪⎪⎨⎪⎪⎩

(
𝑁 + 1

𝑑𝑝−1

)−1
⋅ 𝑑𝑝

𝑑𝑝−1
if 𝑛 = 0;(

𝑁 + 1
𝑑𝑝−1

)−1
if 𝑝|𝑛 and 0 < 𝑛 < 𝑝𝑁;

0 otherwise.

(21)

Lemma 4.4. Suppose that 𝐌 is irreducible and 𝜌0
(𝐌,𝑟) is as in Proposition 4.1. The following

minimax properties hold.

min
𝑟∈𝑝,𝑑

(
𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟−1
𝑖

)−1

⋅ log 𝜌0
(𝐌,𝑟) (22)
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= lim
𝑁→∞

min
𝑠∈Γ[𝑝]

max
(𝗉,𝖯)∈𝑍0

𝑝−1∑
𝑚=0

𝑠𝑚

𝑝𝑁−1∑
𝑛=0

𝑡∗𝑛,𝑁𝑛+𝑚∶∞(𝗉, 𝖯) (23)

= min
𝑠∈Γ[𝑝]

max
(𝗉,𝖯)∈𝑍0∶

𝖯 is 1-periodic
𝗉 is 𝑝-periodic

𝑝−1∑
𝑚=0

𝑠𝑚𝑚∶∞(𝗉, 𝖯) (24)

= max
(𝗉,𝖯)∈𝑍0∶

𝖯 is 1-periodic
𝗉 is 𝑝-periodic

min
𝑠∈Γ[𝑝]

𝑝−1∑
𝑚=0

𝑠𝑚𝑚∶∞(𝗉, 𝖯). (25)

Furthermore, any maximizer (𝗉∗, 𝖯∗) of (25) can be chosen such that 𝖯(0) is irreducible and 𝗉(0)
∗ is

the unique left eigenvector of (𝖯(0)∗)𝑝 in 0.

The proof of Lemma 4.4 is presented in Appendix A.2.

Remark 4.5. It can be seen, for example, from the cyclic symmetry of 𝑠 in (24) that

min
𝑟∈𝑝,𝑑

(
𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟−1
𝑖

)−1

⋅ log 𝜌𝑗
(𝐌,𝑟)

is actually independent of 𝑗 and therefore further coincides with

min
𝑟∈𝑝,𝑑

(
𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟−1
𝑖

)−1

⋅ log 𝜌∗(𝐌,𝑟),

where 𝜌∗ is defined in Theorem 1.4.

As a consequence of Lemma 4.4, we have the following corollary.

Corollary 4.6. There exists a Markov measure ℙ associated with an irreducible transition matrix
𝑀 and an initial distribution 𝜋 such that it is supported in 𝐌 and that, almost surely,

lim inf
𝑛→∞

−
logℙ([𝑋|Δ𝑛

])|Δ𝑛| = min
𝑟∈𝑝,𝑑

(
𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟−1
𝑖

)−1

⋅ log 𝜌∗(𝐌,𝑟), (26)

where [𝑢] denotes the cylinder set associated with the block 𝑢, namely, given 𝑢 ∈ 𝐵𝑛(𝐌),

[𝑢] ∶= {𝑡 ∈ 𝐌 ∶ 𝑡g = 𝑢g , ∀g ∈ Δ𝑛}. (27)

Proof. It straightforwardly follows from Lemma 4.4 and Theorem 1.3 by choosing 𝐴 = 𝑀. More
precisely, we may (uniquely) choose the initial distribution as in Lemma 4.4 so that the ini-
tial distribution of a state 𝑎 is positive if and only if 𝑎 ∈ 0. The proof is then concluded by
Theorem 1.3. □
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4.3 Lower bound when𝐌 is irreducible

Suppose that 𝐌 is a tree-shift with an irreducible incidence matrix𝐌 and that ℙ is the Markov
measure inCorollary 4.6. The lower bound is obtained by applying themass distribution principle:
Due to (26), for every 𝛿 < min𝑟∈𝑝,𝑑

(
∑𝑝−1

𝓁=0

∏𝓁
𝑖=0 𝑟

−1
𝑖

)−1 ⋅ log 𝜌∗(𝐌,𝑟), we have

lim sup
𝑛→∞

ℙ([𝑋|Δ𝑛
])

𝑒−𝛿|Δ𝑛| = 0 almost surely.

Hence, by Egorov’s theorem, there exists a subset 𝑆 ⊂ 𝐌 with ℙ(𝑆) > 0 and a constant 𝐶 such
that

ℙ([𝑡|Δ𝑛
]) ⩽ 𝐶𝑒−𝛿|Δ𝑛| for all 𝑛 ∈ ℕ, 𝑡 ∈ 𝑆.

Consequently, supposing that  is a cover of 𝑆 consisting of disjoint cylinder sets, we have

∑
[𝑢]∈

(diam([𝑢]))𝛿 ⩾ 𝐶−1
∑

[𝑢]∈

ℙ([𝑢]) ⩾ 𝐶−1ℙ(𝑆) > 0.

Therefore, the Hausdorff measure 𝐻𝛿(𝑆) ⩾ 𝐶−1ℙ(𝑆) > 0 is bounded from below and dim𝐻 𝐌 ⩾

dim𝐻 𝑆 ⩾ 𝛿, implying dim𝐻 𝐌 ⩾ min𝑠∈𝑝,𝑑
(
∑𝑝−1

𝓁=0

∏𝓁
𝑖=0 𝑟

−1
𝑖

)−1 ⋅ log 𝜌∗(𝐌,𝑟).

4.4 Upper bound when𝐌 is irreducible

The upper bound of the Hausdorff dimension is proved by constructing suitable covers. As will be
seen shortly, the study of the operator 𝐌,𝑟 is motivated by the following naïve covering strategy
for the space 𝐌. For convenience,we denote the collection of all 𝑘-cylinder sets by𝑘 ∶= {[𝑡|Δ𝑛

] ∶
𝑡 ∈ 𝐌}.
Suppose 𝑛 + 𝑁 > 𝑛 ≫ 0 (𝑁 ∈ ℕ). We define a cover 𝑛,𝑁 agreeing with the following

philosophy.

(a) The cover 𝑛,𝑁 consists of cylinder sets in ∪𝑛+𝑁
𝑘=𝑛

𝑘.
(b) A cylinder set [𝑡|Δ𝑘

] is contained in 𝑛,𝑁 if

log |𝐵𝑘(𝜏(𝑡), 𝜂(𝑡))||Δ𝑘| = min
𝑛⩽𝑚⩽𝑛+𝑁

log |𝐵𝑚(𝜏(𝑡), 𝜂(𝑡))||Δ𝑚| . (28)

Condition (a) is based on the belief that the Hausdorff dimension is approached by the interme-
diate dimension (see [4]) and condition (b) is imposed in the hope that the upper bound of the
Hausdorff dimension is minimized. Precisely, if we denote

𝛼𝑛,𝑁 ∶= max
(q,Q)∈𝑊𝑛+𝑁

min
𝑛⩽𝑚⩽𝑛+𝑁

log |𝐵𝑚(q,Q)||Δ𝑚| , (29)
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and assume 𝛼 > lim sup𝑁→∞ lim sup𝑛→∞ 𝛼𝑛,𝑁 , then the cover 𝑛,𝑁 gives the following upper
bound for the 𝛼-Hausdorff measure of 𝐌:

𝐻𝑠(𝐌) ⩽ lim sup
𝑁→∞

lim sup
𝑛→∞

𝑛+𝑁∑
𝑘=𝑛

∑
[𝑢]∈𝑘∩𝑛,𝑁

(diam([𝑢]))𝛼

= lim sup
𝑁→∞

lim sup
𝑛→∞

𝑛+𝑁∑
𝑘=𝑛

∑
(q,Q)∈𝑊𝑛+𝑁

∑
[𝑢] ∈ 𝑘 ∩ 𝑛,𝑁 ∶

𝑢 ∈ 𝐵𝑘(q
(0∶𝑘), Q(0∶𝑘−1))

𝑒−𝛼|Δ𝑘|

⩽ lim sup
𝑁→∞

lim sup
𝑛→∞

𝑛+𝑁∑
𝑘=𝑛

|𝑊𝑛+𝑁|𝑒−(𝛼−𝛼𝑛,𝑁)|Δ𝑘|.
Now that Lemma 3.3 asserts

|𝑊𝑛+𝑁| ⩽ |𝐷𝑛+𝑁||𝑆𝑛+𝑁| ⩽ ( |Δ𝑛+𝑁|
𝑛 + 𝑁 + 1

+ 1

)3(𝑛+𝑁+1)⋅||2
,

we deduce that 𝐌 is 𝑠-Hausdorff null:

𝐻𝑠(𝐌) ⩽ lim sup
𝑁→∞

lim sup
𝑛→∞

𝑛+𝑁∑
𝑘=𝑛

𝑒
−
(
𝛼−𝛼𝑛,𝑁−𝑂

(
log |Δ𝑛+𝑁 ||Δ𝑛 |

))|Δ𝑘| = 0,

which implies dim𝐻 𝐌 ⩽ 𝛼.
In practice, obtaining an asymptotic estimate for 𝛼𝑛,𝑁 is facilitated by the following simplifica-

tion. For each 𝑛,𝑁 ∈ ℕ, decompose𝑊𝑛+𝑁 into subsets

𝑊𝑛+𝑁
(𝑗) ∶= {(q, Q) ∈ 𝑊𝑛+𝑁 ∶ q(0) ∈ 𝑗−𝑛−𝑁} for 𝑗 ∈ [𝑝].

Since it is a finite partition, we may assume, by a proper choice of 𝑎0 in assumption (A1), that the
maximum of 𝛼𝑛,𝑁 is attained in𝑊𝑛+𝑁

(0) for infinitely many 𝑛,𝑁 ∈ ℕ, resulting in

lim sup
𝑁→∞

lim sup
𝑛→∞

𝛼𝑛,𝑁 = lim sup
𝑁→∞

lim sup
𝑛→∞

max
(q,Q)∈𝑊𝑛+𝑁

(0)
min

𝑛⩽𝑚⩽𝑛+𝑁

log |𝐵𝑚(𝐌; q,Q)||Δ𝑚| .

Utilizing Lemma 3.4, we deduce that for each 𝑛,𝑁 ∈ ℕ,

max
(q,Q)∈𝑊𝑛+𝑁

(0)
min

𝑛⩽𝑚⩽𝑛+𝑁

|𝐵𝑚(𝐌; q,Q)||Δ𝑚| ⩽ min
𝑛⩽𝑚⩽𝑛+𝑁

max
(q,Q)∈𝑊𝑛+𝑁

(0)

|𝐵𝑚(𝐌; q,Q)||Δ𝑚|
⩽ min

𝑠∈Γ[𝑁]

[
max

(p,P)∈𝑍0

𝑁∑
𝑚=0

𝑠𝑚𝑚∶𝑛+𝑁(p, P)

]
+ 𝑜𝑛(1),

where 𝑜𝑛(1), according to Lemmas 3.3 and 3.5, is a number independent of 𝑁 that vanishes as
𝑛 → ∞. Consequently, by Lemma 4.4 and Remark 4.5,

lim sup
𝑁→∞

lim sup
𝑛→∞

𝛼𝑛,𝑁 ⩽ lim sup
𝑁→∞

min
𝑠∈Γ[𝑁]

max
(𝗉,𝖯)∈𝑍0

𝑁∑
𝑚=0

𝑠𝑚𝑚∶∞(𝗉, 𝖯)
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⩽ lim sup
𝑁→∞

min
𝑠∈Γ[𝑝]

max
(𝗉,𝖯)∈𝑍0

𝑝−1∑
𝑚=0

𝑠𝑚

𝑝𝑁−1∑
𝑛=0

𝑡∗𝑛,𝑁𝑛+𝑚∶∞(𝗉, 𝖯)

= min
𝑟∈𝑝,𝑑

(
𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟−1
𝑖

)−1

⋅ log 𝜌∗(𝐌,𝑠),

implying that the upper bound coincides with the lower bound.

4.5 Upper bound for general 𝐌

In this subsection, we derive an upper bound for 𝐌 without assumption (A1).

Proof of Corollary 1.5. Let 𝑡∗𝑛,𝑁 be defined as in (21) with 𝑝 = 1. Let 𝛼𝑛,𝑁 be as in (29) so that, as
shown in Section 4.4, dim𝐻 𝐌 ⩽ lim sup𝑁→∞ lim sup𝑛→∞ 𝛼𝑛,𝑁 and

lim sup
𝑁→∞

lim sup
𝑛→∞

𝛼𝑛,𝑁 ⩽ lim sup
𝑁→∞

min
𝑠∈Γ[𝑁]

[
max

(𝗉,𝖯)∈𝑍

𝑁∑
𝑚=0

𝑠𝑚𝑚∶∞(𝗉, 𝖯)

]

⩽ lim sup
𝑁→∞

max
(𝗉,𝖯)∈𝑍

𝑁∑
𝑚=0

𝑡∗𝑚,𝑁𝑚∶∞(𝗉, 𝖯).

Similar to Lemma 3.9, the last expression above admits a rearranged form as (A.4), which can be
solved similarly to (A.6) (with 𝑞𝑖,𝑁 = (𝑁 + 1

𝑑−1
) for 0 ⩽ 𝑖 < 𝑁). Explicitly, this yields

lim sup
𝑁→∞

max
(𝗉,𝖯)∈𝑍

𝑁∑
𝑚=0

𝑡∗𝑚,𝑁𝑚∶∞(𝗉, 𝖯) ⩽ lim sup
𝑁→∞

1

𝑁 + 1
𝑑−1

log

(
max
𝑎∈

(𝐌𝑁𝟙)𝑎

)
= log 𝜌(𝐌),

proving the proposed inequality. When𝐌 is irreducible, it follows from [2, Theorem 2.1] that the
entropy satisfies that

dim𝐵𝐌 = ℎ𝑡𝑜𝑝(𝐌) ⩾ log 𝜌(𝐌) ⩾ dim𝐻 𝐌, (30)

in which the first equality holds if and only if
∑

𝑏∈ 𝐌𝑎,𝑏 is identical for every 𝑎 ∈ . Under
the circumstances, one can simply calculate ℎ𝑡𝑜𝑝(𝐌) = log 𝜌(𝐌) with 𝜌(𝐌) =

∑
𝑏∈ 𝐌𝑎,𝑏 for

every 𝑎 ∈  and guess the spectral radius of the transfer operator 𝐌,𝑟 to be 𝜌(𝐌)
∑𝑝−1

𝓁=0

∏𝓁
𝑖=0 𝑟−1

𝑖 ,
the eigenvalue associated with every eigenvectors

∑
𝑎∈𝑗

𝖾𝑎 ∈ 𝑗 , 𝑗 ∈ [𝑝]. Plugging it into the
proposed formula (6) yields that the equalities in (30) hold simultaneously. □

Here, we provide an example to illustrate our formula.
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F IGURE 3 Spectral radius
(∑𝑝−1

𝓁=0

∏𝓁
𝑖=0 𝑟

−1
𝑖 (𝑠)

)−1
log 𝜌0

(𝐌,𝑟(𝑠)).

Example 4.7. Let 𝐌 be a Markov hom tree-shift over the 3-tree associated with the incidence
matrix𝐌, where

𝐌 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 1

0 0 1 0 0

1 1 0

0 1 0

1 0 0 0 0

1 0 1

0 0 1

0 1 0 0 0

1 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

We compute the Hausdorff dimension numerically by determining the eigenvalues and eigen-
vectors of the corresponding transfer operator, as prescribed by Proposition 4.1. This is achieved
through an iterative process, and the logarithm of the eigenvalue is plotted in Figure 3. Numer-
ical results suggest that the optimal scaling vector 𝑠 is approximately (0.312, 0.588, 0.010) with
log 𝜌∗(𝐌,𝑟(𝑠∗)) ≈ 0.3027, which is strictly less than the logarithm of the spectral radius of
log 𝜌(𝐌𝑇) ≈ 0.3208 and is consistent with Corollary 1.5.

5 DISCUSSION

Inspired by the classical large deviation principle for Markov chains, this article analogously
establishes the large deviation principle for irreducible Markov chains indexed by rooted 𝑑-trees.
Building on the belief of its potential for providing a better conception of the tree-shifts as well
as further applications, the expositions in this paper showcase the capability of the method of
types argument, which not only provides a theorem regarding almost sure convergence but also
aids the determination of Hausdorff dimension of the set Markov hom tree-shift. Despite these
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accomplishments, our work is not intended to be an in-depth investigation but rather a starting
point for further exploration. Indeed, several questions still remain unanswered in this work,
which we list as follows:

∙ Is the rate function Λ∗
𝑗
(𝛼) in Theorem 1.2 continuously differentiable if𝐌 is irreducible?

∙ If 𝐌 is irreducible, can the optimal 𝐌,𝑟 in Theorem 1.3 be determined? Can the optimal
Markov measure in Lemma 4.4 be determined?

∙ What is the Hausdorff dimension for general 𝐌 without the assumption of 𝐌 being
irreducible?

We hope this paper will inspire further research in this direction, advancing our understanding
of tree-indexed Markov chains and tree-shifts.

APPENDIX A: PROOFS OF AUXILIARY LEMMAS

A.1 Proof of Lemma 4.2
Due to the continuity of the objective function, it suffices to show the equality with inf 𝑠∈Γ̊[𝑝]

in
place of all appearances ofmin𝑠∈Γ[𝑝]

in (20). Under the circumstances, we first rephrase, by virtue
of periodicity, the left-hand side of (20) as

max
𝖯∈Υ𝑝

𝗉(𝑝)∈0

inf
𝑠∈Γ̊[𝑝]

𝜇∈ℝ

⎡⎢⎢⎢⎢⎣
−

𝑝−1∑
𝑖=0

𝑝∑
𝑚=1

𝑠𝑚+𝑖𝑑
𝑚

𝑝∑
𝑚=1

𝑑𝑚

𝗉(𝑝)
(

𝑝−𝑖−1∏
𝓁=1

𝖯(𝑝−𝓁)
)
𝐷KL(𝖯

(𝑖)||𝐌) +

(
𝗉(𝑝)

𝑝−1∏
𝓁=1

𝖯(𝑝−𝓁) − 𝗉(𝑝)
)
𝜇

⎤⎥⎥⎥⎥⎦
,

(A.1)
where 𝑠𝑝+𝑖 are simply aliases of 𝑠𝑖 for 𝑖 = 0, … , 𝑝 − 1, respectively. For brevity, we denote by
𝐹(𝗉(𝑝), 𝖯, 𝑠, 𝜇) the objective function above.
As always, the expression on the left of (20) is by definition no larger than the right, so

it suffices to show the other inequality. The proof essentially exploits the following sequence
of functions (𝜆(𝑖)(𝑠, 𝜇))𝑝−1

𝑖=0
, whose convexity is guaranteed in Lemma 3.7. We let 𝑞𝑖(𝑠) =

(
∑𝑝

𝑚=1 𝑑
𝑚)−1(

∑𝑝
𝑚=1 𝑠𝑚+𝑖𝑑

𝑚), and define

𝜆(𝑖+1)(𝑠, 𝜇) =

{
𝜇 if 𝑖 = 0;

𝑞𝑖(𝑠) log(𝐌𝑒𝑞𝑖(𝑠)
−1𝜆(𝑖)(𝑠,𝜇)) if 𝑖 = 1, 2, … , 𝑝 − 1.

One can now apply theminimax theorem to 𝖯(0) and (𝑠, 𝜇), since the objective function is concave
in the former variable and convex in the latter. Swappingmax𝖯(0) and inf (𝑠,𝜇) turns (A.1) into

max
𝖯(1∶𝑝−1)∈Υ𝑝

𝗉(𝑝)∈0

inf
𝑠∈Γ̊[𝑝]

𝜇∈ℝ

⎡⎢⎢⎢⎢⎣
−

𝑝−1∑
𝑖=1

𝑝∑
𝑚=1

𝑠𝑚+𝑖𝑑
𝑚

𝑝∑
𝑚=1

𝑑𝑚

𝗉(𝑝)
(

𝑝−𝑖−1∏
𝓁=1

𝖯(𝑝−𝓁)
)
𝐷KL(𝖯

(𝑖)||𝐌)

+ 𝗉(𝑝)
(

𝑝−1∏
𝓁=1

𝖯(𝑝−𝓁)
)
𝜆(1)(𝑠, 𝜇) − 𝗉(𝑝)𝜇

⎤⎥⎥⎥⎥⎦
,
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Recursively using the convexity of 𝜆(𝑖) and applying the minimax theorem, one will move allmax
in (A.1) to the right of inf while retaining equality. In particular,

max
𝖯∈Υ𝑝

𝗉(𝑝)∈0

inf
𝑠∈Γ̊[𝑝]

𝜇∈ℝ

𝐹(𝗉(𝑝), 𝖯, 𝑠, 𝜇) = inf
𝑠∈Γ̊[𝑝]

𝜇∈ℝ

max
𝖯∈Υ𝑝

𝗉(𝑝)∈0

𝐹(𝗉(𝑝), 𝖯, 𝑠, 𝜇)

⩾ inf
𝑠∈Γ̊[𝑝]

𝜇∈ℝ

max
𝖯∈Υ𝑝

𝗉(𝑝)∈0

𝗉(𝑝)=𝗉(𝑝)
∏𝑝−1

𝓁=1
𝖯(𝑝−𝓁)

𝐹(𝗉(𝑝), 𝖯, 𝑠, 𝜇)

= inf
𝑠∈Γ̊[𝑝]

max
𝖯∈Υ𝑝

𝗉(𝑝)∈0

𝗉(𝑝)=𝗉(𝑝)
∏𝑝−1

𝓁=1
𝖯(𝑝−𝓁)

𝐹(𝗉(𝑝), 𝖯, 𝑠, 0) = min
𝑠∈Γ[𝑝]

max
(𝗉,𝖯)∈𝑍0∶
𝑝-periodic

𝑝−1∑
𝑚=0

𝑠𝑚𝑚(𝗉, 𝖯),

which agrees with the right-hand side of (20) (with inf 𝑠∈Γ̊[𝑝]
in place ofmin𝑠∈Γ[𝑝]

.) The lemma is
hence proved.

A.2 Proof of Lemma 4.4
For the sake of simplicity, we denote by 𝐹𝑁(𝗉, 𝖯, 𝑠) the objective function of (23) throughout
the subsection.

A.2.1 Auxiliary lemmas
We first prove the following two auxiliary lemmas.
Lemma A.1. Suppose 𝑠 ∈ Γ[𝑝],

𝑞𝑖(𝑠) =
𝑝−1∑
𝑗=0

𝑠𝑖−𝑗

𝑑𝑗

𝑑𝑝 − 𝑑𝑝−1

𝑑𝑝 − 1
and 𝑟(𝑠) =

(
𝑞0(𝑠)

𝑞1(𝑠)
,
𝑞1(𝑠)

𝑞2(𝑠)
, … ,

𝑞𝑝−1(𝑠)

𝑞0(𝑠)

)
.

Then, 𝑠 ↦ 𝑞(𝑠) is a bijection between Γ[𝑝] and {𝑞 ∈ Γ[𝑝] ∶ 𝑞0 ⩽ 𝑑𝑞1 ⩽ ⋯ ⩽ 𝑑𝑝−1𝑞𝑝−1 ⩽ 𝑑𝑝𝑞0}, and
𝑞(𝑠) ↦ 𝑟(𝑠) is a bijection between {𝑞 ∈ Γ[𝑝] ∶ 𝑞0 ⩽ 𝑑𝑞1 ⩽ ⋯ ⩽ 𝑑𝑝−1𝑞𝑝−1 ⩽ 𝑑𝑝𝑞0} and𝑝,𝑑 .

Proof. We note that 𝑞𝑖 is a bijection between Γ[𝑝] and {𝑞 ∈ Γ[𝑝] ∶ 𝑞0 ⩽ 𝑑𝑞1 ⩽ ⋯ ⩽ 𝑑𝑝−1𝑞𝑝−1 ⩽

𝑑𝑝𝑞0}. Indeed, 𝑠 ↦ 𝑞𝑖(𝑠) is an invertible linear transformation whose inverse can be found by
Gaussian elimination, and every element in the latter set admits a preimage in the former. It
remains to show that 𝑞(𝑠) ↦ 𝑟(𝑠)maps {𝑞 ∈ Γ[𝑝] ∶ 𝑞0 ⩽ 𝑑𝑞1 ⩽ ⋯ ⩽ 𝑑𝑝−1𝑞𝑝−1 ⩽ 𝑑𝑝𝑞0} bijectively
into 𝑝,𝑑. It is not hard to see that such a map is well defined and 𝑝,𝑑 is its image. The injec-
tivity follows from the constraint that

∑𝑝−1
𝑖=0

𝑞𝑖(𝑠) = 1, while bijectivity follows by noting that its
inverse can be explicitly calculated as 𝑞0(𝑠) = (

∑𝑝−1
𝑖=0

∏𝑖
𝓁=0 𝑟

−1
𝓁 (𝑠))−1 and 𝑞𝑖(𝑠) =

∏𝑖−1
𝓁=0 𝑟

−1
𝓁 (𝑠)𝑞0(𝑠)

for 1 ⩽ 𝑖 < 𝑝. □

Lemma A.2. For every 𝑠, 𝑠′ ∈ Γ[𝑝] and every𝑁 ∈ ℕ

||||| max
(𝗉,𝖯)∈𝑍0

𝐹𝑁(𝗉, 𝖯, 𝑠) − max
(𝗉,𝖯)∈𝑍0

𝐹𝑁(𝗉, 𝖯, 𝑠′)
||||| ⩽ 2 ⋅ log || ⋅ 𝖽𝑣(𝑠, 𝑠′). (A.2)

Proof. It is a consequence of the uniform boundedness 0 ⩽ 𝑛∶∞(𝗉, 𝖯) ⩽ log ||. □
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A.2.2 Proof setup
Denote 𝑠𝑝+𝑖 = 𝑠𝑖 for 𝑖 ∈ ℤ+ and set

𝑞𝑖,𝑁(𝑠) ∶=

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑖∑
𝑗=0

𝑠𝑖−𝑗

𝑑𝑗

(
𝑁 + 1

𝑑𝑝−1

)−1
𝑑𝑝−𝑑𝑝−1

𝑑𝑝−1
if 0 ⩽ 𝑖 < 𝑝;

𝑝−1∑
𝑗=0

𝑠𝑖−𝑗

𝑑𝑗

(
𝑁 + 1

𝑑𝑝−1

)−1
𝑑𝑝−𝑑𝑝−1

𝑑𝑝−1
if 𝑝 ⩽ 𝑖 < 𝑝𝑁;

𝑑−(𝑖−𝑝𝑁+1)𝑞𝑖,𝑝𝑁−1(𝑠) if 𝑝𝑁 ⩽ 𝑖.

Multiplying by (𝑁 + 1
𝑑𝑝−1

) and taking the limit 𝑁 → ∞, we obtain a sequence (𝑞𝑖(𝑠))𝑖∈ℕ:

𝑞𝑖(𝑠) = lim
𝑁→∞

(𝑁 +
1

𝑑𝑝 − 1
) ⋅ 𝑞𝑖,𝑁(𝑠),

from which we define a 𝑝-tuple 𝑟(𝑠) that is previously studied in Lemma A.1:

𝑟(𝑠) =

(
𝑞𝑝(𝑠)

𝑞𝑝+1(𝑠)
,
𝑞𝑝+1(𝑠)

𝑞𝑝+2(𝑠)
, … ,

𝑞2𝑝−1(𝑠)

𝑞𝑝(𝑠)

)
. (A.3)

Our discussions rely heavily on the following alternative expression of the objective function
𝐹𝑁 :

𝐹𝑁(𝗉, 𝖯, 𝑠) = −
∞∑
𝑖=0

𝑞𝑖,𝑁(𝑠)𝗉(𝑖+1)𝐷KL(𝖯
(𝑖)||𝐌). (A.4)

Based on this expression, we consider the following finite approximation:

𝐹𝑁,𝑚(𝗉, 𝖯, 𝑠) ∶= −
𝑚−1∑
𝑖=0

𝑞𝑖,𝑁(𝑠)𝗉(𝑖+1)𝐷KL(𝖯
(𝑖)||𝐌),

which, by Lemma A.2, admits the following error bound.

||||| max
(𝗉,𝖯)∈𝑍0

𝐹𝑁(𝗉, 𝖯, 𝑠) − max
(𝗉,𝖯)∈𝑍0

𝐹𝑁,𝑝𝑁(𝗉, 𝖯, 𝑠)
||||| ⩽

(𝑑 − 1)𝑞𝑝𝑁−1,𝑁(𝑠)

𝑑
log ||. (A.5)

Similar to Lemma 3.9 (or, originally, [3, Proposition 3.3]), the maximum of 𝐹𝑁,𝑝𝑁(𝗉, 𝖯, 𝑠) can be
determined as

max
(𝗉,𝖯)∈𝑍0

𝐹𝑁,𝑝𝑁(𝗉, 𝖯, 𝑠) = max
𝗉(𝑝𝑁)=𝖾𝑎∶𝑎∈0

𝗉(𝑝𝑁)𝜆(𝑝𝑁),𝑁, (A.6)

where

𝜆(0),𝑁(𝑠) = 0 and 𝜆(𝑖+1),𝑁 =

⎧⎪⎨⎪⎩
𝑞𝑖,𝑁(𝑠) log

(
𝐌𝑒

𝜆(𝑖),𝑁(𝑠)
𝑞𝑖,𝑁(𝑠)

)
if 𝑞𝑖,𝑁(𝑠) ≠ 0,

0 otherwise.
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Notably, for 0 ⩽ 𝑖 < 𝑝𝑁, the above can be expressed, by taking 𝜈(𝑖)(𝑠) = 𝑒
𝜆(𝑖),𝑁(𝑠)
𝑞𝑖,𝑁(𝑠) , as

𝜈(𝑖)(𝑠) = 𝟙 and 𝜈(𝑖+1)(𝑠) =

⎧⎪⎨⎪⎩
Ψ

𝐌,
𝑞𝑖(𝑠)

𝑞𝑖+1(𝑠)

(
𝜈(𝑖)(𝑠)

)
if 𝑞𝑖,𝑁(0) ≠ 0,

𝟙 otherwise,
(A.7)

which is independent of 𝑁. In particular, this implies that the iteration satisfies

𝜈(𝑝+𝑖)(𝑠) = Ψ𝐌,𝑟𝑖(𝑠)

(
𝜈(𝑝+𝑖−1)(𝑠)

)
for 𝑖 = 0, … , 𝑝(𝑁 − 1) − 1,

which, in turn, yields

𝜈(𝑝𝑁)(𝑠) = 𝑁−1
𝐌,𝑟∗(𝜈

(𝑝)(𝑠)). (A.8)

A.2.3 Proof of the lemma
Proof of Lemma 4.4. We first prove (23)≤(22). For every 𝜀 > 0, choose 𝑟∗ ∈ 𝑝,𝑑 such that(

𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟∗𝑖
−1

)
log 𝜌0

(𝐌,𝑟∗) < inf
𝑟∈𝑝,𝑑

(
𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟𝑖
−1

)
log 𝜌0

(𝐌,𝑟) + 𝜀,

so that, by Lemma A.1, we can find some 𝑠∗ ∈ Γ[𝑝] satisfying 𝑟∗ = 𝑟(𝑠∗). Combining (A.5), (A.7),
(A.8), we have

lim sup
𝑁→∞

max
(𝗉,𝖯)∈𝑍0

𝐹𝑁(𝗉, 𝖯, 𝑠∗) = lim sup
𝑁→∞

max
𝗉(𝑝𝑁)=𝖾𝑎∶𝑎∈0

𝗉(𝑝𝑁)𝜆(𝑝𝑁),𝑁(𝑠∗)𝑎

= lim sup
𝑁→∞

𝑞𝑝(𝑠)

𝑁 + 1
𝑑𝑝−1

log

(
max
𝑎∈0

𝑁−1
𝐌,𝑟∗(𝜈

(𝑝)(𝑠))

)
,

(A.9)

which, by Proposition 4.1 (2), is bounded from above by

𝑞𝑝(𝑠
∗) log 𝜌0

(𝐌,𝑟∗) =

(
𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟∗𝑖
−1

)−1

log 𝜌0
(𝐌,𝑟∗)

⩽ inf
𝑟∈𝑝,𝑑

(
𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟𝑖
−1

)−1

log 𝜌0
(𝐌,𝑟) + 𝜀,

where the equality in the first line results from the following:

2𝑝−1∑
𝑖=𝑝

𝑞𝑖(𝑠
∗) = 1 and 𝑞𝑝+𝑖 = 𝑟∗𝑖−1

−1 ⋯ 𝑟∗1
−1𝑟∗0

−1𝑞𝑝.

To prove (23)≥(22), we note that one can, by compactness of 𝑍0 × Γ[𝑝] and continuity of 𝐹𝑁 ,
always find a sequence 𝑠(𝑁) such that

max
(𝗉,𝖯)∈𝑍0

𝐹𝑁(𝗉, 𝖯, 𝑠(𝑁)) = min
𝑠∈Γ[𝑝]

max
(𝗉,𝖯)∈𝑍0

𝐹𝑁(𝗉, 𝖯, 𝑠),
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which, as a consequence of Lemma A.2, further admits a convergent subsequence 𝑠(𝑁𝑖) ∈ Γ[𝑝]

whose limit 𝑠∗ satisfies

lim inf
𝑁→∞

min
𝑠∈Γ[𝑝]

max
(𝗉,𝖯)∈𝑍0

𝐹𝑁(𝗉, 𝖯, 𝑠) = lim
𝑖→∞

max
(𝗉,𝖯)∈𝑍0

𝐹𝑁𝑖
(𝗉, 𝖯, 𝑠∗). (A.10)

We henceforth fix 𝑟∗ = 𝑟(𝑠∗), 𝜆(𝑖),𝑗 = 𝜆(𝑖),𝑗(𝑠∗), and 𝜈(𝑖) = 𝜈(𝑖)(𝑠∗) as given in (A.3), (A.6), and
(A.7), respectively. Recall that, as argued in Proposition 4.1 (2), (𝐌,𝑟∗(𝑥)𝑎)𝑎∈0

depends only
on (𝑥𝑎)𝑎∈0

. Therefore, by choosing eigenvector 𝑣(0) satisfying (𝑣(0)
𝑎 )𝑎∈0

⩽ (𝜈(𝑝)
𝑎 )𝑎∈0, we derive

the following by the order-preserving property of 𝐌,𝑟:

lim
𝑖→∞

max
(𝗉,𝖯)∈𝑍0

𝐹𝑁𝑖,𝑝𝑁𝑖
(𝗉, 𝖯, 𝑠∗) = lim

𝑖→∞

𝑞𝑝(𝑠
∗)

𝑁 + 1
𝑑𝑝−1

log

(
max
𝑎∈0

𝑁−1
𝐌,𝑟∗(𝜈

(𝑝))

)

⩾ lim
𝑖→∞

𝑞𝑝(𝑠)

𝑁 + 1
𝑑𝑝−1

log

(
max
𝑎∈0

𝑁−1
𝐌,𝑟∗(𝑣

(0))

)
=

(
𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟∗𝑖
−1

)−1

log 𝜌𝑗
(𝐌,𝑟∗).

Particularly, the argument here also justifies that “min” in (22) is attained: For the very same 𝑟∗,
we see from the part (23)≤(22) that for any 𝑠 ∈ Γ[𝑝],(

𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟∗𝑖
−1

)−1

log 𝜌0
(𝐌,𝑟∗) ⩽ lim

𝑖→∞
min
𝑠′∈Γ[𝑝]

max
(𝗉,𝖯)∈𝑍0

𝐹𝑁𝑖
(𝗉, 𝖯, 𝑠′)

⩽ lim sup
𝑁→∞

max
(𝗉,𝖯)∈𝑍0

𝐹𝑁(𝗉, 𝖯, 𝑠) ⩽

(
𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟𝑖(𝑠)
−1

)−1

⋅ log 𝜌0
(𝐌,𝑟)

as desired.
We now prove (23)≤(24). To begin with, we fix onward 𝑠∗ to be a minimizer of (24) and hence

also 𝑟∗ = 𝑟(𝑠∗), 𝜆(𝑖),𝑗 = 𝜆(𝑖),𝑗(𝑠∗), and 𝜈(𝑖) = 𝜈(𝑖)(𝑠∗) as given in (A.3), (A.6), and (A.7), respectively.
In view of (A.5), it suffices to prove the inequality holds with 𝐹𝑁(𝗉, 𝖯, 𝑠∗) in (23) replaced by
𝐹𝑁,𝑝𝑁(𝗉, 𝖯, 𝑠∗). Under the circumstances, for all 𝑁 ∈ ℕ, we can choose, as in [3, Proposition 3.3],
a maximizer (𝗉∗, 𝖯∗) of 𝐹𝑁,𝑝𝑁(𝗉, 𝖯, 𝑠∗) satisfying the following: For all 0 ⩽ 𝑖 < 𝑝𝑁,

𝖯∗(𝑖)
𝑎,𝑏

=

⎧⎪⎨⎪⎩
𝜈(𝑖)
𝑏∑

𝑐∶𝐌𝑎,𝑐=1 𝜈(𝑖)𝑐

if𝐌𝑎,𝑏 = 1, 𝑎 ∈ −𝑖−1;

0 otherwise,

We should note that this expression is independent of 𝑁. Furthermore, without loss of general-
ity, we may assume 𝗉(𝑝𝑁) = 𝖾𝑎0

for all 𝑁 by passing to subsequence and changing our choice of
𝑎0 ∈ 0 if necessary. Next, we construct a periodic pair (𝗊∗, 𝖰∗) in the feasible domain of (24).
Suppose 𝑣(𝑗) ∈ +

𝑗
, 𝑗 ∈ [𝑝], are normalized eigenvectors given in Proposition 4.1 (b), which we

again extend periodically by setting 𝑣(𝑗) = 𝑣(𝑗+𝑝) for all 𝑗 ∈ ℤ. Notably, due to the uniqueness of
the eigenvectors, the following holds for all 𝑗 ∈ ℤ:

𝑣(𝑗−1) = Ψ𝐌,𝑟𝑗
(𝑣(𝑗))∕‖Ψ𝐌,𝑟𝑗

(𝑣(𝑗))‖.
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Our 1-periodic 𝖰∗ ∈ Υℤ+ is then defined by

𝖰∗(𝑖)
𝑎,𝑏

= 𝖰∗(0)
𝑎,𝑏

∶=

⎧⎪⎨⎪⎩
𝐌𝑎,𝑏𝑣

(𝑗)
𝑏∑

𝑐∶𝑐∈𝑗−1
𝐌𝑎,𝑐𝑣

(𝑗)
𝑐

if 𝑎 ∈ 𝑗−1;

0 otherwise.
(A.11)

As 𝖰∗(𝑖) = 𝖰∗(0) are irreducible, each of the matrix is, by the Perron-Frobenius theorem, associ-
ated with a unique probability vector 𝗊∗(𝑖) ∈ Γ ∩ +

𝑗
satisfying 𝗊∗(𝑖) = 𝗊∗(𝑖+1)𝖰(0) for all 𝑖 ∈ ℤ+. To

establish the aforementioned inequality, we need the following uniform estimate for the distance
between (𝗉∗, 𝖯∗) and (𝗊∗, 𝖰∗): There exists 𝐶 > 0 and 0 < 𝜃 < 1, independent of 𝑁, such that the
following holds for all 𝑛 ∈ ℤ+:

⎧⎪⎪⎨⎪⎪⎩
sup𝑎∈−𝑖−1

𝖽𝑣((𝖯
∗(𝑖)
𝑎,𝑏

)𝑏∈, (𝖰∗(𝑖)
𝑎,𝑏

)𝑏∈) ⩽ 𝐶𝜃𝑖,

𝖽𝑣(𝗉
∗(𝑖), 𝗊∗(𝑖)) ⩽ 𝐶(𝜃𝑖 + 𝜃𝑝𝑁−𝑖),

|𝗉∗(𝑖+1)𝐷KL(𝖯
∗(𝑖)||𝐌) − 𝗊∗(𝑖+1)𝐷KL(𝖰

∗(𝑖)||𝐌)| ⩽ 𝐶(𝜃𝑖 + 𝜃𝑝𝑁−𝑖).

The first estimate results from Proposition 4.1 (3). For the second, note that

𝖽𝑣

(
𝗉∗(𝑖), 𝗊∗(𝑖)

)
= 𝖽𝑣

(
𝖾𝑎0

𝑝𝑁−𝑖∏
𝓁=1

𝖯∗(𝑝𝑁−𝓁), 𝗊∗(𝑖)
)

⩽ 𝖽𝑣

(
𝖾𝑎0

𝑝𝑁−𝑖∏
𝓁=1

𝖯∗(𝑝𝑁−𝓁), 𝖾𝑎0

𝑝𝑁−𝑖∏
𝓁=1

𝖰∗(𝑝𝑁−𝓁)

)
+ 𝖽𝑣

(
𝖾𝑎0

(𝖰∗(0))𝑝𝑁−𝑖, 𝗊∗(𝑖)
)

⩽ 𝐶 ⋅
𝜃𝑖

1 − 𝜃
+ 𝐶′ ⋅ 𝜃′𝑝𝑁−𝑖

,

where the first term in the last line follows from the first estimate and the second from the Perron–
Frobenius theorem. Finally, the last estimate is a consequence of the former together with the
observation 𝑥 ↦ 𝑥 log 𝑥 is Lipschitz on any compact subinterval of (0,1). To complete the proof,
note that 𝑞𝑖,𝑁(𝑠∗) = 𝑂(1∕𝑁), and thus,

|𝐹𝑁,𝑝𝑁(𝗊∗, 𝖰∗, 𝑠∗) − 𝐹𝑁,𝑝𝑁(𝗉∗, 𝖯∗, 𝑠∗)| ⩽ 𝑝𝑁−1∑
𝑖=0

𝑞𝑖,𝑁(𝑠∗)𝐶(𝜃𝑖 + 𝜃𝑝𝑁−𝑖) → 0 as 𝑁 → ∞.

The proof of the remaining inequalities is rather straightforward: (23)≥(24) follows from
definition, while (24)≥(25) is the weak duality.
To prove the irreducibility of optimal transitionmatrix, we first note that if𝐌′ ≺ 𝐌, then𝐌′,𝑟

still maps 𝑗 into 𝑗 , and thus, 𝜌𝑗
(𝐌′,𝑟) in Proposition 4.1 (2) are still well defined.We then sup-

pose that (𝗉∗, 𝖯∗, 𝑠∗) is an optimizer of (25), 𝑟∗ is aminimizer of (22), and 𝑣(0) ∈ 0 is an eigenvector
of 𝐌,𝑟∗ . Now, if 𝖯

(0)
𝑎′,𝑏′ = 0 yet𝐌𝑎′,𝑏′ = 1 for some 𝑎′, 𝑏′ ∈ , we denote the incidence matrix of

𝖯(0)
𝑎′,𝑏′ as𝐌′ and write

𝑍′
0 = {(𝗉, 𝖯) ∈ 𝑍0 ∶ 𝖯(𝑖)

𝑎′,𝑏′ = 0 for all 𝑖 ∈ ℤ+}.
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We can then reproduce (22)≥(23) as before:

inf
𝑟∈𝑝,𝑑

(
𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟−1
𝑖

)−1

⋅ log 𝜌0
(𝐌′,𝑟) ⩾ lim sup

𝑁→∞
min
𝑠∈Γ[𝑝]

max
(𝗉,𝖯)∈𝑍′

0

𝑝−1∑
𝑚=0

𝑠𝑚

𝑝𝑁−1∑
𝑛=0

𝑡∗𝑛,𝑁𝑓𝑛+𝑚(𝗉, 𝖯).

Additionally, we note that (23)≥(24)≥(25) follows naturally by definition. These altogether imply
that

inf
𝑟∈𝑝,𝑑

(
𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟−1
𝑖

)−1

⋅ log 𝜌0
(𝐌′,𝑟)

⩾ max
(𝗉,𝖯)∈𝑍0∶

𝖯 is 1-periodic
𝗉 is 𝑝-periodic

min
𝑠∈Γ[𝑝]

𝑝−1∑
𝑚=0

𝑠𝑚𝑚∶∞(𝗉, 𝖯) =
𝑝−1∑
𝑚=0

𝑠∗𝑚𝑚∶∞(𝗉∗, 𝖯∗)

= min
𝑟∈𝑝,𝑑

(
𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟−1
𝑖

)−1

⋅ log 𝜌0
(𝐌,𝑟).

(A.12)

However, since 𝐌 is irreducible, there exists 𝑛 such that 𝑛
𝐌′,𝑟∗

(𝑣(0))𝑎 < 𝜌0
(𝐌′,𝑟)

𝑛𝑣(0)
𝑎 for all

𝑎 ∈ 0. As a consequence of the Collatz–Wielandt formula [19, Theorem 5.6.1], we deduce that

𝜌0
(𝐌′,𝑟∗) = 𝜌0

(𝑛
𝐌′,𝑟∗

)1∕𝑛 ⩽ max
𝑎∈0

(
𝑛

𝐌′,𝑟∗
(𝑣(0))𝑎

𝑣(0)
𝑎

)1∕𝑛

< 𝜌0
(𝐌,𝑟∗).

This implies

inf
𝑟∈𝑝,𝑑

(
𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟−1
𝑖

)−1

⋅ log 𝜌0
(𝐌′,𝑟) ⩽

(
𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟∗𝑖
−1

)−1

⋅ log 𝜌0
(𝐌′,𝑟∗)

<

(
𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟∗𝑖
−1

)−1

⋅ log 𝜌0
(𝐌,𝑟∗) = min

𝑟∈𝑝,𝑑

(
𝑝−1∑
𝓁=0

𝓁∏
𝑖=0

𝑟−1
𝑖

)−1

⋅ log 𝜌0
(𝐌,𝑟),

contradicting (A.12). Hence, 𝖯∗ ∼ 𝐌 is irreducible. In this case, the only feasible 𝗉(0) is the left
eigenvector of (𝖯(0))𝑝 in 0. □

APPENDIX B: PACKING DIMENSION OF 𝐌 WHEN𝐌 IS IRREDUCIBLE
When the incidence matrix 𝐌 is irreducible, the packing dimension satisfies dim𝑃 𝐌 =
dim𝐵𝐌 = 𝑑 ⋅ ℎ𝑡𝑜𝑝(𝐌), a result that, to the best of our knowledge, has not been explicitly
addressed in the literature. For completeness, we provide a proof below.
Proposition B.1. Suppose that𝐌 is an irreducible incidence matrix. Then, dim𝑃 𝐌 = dim𝐵𝐌 =
𝑑 ⋅ ℎ𝑡𝑜𝑝(𝐌).

Proof. Since dim𝑃 𝐌 ⩽ dim𝐵𝐌 by definition and dim𝐵𝐌 = 𝑑 ⋅ ℎ𝑡𝑜𝑝(𝐌) as discussed in
Section 4, it remains to show dim𝑃 𝐌 ⩾ 𝑑 ⋅ ℎ𝑡𝑜𝑝(𝐌).



HAUSDORFF DIMENSION OF IRREDUCIBLE MARKOV HOM TREE-SHIFTS 37 of 39

We recall that when𝐌 is irreducible, there exists 𝑎 ∈  such that

lim
𝑛→∞

log |||{𝑢 ∈ 𝐵𝑝𝑛(𝐌) ∶ 𝑢𝜖 = 𝑎
}||||Δ𝑝𝑛| = ℎ𝑡𝑜𝑝(𝐌), (B.1)

where 𝑝 is the common period of the states. This result appears as early as in [24, Proposition 3.1]
and follows also as a consequence of [3, Theorem 3.1]. We henceforth fix 𝑎0 in assumption (A1) to
be one satisfying (B.1). The remainder of the argument is based on the mass distribution principle
and is somewhat similar to Section 4.3.
Due to irreducibility, there exists 𝑛0 ∈ ℕ and a collection  = {(𝑏𝑎,𝑖)0⩽𝑖⩽𝑝𝑛0

: 𝑎 ∈ } of admis-
sible paths from 𝑎 to 𝑎0 by incidence matrix𝐌, namely, 𝑏𝑎,0 = 𝑎, 𝑏𝑎,𝑝𝑛0 = 𝑎0, and𝐌𝑏𝑎,𝑖 ,𝑏𝑎,𝑖+1 = 1

for all 𝑖. Choose increasing sequences (𝑁𝑘)𝑘∈ℕ, (𝑁𝑘)𝑘∈ℕ ⊂ ℕ with each term divisible by 𝑝 such
that lim𝑘→∞ 𝑁𝑘+1∕𝑁𝑘 = ∞ and that

0 = 𝑁0 < 𝑁1 < 𝑁1 ∶= 𝑁1 + 𝑝𝑛0 < 𝑁2 < 𝑁2 ∶= 𝑁2 + 𝑝𝑛0 < ⋯

We iteratively define a measure ℙ over cylinder sets 𝑁𝑘
(𝑘 ∈ ℤ+) that concentrates on

configurations with states 𝑎0 on the boundary:

ℙ
(⋃{

[𝑢] ∈ 𝑁𝑘
∶ 𝑢g = 𝑎0, ∀g ∈ Ξ𝑁𝑘

})
= 1. (B.2)

To begin, define ℙ by ℙ([𝑎0]) = 1. Suppose that ℙ is defined for 𝑁𝑘
and satisfies (B.2), extend it

to a measure over 𝑁𝑘+1
by first distributing uniform mass to each admissible configuration in

[𝑢] ∈ 𝑁𝑘+1
:

ℙ([𝑢]) = ℙ([𝑢|Δ𝑁𝑘
])
||||{𝑣 ∈ 𝐵𝑁𝑘∶𝑁𝑘+1

∶ 𝑣g = 𝑎0, ∀g ∈ Ξ𝑁𝑘

}||||−1

= ℙ([𝑢|Δ𝑁𝑘
])

(||||{𝑣 ∈ 𝐵𝑁𝑘+1−𝑁𝑘
∶ 𝑣𝜖 = 𝑎0

}||||
)−𝑑𝑁𝑘

,

(B.3)

and then giving all its mass to the (unique) configuration𝑤 ∈ 𝑁𝑘+1
whose paths from level𝑁𝑘+1

to 𝑁𝑘+1 are of the form of 𝑏𝑎,𝑖:

ℙ([𝑤]) =

{
ℙ([𝑤|Δ𝑁𝑘+1

]) if (𝑤g )g′⩽g⩽g′′ ∈ , ∀g ′ ∈ Ξ𝑁𝑘+1
, g ′′ ∈ Ξ𝑁𝑘+1

0 otherwise.

In this manner, the resultant ℙ satisfies (B.2) for configurations in 𝑁𝑘+1
. This definition

uniquely extends ℙ to a probability measure supported in 𝐌. In addition, combining (B.3) with
lim𝑘→∞ 𝑁𝑘+1∕𝑁𝑘 = ∞ and (B.1), we have almost surely,

lim sup
𝑛→∞

logℙ(𝐵𝑟(𝑋))

log 𝑟
= lim sup

𝑛→∞
−
logℙ([𝑋|Δ𝑛

])|Δ𝑛−1| = 𝑑 ⋅ ℎ𝑡𝑜𝑝(𝐌).

To conclude the proof, we apply themass distribution principle toℙ. Note that∪∞
𝑖=0

𝑖 is a count-
able collection of sets and that for two cylinder sets, either they are disjoint or one is contained in
the other. Hence, given any 𝛿 < 𝑑 ⋅ ℎ𝑡𝑜𝑝(𝐌), any countable partition (𝑆𝑖)𝑖∈ℕ of supp(ℙ), and every
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𝜀 > 0, one can find for each 𝑆𝑖 a disjoint countable 𝜀-cover 𝑖 (and hence an 𝜀-packing) satisfying

𝑟𝛿 ⩽ ℙ(𝐵𝑟(𝑡)) for all 𝐵𝑟(𝑡) ∈ 𝑖 ,

where 𝐵𝑟(𝑡) denotes the closed 𝑟-ball centered at 𝑡. This implies that the packing premeasure
𝑃𝛿
0(𝑆𝑖) is bounded from below by ℙ(𝑆𝑖):

𝑃𝛿
0(𝑆𝑖) ⩾

∑
𝐵𝑟(𝑡)∈𝑖

𝑟𝛿 ⩾
∑

𝐵𝑟(𝑡)∈𝑖

ℙ(𝐵𝑟(𝑡)) ⩾ ℙ(𝑆𝑖),

and therefore,

∞∑
𝑖=1

𝑃𝛿
0 (𝑆𝑖) ⩾ 1.

As a result, the packing measure 𝑃𝛿(supp(ℙ)) is at least 1. This proves dim𝑃 𝐌 ⩾ dim𝑃 supp(ℙ) ⩾

𝑑 ⋅ ℎ𝑡𝑜𝑝(𝐌). □
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Abstract
We prove a van der Corput lemma for non-atomic self-similar measures μ. As an 

(xn mod 1)n≥1 
converge to the Poissonian model for μ-a.e. x, assuming x > 1. We also complete 
a recent result of Algom, Rodriguez Hertz, and Wang (obtained simultaneously by 
Baker and Banaji), showing that any self-conformal measure with respect to a non-

1 Introduction

1.1 A van der Corput lemma for fractal measures

A fundamental result in harmonic analysis is the van der Corput Lemma:
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Proposition [37, Proposition 2 in Chapter 8] Let g be a real-valued smooth function 
on an interval J ⊂ R. Suppose |g(k)(x)| ≥ 1  for all x ∈ J , where k ≥ 1  is an inte-
ger. If k = 1  and g′ is monotonic, or if k > 1 , then

 

∣∣∣∣
∫

J

e2πiλg(x)dx

∣∣∣∣ ≤ ckλ− 1
k for λ > 0, whereck > 0isindependentofλ. (1)

The purpose of this paper is to prove variants of this result when the underlying 
measure in (1) is a self-similar measure, while assuming as little as possible about the 
smoothness of the phase function g
of sequences of the form (xn mod 1)n≥1 where x is drawn according to such a mea-

Φ = {f1, ..., fn}
of real non-singular contracting similarity maps of a compact interval J ⊂ R. That 
is, for every i we can write fi(x) = ri · x + ti where ri ∈ (−1, 1) \ {0} and ti ∈ R, 
and fi(J) ⊆ J . We will refer to Φ as a self-similar IFS

∅ �= K = KΦ ⊆ J  such that

 
K =

n⋃
i=1

fi(K).

The set K is called a self-similar set, and the attractor Φ. We always 
i �= j fi

point of fj . This ensures that K
p = (p1, ..., pn) be a strictly positive probability vector, that is, pi > 0 

for all i and 
∑

i pi = 1
measure μ such that

 
μ =

n∑
i=1

pi · fiμ, where fiμ is the push-forward of μ via fi. (2)

The measure μ is called a self-similar measure, and is supported on K. Our assump-
tions that K pi > 0 for every i are known to imply that μ is non-

standard fact that the Lebesgue measure on any bounded interval is a self-similar 
measure, but there are many self-similar measures that are not absolutely continuous.

We can now state one of the main results of this paper:

Theorem 1.1 Let μ be a non-atomic self-similar measure supported on an inter-
val J ⊆ R. Let g ∈ C k(J ) for some integer k ≥ 2  be such that for some c0 > 0 , 
max2≤j≤k |g(j)(x)| ≥ c0  for all x ∈ J . Then there exist constants τ = τ(μ, k) and 
C = C (g) > 0  such that

1 3



Van der Corput and metric theorems for geometric progressions for…

 

∣∣∣∣
∫

J

e2πig(x)λdμ(x)
∣∣∣∣ ≤ Cλ−τ for λ > 0. (3)

g is only required to 
be C1+γ(R) 1.6  for 
more details.

τ  as in Theorem 1.1 depends on the geometry of μ, and is uniform 
across all g 1.5 for comments on quantitative 

1.1 had been established in the 
past: Kaufman [22] proved, among other things, that if g is any C2

on [0, 1] such that g′′ > 0, then (3) holds for the Cantor-Lebesgue measure on the 

31
all non-

atomic self-similar measures (with no further assumptions). Theorem 1.1 settles this 

Rodriguez Hertz, and Wang [5, 7] recently proved logarithmic decay for C1+γ(R) 

required for our corresponding result, Theorem 1.6  for more 
details.

We also remark that, simultaneously and independently of our work, Baker and 
Banaji [10

for self-similar measures as in [

-
tion of Tsujii’s large deviations estimate [ 1.5), and apply this to study 

(xn mod 1)n≥1 1.2). However, 
both results can be applied to show that any non-atomic self-conformal measure with 

stated in the recent work of Algom, Rodriguez Hertz, and Wang [6, Corollary 1.2]. 
1.3 for more details.

1.2 Applications to higher order correlations of sequences modulo 1

A sequence (xn)n≥1 taking values in [0, 1) is called uniformly distributed or equidis-
tributed if for any sub-interval J ⊆ [0, 1),

 
lim

N→∞
1
N

� {1 ≤ n ≤ N : xn ∈ J} = |J |, where |J | := the Lebesgue measure of J.

A real valued sequence (xn)n≥1 is called uniformly distributed modulo one if the 
sequence of fractional parts ({xn})n≥1 ⊂ [0, 1) is uniformly distributed in [0, 1). 

interval. The  statistics of sequences modulo one, which describe the behav-

1 3
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iour of a sequence on the scale of mean gap 1/N, has attracted growing attention 
k-level cor-

relations and the distribution of level spacings (also called nearest-neighbour gaps), 

N ≥ 1 and k ≥ 2 let Uk = Uk(N) denote the set of distinct 
integral k-tuples taking values in {1, . . . , N}. That is,

 Uk = {u = (u1, . . . , uk) : ui ∈ {1, . . . , N}, ui �= uj for all i �= j} .

u ∈ Uk and real valued sequence (xn)n≥1

 Δ(u, (xn)n≥1) = (xu1 − xu2 , . . . , xuk−1 − xuk
) ∈ R

k−1.

Given f : Rk−1 → R with compact support, the k-level correlation function is 

 
Rk(f, (xn)n≥1, N) := 1

N

∑
u∈Uk

∑
l∈Zk−1

f(N(Δ(u, {xn}n≥1) + l)).

 
lim

N→∞
Rk(f, (xn)n≥1, N) =

∫
Rk−1

f(x)dx, ∀f ∈ C∞
c (Rk−1) (5)

then we say that the k-level correlation of ({xn})n≥1 is Poissonian. This notion 
alludes to the fact that such behaviour is consistent with the almost sure behaviour of 
a Poisson process with intensity one.

sequence ({xn})n≥1, that is, the gaps between consecutive elements of ({xn})n≥1. 
N ≥ 1, we reorder the sequence {xn}N

n=1 and label them as

 0 ≤ θ1,N ≤ θ2,N ≤ · · · ≤ θN,N ≤ 1, and set θ0,N := θN,N − 1 (mod 1).

s ≥ 0 the limit as N → ∞ of the function

 
G(s, {xn}n≥1, N) := 1

N
� {1 ≤ n ≤ N : N (θn,N − θn−1,N ) ≤ s}

G(s) is called the asymptotic distribution function of 
the level spacings of ({xn})n≥1. We say that the level spacings are Poissonian if 
G(s) = 1 − e−s, which agrees with the distribution of the waiting time of a Poisson 
process with intensity one. We refer the reader to [2
how these notions are used to capture pseudo-randomness properties of sequences.

Recently, Aistleitner and Baker [1] proved that ({αn})n≥1 has Poissonian pair 
correlations for almost every α > 1
that such sequences are equidistributed (almost surely), since it is well known that a 
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sequence with Poissonian pair correlations is always equidistributed [3, 20, ]. Aist-
leitner and Baker [1] further conjectured that typically such sequences should have 
Poissonian k-level correlations. Very recently, Aistleitner, Baker, Technau, and Yesha 
[2] proved this conjecture, and thus obtained that the level spacings of {αn}n≥1 are 
Poissonian for a.e. α > 1 k-level cor-
relation of a sequence is Poissonian for all k ≥ 2, then the level spacings are also 
Poissonian [

The results cited in the previous paragraph hold for α distributed according to 
α is 

distributed according to an arbitrary non-atomic self-similar measure.

Theorem 1.2 Let μ be a non-atomic self-similar measure on R such that μ-a.e. x is 
larger than 1. Let ξ ∈ R \ {0}. Then for μ-almost every x the k-level correlation of 
({ξxn})n≥1  is Poissonian for all k ≥ 2 . In particular, the level spacings are also 
Poissonian, and the sequence ({xn})n≥1  is uniformly distributed.

Baker [ ] recently proved that for some self-similar measures, ({xn})n≥1 is uni-
-

lates of the Cantor-Lebesgue measure on the middle-thirds Cantor set. Baker further 
conjectured [ , Conjecture 1.1] that this should hold for all self-similar measures 
supported on [1, ∞). Theorem 1.2 proves this conjecture. Also, as the Lebesgue mea-
sure restricted on any interval is a self-similar measure, Theorem 1.2 generalizes the 
results of [2
of the Lebesgue case treated in that paper.

Let us now say a brief word about the relation between Theorem 1.1, which 

μ, and Theorem 1.2
({xn})n≥1 where x ∼ μ. The idea is that, by virtue of Poisson summation and an 
observation of Technau and Yesha [ , Proposition 7.1] (see also Proposition  
below), the limit of the k-level correlations in (5 τ > 0 that is 
independent of the f ∈ C∞

C (Rk−1) we have

 

∥∥∥∥∥∥
1

Nk

∑
l∈Zk−1\{0}

f̂

(
l

N

) ∑
u∈Uk

e
−2πi

∑k−1
j=1

lj(xuj −xuj+1 )

∥∥∥∥∥∥
L2(μ)

= O
(
N−τ

)
, as N → ∞.

 we will prove super-polynomial decay of the μ-means of individual 
oscillatory integrals that arise from the sum above. This can be recast as providing 
a uniform van der Corput estimate for phases arising from a certain family of poly-

1.1. These estimates 
rely on a non-trivial adaptation of the proof of our main technical result, Theorem 
1.6 .
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1.3 Applications to fourier decay of self-conformal measures with respect to real 

analytic IFSs

An important special case of Theorem 1.1 is when the phase g is real analytic and 
2.7 proved below, Theorem 1.1 applies to such phase 

functions, and we thus obtain the following notable corollary:

Corollary 1.3 Let μ be a non-atomic self-similar measure supported on an interval 
J ⊆ R, and let g ∈ C ω(J )
τ > 0  and C > 0  such that

 

∣∣∣∣
∫

J

e2πig(x)λdμ(x)
∣∣∣∣ ≤ C |λ|−τ

, as |λ| → ∞. (6)

Corollary 1.3
self-conformal measures: Let Φ be a Cω(J)
in Φ are real analytic strict contractions on the interval J. A great deal of attention has 

2) with respect to 

Gauss map in number theory [21 SL(2,R) 
cocycles [ , 

12, 27, 32], among others.
Combining Corollary 1.3 with very recent results of Algom, Rodriguez Hertz, 

and Wang [6
as long as Φ ν̂(λ)
transform of a Borel probability measure ν, we have:

Theorem 1.4 Let Φ be a C ω(R) IFS. If Φ
atomic self-conformal measure ν admits some τ > 0  such that

 
ν̂(λ) = O

(
1

|λ|τ
)

as |λ| → ∞.

[6, Corollary 1.2]. The last part of its proof in [6
(6) that was announced in [6, Theorem 6.5]. Thus, with (6) we complete the proof of 
Theorem 1.1 that Baker and 
Banaji [10] obtained Theorem  simultaneously and independently of our work. 

11] regarding the non-linearizable case.
-
-

35, Theorem 1.1] by removing their total non-linearity and separation 
25, 26 -

stenberg measures, Bourgain-Dyatlov [12
11] about totally non-linear C2 5, 7]. 
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] for more discussion about the recent breakthroughs on the 

17 ] 

36
for self-similar measures we refer to [7, 13, , 16, 17, , 31, 33, 36, , ] and 
references therein.

1.4 Main technical theorem: van der Corput for phases with non-flat derivatives

1.6
implies Theorem 1.1, and thus Corollary 1.3, as special cases. The results regarding 

1.2, follow from Theorem , which requires 
1.6

A ⊆ R let 
Nr(A) denote the minimal number of balls of diameter r needed to cover A.

Definition 1.5 Let 0 < δ ≤ 1. A function h : R → R is called δ -
val J ⊂ R if:

ε > 0 n0 = n0(ε) ≥ 1 such that for all n > n0 and every 
bounded subset A ⊂ J  we have

 N2−δn(A) ≥ 2εn ⇒ diam(h(A)) ≥ 2−n.

The idea is that the range of a δ
R are 

0 < δ1 < δ2 ≤ 1, δ2 δ1
addition, in [

C1 h ∈ C1(J) is 
c ∈ J  if there is a C2(R, J) ϕ such that ϕ(0) = c 

and h ◦ ϕ
2.3 that, locally, if h

1.5.
We can now state our main technical result.

Theorem 1.6 Let μ be a non-atomic self-similar measure supported on a closed inter-
val J ⊆ R. Let g ∈ C 1+α(J ) for some 0 < α ≤ 1 . Suppose that g′ is δ
J, where 0 < δ ≤ 1 . Then there exist constants τ = τ(μ, δ, α) and C = C (g) > 0  
such that

 

∣∣∣∣
∫

e2πig(x)λdμ(x)
∣∣∣∣ ≤ Cλ−τ for λ > 0.

1 3



A. Algom et al.

By Lemma 2.6 if g ∈ Ck(J) with k ≥ 1 and there is some c0 > 0 with 
max1≤j≤k |g(j)(x)| ≥ c0 for all x ∈ J , then it is 1

2k 1.6 
implies Theorem 1.1 h ∈ C1+α(J). 

1.5 -
h−1 h(J)). 

Based on this heuristic, we believe a function g ∈ Ck(J) as above should, in fact, be 
1
k

τ , as discussed at 

1.5 Outline of method

1.1. We work under the stronger 
assumption that the phase g g′′ > 0

μ 
be a non-atomic self-similar measure supported on, say, [0, 1], and let g ∈ C2([0, 1]) 

g′′ > 0 α > 0 such 
that for λ > 0

 

∣∣∣∣
∫ 1

0
e2πig(x)λdμ(x)

∣∣∣∣ = O
(
λ−α

)
.

22] and Mosquera-
31

in Φ = {f1, ..., fn} share the same contraction ratio. Here, the measure μ is known to 

 ̂
μ(λ) =

∞∏
k=1

(
n∑

i=1
pi exp

(
2πtir

kλ
))

, where fi(x) = r · x + ti for each 1 ≤ i ≤ n.

polynomial decay outside of a sparse set of frequencies:

 ∀ε > 0 ∃c0 > 0 s.t. for T � 1,
{

λ ∈ [−T, T ] : |μ̂(λ)| ≥ T −c0
}

can be covered by T ε intervals of length 1. (7)

31, Proposition 2.3] proved a quantitative version of 
-

sion of gμ in some cases. The proof then proceeded by combining the previous two 
31, Theorem 3.1]. Tsujii [ 7) to all self-

similar measures (without relying on convolution structure). Recently, Khalil [23, 

The main innovation of this paper is the introduction of a new method to obtain 
gμ from a large deviations estimate as in (7), for μ 
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without a convolution structure, and for more general phase functions. Our initial 
observation is that we can rewrite (7) as follows:

 ∀ε > 0 ∃c > 0 s.t. for t � 1, �
{

n ∈ Z : ∃λ ∈ [n, n + 1] ∩ [−et, et] such that |μ̂(λ)| ≥ e−c·t} ≤ eε·t.

Φ = {f1, ..., fn} 
and denote A := {1, .., n} i ∈ A we write

 fi(x) = ri · x + ti, where 0 < |ri| < 1 and ti ∈ R.

ω ∈ A∗ := ∪i≥1Ai of length |ω| = � write, recalling that μ = μp for the 
probability vector p = (p1, ..., pn),

 rω := rω1 · · · rω�
, and fω(x) = rω · x + tω, where tω := fω(0), and also pω = pω1 · · · pω�

.

ω ∈ A∗ let ω− denote the word of length |ω| − 1 obtained from ω by 
b > 0 we con-

sider the following cut-set of AN:

 Wb = {ω ∈ A∗ : |rω| ≤ b < |rω− |} . (10)

C2 assumption, to 
linearize:

 

∣∣∣∣
∫ 1

0
e2πiλg(x)dx

∣∣∣∣ = |ĝμ (λ)| ≤
∑

ω∈Wb

pω · |μ̂ (g′(tω)rωλ)| + O
(
λ · b2) ,

where b = b(λ) > 0
ε > 0, there is a c0 > 0 such that ( ) 

holds when taking t ≈ log (λ · b). Thus, we can partition Wb into

 
X :=

{
ω : |μ̂ (g′(tω)rωλ)| ≥ |λ · rω|−c0

}
, and Wb \ X.

 

∑
ω∈Wb\X

pω · |μ̂ (g′(tω)rωλ)| < |λ · b|−c0 .

 

∑
ω∈X

pω · |μ̂ (g′(tω)rωλ)| .
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This is where ( ) and the non-linearity condition g′′ > 0 n ∈ Z 
such that:

 [n, n + 1] contains some g′(tω)rωλ with |μ̂ (g′(tω)rωλ)| ≥ |λ · rω|−c0 .

Roughly speaking, using the non-linearity of g
of g′), and the Hölder regularity of μ ( [ ] and Proposition 2.1), one can show that 
for some uniform s0 = s0(μ) > 0,

 

∑
ω∈Wb

pω · 1λ·g′(tω)·rω∈[n,n+1](ω) ≤ μ ( some ball of radius λ · b) = O
(

(λ · b)−s0
)

. (11)

The last displayed equation means that in each such interval [n, n + 1] the probability 
) means that the number of 

such “bad” intervals is sub-polynomial - here it can be shown to be less than (λ · b)ε. 
Thus, taking tally of our calculation and disregarding global multiplicative constants,

 

∣∣∣∣
∫ 1

0
e2πiλg(x)dx

∣∣∣∣ ≤ |λ · b|−c0 + |λ · b|ε · |λ · b|−s0 + |λ · b|2 .

This can be made polynomially small in λ by a careful choice of the parameters b and 
ε (note that s0 = s0(μ) and c0 = c0(ε) are not free for us to choose).

11) not on 
the full space Wb, but rather only upon a further partition of this space into those ω, η 
such that rω = rη. This introduces another factor, the number of such distinct rω, that 
is large in λ

b = b(λ), and so the proof 
goes through.

δ g′ into consideration in 
(11), the proof of Theorem 1.6

 
τ ≈ min{1

2 , c0,
s0 · δ

2 − ε}.

20) for more details (note that the 1
2

τ  deteriorates as δ -
1.1, this translates to slower decay rates as k ≥ 2, via Lemma 2.6. 

Also, in Tsujii’s estimate ( ) the dependence of c0 on ε

31], our method does 
31, 

Corollary 3.3]. Thus, the question of optimal decay rates remains open.
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2 Preliminaries

2.1 Some properties of self-similar measures

1 1.5 -
Φ = {f1, ..., fn}, A := {1, .., n}, and the use of ( ) for 

symbolic notation. Recall that there is no loss of generality in assuming that

 K := KΦ ⊆ [0, 1].

This assumption will be retained throughout the paper.
Recall that we are working with a self-similar measure μ = μp with respect to a 

strictly positive probability vector p ∈ P(A) KΦ
is well known to imply that μ ], 
μ

Proposition 2.1 [19, Proposition 2.2] Let μ be a non-atomic self-similar measure. 
Then there exists some s0 = s0 (μ) > 0  such that for all r > 0

 
sup
x∈R

μ (B(x, r)) = O (rs0) .

Proposition 2.1 μ is non-zero. We remark 
that it is quite common for this attribute of the measure to appear when estimating 

5, 7, , 31
it as well.

Wb as in (10). We denote the set of the 
corresponding contraction ratios by

 Cb := {rω : ω ∈ Wb} ⊆ (−1, 1). (12)

We proceed to record a number of standard facts. Recall that |A| = n ω ∈ Ap we 
write [ω] to denote the set of all η ∈ AN such that η|p = ω|p.

Lemma 2.2 The following statements hold true for every b > 0 : 

1. The collection of sets {[η] : η ∈ Wb} forms a partition of AN

 |Cb| = O (log b) , where the implicit constant is uniform in b.

g : R → R, 

 

∫ 1

0
e2πiλg(x) dμ(x) = ĝμ (λ) =

∑
ω∈Wb

pω · μ̂ (g (fω(x)) λ) .
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-
lows from the stationarity of μ via Part (1).

η ∈ A∗ recall that we write

 fη(x) = rη · x + tη, where tη := fη(0).

assuming μ is supported on [0, 1].

Lemma 2.3 Let g ∈ C 1+α([0 , 1 ]) where α ∈ (0 , 1 ]. Then for all x ∈ [0 , 1 ] and 
η ∈ A∗,

 g ◦ fη(x) − g(tη) − g′(tη) · rη · x = Og

(
r1+α

η

)
. (13)

Proof y = y(x, η) ∈ [0, 1] such that

 g ◦ fη(x) = g(tη) + g′(fη(y)) · rη · x.

As g′ ∈ Cα([0, 1]) and |x|, |y| ≤ 1, we thus have

 |g ◦ fη(x) − g(tη) − g′(tη) · rη · x| = |g′(fη(y)) − g′(tη)| · |rη| · |x| ≤ Og (|fη(y) − fη(0)|α) · |rη| = Og

(
r1+α

η

)
.

 �

2.2 On Tsujii’s large deviations estimate

1.5
from [ ]. Writing P(X) for the family of Borel probability measures on the space X, 
and recalling that |·| stands for the Lebesgue measure on R, we have:

Theorem 2.4 [40] Let μ ∈ P(R) be a non-atomic self-similar measure. Then

 
lim

c→0+
lim sup

t→∞
1
t

log
∣∣{λ ∈ [−et, et] : |μ̂(λ)| ≥ e−c·t}∣∣ = 0.

Corollary 2.5 Let μ ∈ P(R) be a non atomic self-similar measure. Then

 
lim

c+0+
lim sup

t→∞
1
t

log �
{

n ∈ Z : ∃λ ∈ [n, n + 1] ∩ [−et, et]suchthat |μ̂(λ)| ≥ e−c·t} = 0.

ε > 0 c0 > 0  such that for all t large enough,
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 �
{

n ∈ Z : ∃λ ∈ [n, n + 1] ∩ [−et, et]suchthat |μ̂(λ)| ≥ e−c·t} ≤ eε·t.

Proof μ
-

ous [30

Thus, if for some c > 0, t > 0 and λ ∈ R we have

 |μ̂(λ)| ≥ e−c·t,

then, assuming t is very large (depending on c), for every s ∈ [λ − e−2ct, λ + e−2ct] 
we have

 
|μ̂(s)| ≥ 1

2 · e−c·t.

This in turn implies that for every c > 0 and t = t(c) > 0 large enough,

 

e−2ct�
{

n ∈ Z : ∃λ ∈ [n, n + 1] ∩ [−et, et] such that |μ̂(λ)| ≥ e−c·t}
≤
∣∣∣∣
{

λ ∈ [−et, et] : |μ̂(λ)| ≥ 1
2 · e−c·t

}∣∣∣∣ .

 and the 
last displayed equation. As ( ) is a formal consequence of this result, the corollary 
is proved.  �

2.3 Non-affine continuously differentiable functions are non-flat

-

Lemma 2.6 Let J ⊂ R be a closed interval and h ∈ C k(J ) for some integer k ≥ 1 . 
If

 
max

1≤j≤k
|h(j)(x)| ≥ 1forallx ∈ J, (15)

ρ > 0  such that h is 1
2k I ⊆ J  with 

|I | ≤ ρ.

We remark that in (15) we can replace 1 with any c0 > 0.

Proof h ∈ Ck(J) ρ > 0 such that
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max

0≤j≤k
sup
{

|h(j)(x) − h(j)(y)| : x, y ∈ J, |x − y| ≤ ρ
}

≤ 1
4  (16)

Let I ⊆ J  be any sub-interval with |I| ≤ ρ. We claim that h is 1
2k I.

h is not 1
2k I. We will show that this contradicts our 

assumption (15). Now, if h is not 1
2k I ε > 0, arbitrarily 

large n ≥ 1, and A ⊆ I  satisfying

 N2− n
2k

(A) ≥ 2nε, and diam(h(A)) < 2−n.

n large enough (depending on ε 2k+1 points {xi}2k+1

i=1 ⊆ A 
such that

 x1 < x2 < ... < x2k+1 , and dist (xi, xj) ≥ 2− n
2k for all i �= j.

We proceed to construct 2k = 2k+1/2 points {y
(1)
i }2k−1

i=0  as follows. By the previous 
two displayed equations, for each 0 ≤ i ≤ 2k − 1 y

(1)
2i ∈ [x2i+1, x2i+2] 

such that

 
|h′(y(1)

2i )| =
∣∣∣∣h(x2i+1) − h(x2i+2)

x2i+1 − x2i+2

∣∣∣∣ ≤ 2−n · 2 n
2k .

Note that the gaps between the (ordered) 2k points {y
(1)
2i }2k−1

i=0  are at least 
2− n

2k 2k−1 = 2k/2 points {y
(2)
i }2k−1−1

i=0

0 ≤ i ≤ 2k−1 − 1 y
(2)
4i ∈ [y(1)

4i , y
(1)
4i+2] such that

 
|h(2)(y(2)

4i )| =
∣∣∣∣∣h

′(y(1)
4i+2) − h′(y(1)

4i+4)
y

(1)
4i+2 − y

(1)
4i+4

∣∣∣∣∣ ≤ 2−n · 2 · (2 n
2k )2.

Note the use of the triangle inequality and the previous construction. Continuing this 
process k − 2 k points z1, z2, · · · , zk such that for every 
1 ≤ j ≤ k

 
|h(j)(zj)| ≤ 2−n · 2k−1 · (2 n

2k

)k ≤ 1
2 .

16), it follows that

 
max

1≤j≤k
sup
x∈I

|h(j)(x)| ≤ max
1≤j≤k

[
|h(j)(zj)| + sup

x∈I
|h(j)(x) − h(j)(zj)|

]
≤ 3

4 < 1.

This is a contradiction to our assumption (15). We thus conclude that h is not 1
2k -non-

I.  �
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1
2k  in Lemma 

2.6
factor 1

2  in the argument above can be replaced by an arbitrary constant c < 1
1

2k  could be improved to c
k , where c < 1 can be taken arbitrarily close 

to 1. However, it appears that the same argument does not yield the full improvement 
to 1

k .

Now, the following lemma is a direct consequence of the previous one:

Lemma 2.7 Let g ∈ C ω(J ) -
val J ⊆ R. Then there exist c > 0  and an integer k ≥ 2  such that for all x ∈ J ,

 
max

2≤j≤k
|g(k)(x)| ≥ c.

ρ > 0  such that g · 1
c  is 1

2k
I ⊆ J  with |I | ≤ ρ.

Proof
(xn)n≥1 in J such that max2≤j≤n |g(j)(xn)| ≤ 1

n  as n → ∞. By compactness, it has 
an accumulation point x ∈ J . Now the smoothness of g implies that g(j)(x) = 0 for 
all j ≥ 2 g(y) = g(x) + g′(x)(y − x) on J
function.  �

3 Proof of Theorem 1.6

1.6. Let μ = μp be our self-similar measure. We 
retain the assumption, without the loss of generality, that μ is supported on [0, 1], 

2 and 1.5. Let g ∈ C1+α([0, 1]) be such that g′ is a δ
[0, 1], and recall that 0 < δ ≤ 1.

Let λ > 0 τ = τ(μ, δ) > 0 and 
C = C(g) > 0 such that

 

∣∣∣∣
∫

e2πig(x)λdμ(x)
∣∣∣∣ ≤ Cλ−τ .

We will often work with big O-notation, and moreover sometimes even omit that for 
notational clarity, under the assumption that λ � 1
C can be worked out from our argument.

b = b(λ) > 0
Step 1: Linearization. 10),

 Wb = {ω ∈ A∗ : |rω| ≤ b < |rω− |}.

1 3



A. Algom et al.

Then we have:

 

|ĝμ (λ)| =
∣∣∣∣∣
∑

ω∈Wb

pω · μ̂ (g (fω(x)) λ)
∣∣∣∣∣

=
∣∣∣∣∣
∑

ω∈Wb

pω ·
∫

e2πiλ(g(tω)+g′(tω)·rω·x+O(r1+α
ω )) dμ(x)

∣∣∣∣∣
≤
∑

ω∈Wb

pω · |μ̂ (g′(tω) · rω · λ)| + O
(
b1+α · λ

)
.

 (17)

2.2 Part (2), and the second one follows from 
Lemma 2.3. The last one follows from the triangle inequality and since e2πiλx is 
a 2πλ rω = Θ (b) for all ω ∈ Wb, 
where Θ (·) is the standard big Theta notation.

 Recall 
12 r ∈ Cb

 Wb,r = {ω ∈ Wb : rω = r}.

Recalling that we are free to choose b = b(λ), we add the assumptions that as b → 0, 
for all ω ∈ Wb,

 |λ · rω| → ∞ and |λ · r1+α
ω | → 0.

Note that this must hold uniformly in ω ∈ Wb

r ∈ Cb, we may assume |λ · r| is arbitrarily large.
ε > 0 g ∈ C1+α([0, 1])

some C > 1 such that

 |g′(x)| < C for all x ∈ [0, 1].

) of Tsujii’s theorem (Theorem ) with this ε, there 
c0 = c0(ε) > 0 such that for all λ large enough, putting t = log |λ · r · C| 

such that it grows to ∞ with λ, we have

 
#
{

n ∈ Z : ∃ω ∈ Wb,r with λ · g′ (tω) · r ∈ [n, n + 1]
such that |μ̂ (λ · g′(tω) · r)| ≥ |λ · r · C|−c0

}
| ≤ |λ · C · r|ε

δ -
tion is used. Recall that s0 > 0 -
osition 2.1. Also, to streamline notation, let P = pN be the Bernoulli on AN. Let 
π : AN → K be the coding map π(η) = limn→∞ fη|n

(0), where η|n ∈ An is the 
n η π

(AN
)

= K and that πP = μ ω ∈ A∗ 
recall that [ω] = {η ∈ AN : η||ω| = ω}.
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Lemma 3.1 n ∈ Z,

 P ([ω] : ω ∈ Wk,r, λ · g′(tω) · r ∈ [n, n + 1]) = O
(

(r · λ)
δ·s0

2 · ((r · λ)−δ + 2r
)s0
)

.

Proof Let

 

A := {tω : ω ∈ Wk,r, λ · g′(tω) · r ∈ [n, n + 1]} = (g′)−1
([

n

r · λ
,

n + 1
r · λ

])
⋂

{tω : ω ∈ Wb,r} .

Then diam (g′(A)) ≤ 1
r·λ ε = s0

2 , we deduce from the δ-non-
g′ that

 N(r·λ)−δ (A) < (r · λ)
δ·s0

2 .

Note that here we are assuming λ π : AN → K is 
the coding map, for every ω ∈ Wb and η ∈ [ω] we have

 |π(η) − tω| = |π(η) − fω(0)| ≤ r.

tω ∈ I , where I is an interval of length (r · λ)−δ , then fω([0, 1]) belongs to an 
interval of size (r · λ)−δ + 2r. Thus, combining with our previous estimates,

 
N(r·λ)−δ+2r

⎛
⎝ ⋃

ω∈Wk,r : λ·g′(tω)·r∈[n,n+1]

fω([0, 1])

⎞
⎠ < (r · λ)

δ·s0
2 .

Applying Proposition 2.1 and Boole’s inequality, we obtain

 P ([ω] : ω ∈ Wk,r, λ · g′(tω) · r ∈ [n, n + 1]) = O
(

(r · λ)
δ·s0

2 · ((r · λ)−δ + 2r
)s0
)

.

This proves the lemma.  �
Step 3: Collecting the error terms. ) and the terms c0, C > 0 

from ( ), we partition Wk,r into two subsets:

 Wb,r,1 is the collection of all ω ∈ Wb,r such that 

 |μ̂ (g′(tω) · rω · λ)| ≥ |λ · r · C|−c0 .

 Wb,r,2 is the collection of all the other ω ∈ Wk,r, that is, 

 Wb,r,2 = Wb,r \ Wb,r,1.
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Now, for every r ∈ Ck, applying ( ) and Lemma 3.1 with the notation P as in that 
lemma yields

 

∑
ω∈Wb,r

pω · |μ̂ (g′(tω) · r · λ)| =
∑

ω∈Wb,r,1

pω · |μ̂ (g′(tω) · r · λ)| +
∑

ω∈Wb,r,2

pω · |μ̂ (g′(tω) · r · λ)|

≤
∑
n∈Z

P ([ω] : ω ∈ Wb,r,1 with λ · tω · r ∈ [n, n + 1]) +

P ([ω] : ω ∈ Wb,r,2) · |λ · r · C|−c0

≤ |λ · r · C|ε · O
(

(r · λ)
δ·s0

2 · ((r · λ)−δ + 2r
)s0
)

+ |λ · r · C|−c0 .

Combining this with (17) and Lemma 2.2 Part (1), noting that r = Θ (b) and omitting 
big-O notations, we obtain

 

|ĝμ (λ)| ≤
∑

ω∈Wb

pω · |μ̂ (g′(tω) · rω · λ)| +
∣∣b1+α · λ

∣∣
=
∑
r∈Cb

∑
ω∈Wb,r

pω · |μ̂ (g′(tω) · r · λ)| +
∣∣b1+α · λ

∣∣
� |Cb| ·

(
|λ · b · C|ε ·

∣∣∣(b · λ)
δ·s0

2 · ((b · λ)−δ + 2b
∣∣s0
)

+ |λ · b · C|−c0
)

+
∣∣b1+α · λ

∣∣
� log(b) ·

(
|λ · b · C|ε ·

∣∣∣(b · λ)
δ·s0

2 · ((b · λ)−δ + 2b
)s0
)

+ |λ · b · C|−c0
)

+
∣∣b1+α · λ

∣∣ .

 (20)

Here, we use the notation A � B to indicate that B is larger than A up to a uniform 
multiplicative constant.

Step 4: Choice of parameters and conclusion of the proof. Recall that we were 
given some λ, and that we may assume λ � 1. We are now in a position to determine 
b and ε 20), note that c0 = c0(ε), s0 = s0(μ), and that 
C = C(g) is a global constant (independent of λ). We also recall that before Lemma 
3.1 we added the conditions that as b → 0, uniformly for ω ∈ Wb,

 |λ · rω| → ∞ and |λ · r1+α
ω | → 0,

which is the same as asking that, as rω = Θ (b),

 |b · λ| → ∞ and |b1+α · λ| → 0 as λ → ∞.

Recalling that α > 0 γ such that

 
1

1 + α
< γ < 1.

We pick

 
b = λ−γ , ε = δ · s0

4 .
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Note that, as 0 < γ, δ, s0 ≤ 1,

 
ε(1 − γ) + δ · s0

2 (1 − γ) − s0 · γ ≤ 3s0
4 (1 − γ) − s0 · γ < 1.

Thus, omitting global multiplicative constants (in particular, the big-O notation, 
absolute values, and multiplicative constants), via (20) we have

 

|ĝμ (λ)| � log(λ) ·
(

|λ · b|ε ·
(

(b · λ)
δ·s0

2 · ((b · λ)−δ·s0 + bs0
))

+ |λ · b|−c0
)

+
∣∣b1+α · λ

∣∣
� log(λ) ·

(
λ−(1−γ)· s0·δ

4 + λε(1−γ)+ δ·s0
2 (1−γ)−s0·γ + λ−c0·(1−γ)

)
+ λ1−(1+α)·γ .

τ  as in Theorem 1.1. As a constant C can be worked out 
from this argument by re-considering the implicit constants in the omitted big-O and 
the � notations, Theorem 1.1 is proved.

4 Proof of Theorem 1.2

1.2. The general idea is to prove a quantitative 
van der Corput type estimate for a family of polynomials that arise naturally when 
considering the k-level correlation sums ( ), and the Poisson summation formula. 
Once this theorem is established, we will derive Theorem 1.2 from it via standard 
arguments.

Let us state the main technical theorem of this section:

Theorem 4.1 Let μ ∈ P([a, b]) be a non-atomic self-similar measure, where 
1 < a < b. Let k ≥ 2  be an integer, N � 1  and 0 < ε � 1 , and let g ∈ Z[x] be a 

 
g(x) =

k−1∑
j=1

lj(xuj − xuj+1) +
k−1∑
j=1

mj(xvj − xvj+1),  (21)

where|lj |, |mj | ∈ (0 , N 1+ε], 1 ≤ uk < . . . < u1 ≤ N , 1 ≤ vk < . . . < v1 ≤ N .

u1 > v1 , or u1 = v1  but l1 + m1 �= 0 u1 = deg(g) ≥ N 1
2k , 

τ > 0  such that

 

∣∣∣∣
∫

e2πig(x)dμ(x)
∣∣∣∣ ≤ a−Nτ

, (22)

where τ  is independent of g.
The proof of Theorem  will take up the majority of this section. We remark that 

its proof is based upon the scheme of proof of Theorem 1.6
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of our argument is devoted to the study of the polynomials as in (21). This discussion 

4.1 A covering lemma for a class of polynomials

of Theorem :

Definition 4.2 Let k ≥ 2 be an integer, and let N ≥ 2

 
Fk,N :=

⎧⎨
⎩

k∑
j=1

ljxuj : lj ∈ Z, lj �= 0, |lj | ≤ N4, uj ∈ Z, 0 ≤ uk < . . . < u1 ≤ N

⎫⎬
⎭ ⊆ Z[x]. (23)

By Descartes’ sign rule, each polynomial in Fk,N  has at most 2k distinct roots in R 
[15, Lemma 3]. We have the following quantitative covering Lemma concerning the 
elements of Fk,N .

Lemma 4.3 Fix an integer k ≥ 2  and reals 1 < a < b. For any ε > 0  there exists 
σ ∈ (0 , 1 ) such that for all large enough N and h ∈ Fk,N , there exist at most 2k + 2  
sub-intervals Ii ⊂ [a, b] satisfying: 

1. |Ii| ≤ a−Nσ

 for each i, and
2. |h(x)| ≥ au1−Nε

 for all x ∈ [a, b] \⋃i Ii.

Our proof of Lemma  relies on the following lemma.

Lemma 4.4 Fix an integer k ≥ 2  and reals 1 < a < b. Let m ≥ 1  and let 
P(x) ∈ R[x] be a polynomial such that deg(P) = m and:

 
P (x) =

m∑
j=0

ljxj , |lm| ≥ 1, �{0 ≤ j ≤ m : lj �= 0} ≤ k.

Then for any q > 2 (1 + loga 2 + loga 3 ) 2k + 2  sub-intervals 
Ii ⊂ [a, b] such that: 

1. |Ii| ≤ a−mq for each i
2. |P (x)| ≥ a−(mq)2

 for all x ∈ [a, b] \⋃i Ii.

Proof Let

 A =
{

x ∈ [a, b] : |P (x)| < a−(mq)2}
.
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P is a polynomial with less than k terms, both P and P ′ have at most 2k real 
roots. Thus A is the union of at most 2k + 2
interval I ⊆ [a, b] satisfying

 |I| > a−mq and |P (x)| < a−(mq)2
for all x ∈ I.

We divide the interval I into 3m

the interval I is divided into 3 sub-intervals of equal length, I1, I2, I3, labeled accord-
ing to their Euclidean order. Then, for each i ∈ {1, 2, 3}, Ii has a similar decomposi-
tion I1 = Ii1 ∪ Ii2 ∪ Ii3. Continuing inductively, we decompose I into sub-intervals 
Iω, ω ∈ {1, 2, 3}m ω ∈ {1, 2, 3}m, let us choose an arbitrary point xω ∈ Iω. 

ω ∈ {1, 2, 3}m−1 we have

 
P (xω∗1) − P (xω∗3)

xω∗1 − xω∗3
= P ′(zω)

for some point zω ∈ Iω. By ( ),

 
|P ′(zω)| <

2 · a−(mq)2

(a−mq · 3−m) .

ω ∈ {1, 2, 3}m−2, there 
zω ∈ Iω such that

 
|P (2)(zω)| <

22 · a−(mq)2

(a−mq · 3−m)(a−mq · 3−m+1) .

Via m x0 ∈ I  such that

 
|P (m)(x0)| <

2m · a−(mq)2

(a−mq)m · 3−m · 3−m+1 · · · 3−1 = a−(mq)2+qm2+m loga 2+ m(m+1)
2 loga 3 < 1,

where the last inequality follows from the assumptions that q > 2(1 + loga 2 + loga 3) 
and m ≥ 1. This is impossible, since |lm| ≥ 1 implies

 |P (m)(x)| = |lm| · m! ≥ 1, ∀x ∈ [a, b].

2k + 2 intervals that cover A has diameter at most a−mq, 
as claimed.  �

Proof of Lemma 4.3 Let ε > 0 be small, and let δ = ε · 3−(k+1). We say that a j-tuple 
(u1, . . . , uj) with 2 ≤ j ≤ k and 0 ≤ uj < . . . < u1 ≤ N  is admissible if

 ui − ui+1 ≤ N3i−1δ for all 1 ≤ i ≤ j − 1.

Additionally, (u1) is admissible by convention.
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Now, let h(x) =
∑k

j=1 ljxui ∈ Fk,N . Let j be the largest integer such that 
(u1, · · · , uj) is admissible but (u1, · · · , uj , uj+1) is not admissible. Note that it 
might happen that j = k, and in such a case, we just put uj+1 = −∞. Thus, we 
always have

 uj − uj+1 > N3j−1δ.

(u1, · · · , uj) is admissible

 ui − ui+1 ≤ N3i−1δ, ∀1 ≤ i ≤ j − 1.

Let

 
T1(x) :=

j∑
i=1

lix
ui and T2(x) :=

k∑
i=j+1

lix
ui , so that h(x) = T1(x) + T2(x).

We rewrite T1 as

 T1(x) = xuj · (l1xu1−uj + . . . + lj
)

= xuj−N3j−1δ · xN3j−1δ · (l1xu1−uj + . . . + lj
)

. (25)

Let q ∈ R be such that

 ((u1 − uj) q)2 + 5 loga N = N3j−1δ. (26)

Note that we have

 u1 − uj ≤ N δ + · · · + N3j−2δ ≤ 2N3j−2δ.

Therefore, as N � 1,

 g > 2 + 2 loga 2 + 2 loga 3.

Applying Lemma  to the polynomial P (x) = l1xu1−uj + . . . + lj , it follows that 
there are at most 2k + 2 intervals Ii ⊂ [a, b] satisfying

 |Ii| ≤ a−(u1−uj)q for each i, (27)

and

 |P (x)| ≥ a−(u1−uj)2q2
for all x ∈ [a, b] \ ∪iIi.

By (25), (26) and ( ), we have
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|T1(x)| ≥xuj−N3j−1δ

aN3j−1δ

a−(u1−uj)2q2

=xuj−N3j−1δ

a4 loga N for all x ∈ [a, b] \ ∪iIi.

|lj+1|, . . . , |lk| ≤ N4 and uj − uj+1 > N3j−1δ , for N � k, we have

 
|T2(x)| ≤ kaloga N4

xui+1 ≤ |T1(x)|
2 .

 
|h(x)| = |T1(x) + T2(x)| ≥ 1

2auj−N3j−1δ

a5 loga N for all x ∈ [a, b] \ ∪iIi.

Recall that 3n+1δ = ε, when N � k, we get

 |h(x)| ≥ au1−Nε

for all x ∈ [a, b] \ ∪iIi.

This is the second assertion.
27), and

 u1 − uj ≤ 2N3j−2δ, and (u1 − uj)q = (N3j−1δ − 5 loga N)1/2

from which a suitable choice of Nσ  can be made.  �

4.2 Proof of Theorem 4.1

Let μ = μp be our non-atomic self-similar measure on [a, b], and recall our other 
notations from the previous sections. Let g ∈ Z[x] be a polynomial as in (21), and 
recall the other parameters and notations from Theorem . We aim to prove the 

τ > 0 such that

 

∣∣∣∣
∫

e2πig(x)dμ(x)
∣∣∣∣ ≤ a−Nτ

, where τ is independent of g.

We begin with the following reduction:

Lemma 4.5 If (22) holds whenever 1 < a < b < a2 , then it holds for arbitrary 
1 < a < b.

Proof Φ N such that: for every 
ω ∈ AN 1 < a(ω) < b(ω) < (a(ω))2 that satisfy

 supp (fωμ) ⊆ [a(ω), b(ω)].
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fωμ 22), possibly with τ = τ(ω) 
ω ∈ AN . By self-similarity, for all g as in Theorem ,

 

∣∣∣∣
∫

e2πig(x)dμ(x)
∣∣∣∣

 

{∣∣∣∣
∫

e2πig(x) dfωμ(x)
∣∣∣∣ : ω ∈ AN

}
.

 holds for μ (with some choice of τ > 0).  �
By Lemma 0 < δ0 < 1 such that

 
b

a2δ0
< 1.

q = q(N) to be chosen later, and roughly follow the proof outline 
of Theorem 1.6:

Step 1: Linearization and choice of q 10)

 Wq = {ω ∈ A∗ : |rω| ≤ q < |rω− |}.

We have the following linearization lemma:

Lemma 4.6 We have

 

∣∣∣∣
∫

e2πig(x)dμ(x)
∣∣∣∣ ≤

∑
ω∈Wq

pω |μ̂ (g′(tω) · rω)| + O
(
N2 · u2

1 · bu1 · q2) . (30)

Proof By (a minor variation of) Lemma 2.2, as Φ

 

∫
e2πig(x)dμ(x) =

∑
ω∈Wq

pω

∫
e2πig(fω(x))dμ(x). (31)

Recall that

 
g(x) =

k−1∑
j=1

lj(xuj − xuj+1) +
k−1∑
j=1

mj(xvj − xvj+1),

with lj , mj ∈ Z, 0 < |lj |, |mj | ≤ N1+ε and 
1 ≤ uk < . . . < u1 ≤ N, 1 ≤ vk < . . . < v1 ≤ N , where k ≥ 2, N � 1, 0 < ε � 1 

g(x) is non-zero. Note that g(x) 
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consists of at most 2k distinct terms. Moreover, we have g(x), g′(x), g′′(x) ∈ F2k,N . 
g, for every ω ∈ A∗ we have

 

g(fω(x)) =g(fω(0)) + g′(fω(0))(fω(x) − fω(0)) + O(||g′′||∞)(fω(x) − fω(0))2)
=g(tω) + g′(tω) · rω · x + O(N2u2

1bu1r2
ω).

 (32)

The lemma follows by combining (31), (32
rω ≤ q for ω ∈ Wq

of Theorem 1.6.  �
We now choose

 q =
(
N2au1

)−δ0
. (33)

δ1 > 0 such that

 N2u2
1bu1q2 = O

(
a−u1δ1

)
.

Thus, as a corollary of Lemma ,

 

∣∣∣∣
∫

e2πig(x)dμ(x)
∣∣∣∣ ≤

∑
ω∈Wq

pω |μ̂ (g′(tω) · rω)| + O
(
a−u1δ1

)
.

Step 2: Applying Tsujii’s Theorem and the covering lemma (Lemma -
nitions (10) and (12 r ∈ Cq Wq,r as in ( ),

 Wq,r = {ω ∈ Wq : rω = r}.

β > 0 to be determined later. Applying the Corollary ( ) of Tsu-
jii’s Theorem  with this β c0 = c0(β) > 0 such that for all b 
large enough, putting t = loga (2u1δ0) such that it grows to ∞ by the assumption 
u1 ≥ N

1
2k  as N � 1, we have

 
∣∣{n ∈ Z : ∃λ ∈ [n, n + 1] ∩ [−a2δ0u1 , a2δ0u1 ] s.t. |μ̂(λ)| ≥ a−c0u1

}∣∣ ≤ aβu1 . (35)

We now deal, as before, with the P mass of the bad frequencies (we use the notation 
as in Lemma 3.1 : Applying Lemma 

 to g′(x) and g′′(x) σ > 0 and at most 8k + 8 intervals 
Ii ⊂ [a, b] with |Ii| ≤ a−Nσ

 such that

 |g′(x)| ≥ au1−Nε

and |g′′(x)| ≥ au1−Nε

for all x ∈ [a, b] \ ∪iIi. (36)
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Lq,r = Wq,r \ {ω ∈ Wq,r : tω ∈

8k+8⋃
i=1

Ii}. (37)

Recall that s0 > 0 μ as in Proposition 2.1.

Lemma 4.7 n ∈ Z,

 
P ([ω] : ω ∈ Lk,r, g′(tω) · r ∈ [n, n + 1]) = O

((
a−u1(1−δ0)+Nε · N2δ0 + r

)s0)
.

Proof J of [a, b] \
(⋃8k+8

i=1 Ii

)
, the 

set

 {tω : ω ∈ Lq,r, tω ∈ J, and g′(tω)r ∈ [n, n + 1]}

is contained in an interval of length at most 2
rmin

· a−u1(1−δ0)+Nε · N2δ0 .

36) that for ω, η ∈ Lk,r, if

 |tω − tη| > c for some c > 0, and [tω, tη] ∩ ∪iIi = ∅ assuming tω < tη,

then

 |g′(tω)r − g′(tη)r| ≥ au1−Nε

c|r|.

c = 2
rmin

· a−u1(1−δ0)+Nε · N2δ0 , we see that, by (33) and since |r| ≥ q · rmin

 |g′(tω)r − g′(tη)r| ≥ 2.

This is impossible since diam ([n, n + 1]) = 1 and g′(tω)r, g′(tη)r ∈ [n, n + 1] by 
our assumptions.

Thus, invoking Proposition 2.1 and arguing similarly as in Lemma 3.1, we obtain

 
P ([ω] : ω ∈ Lk,r, g′(tω) · r ∈ [n, n + 1]) = O

((
a−u1(1−δ0)+Nε · N2δ0 + r

)s0)
.

 �
Step 3: Collecting the error terms and conclusion of the proof. Recalling (37) and 

the term c0 > 0 from (35), we partition Wk,r into three subsets:

 Wq,r,1 is the collection of all ω ∈ Lq,r such that 

 |μ̂ (g′(tω) · r)| ≥ a−c0·u1 .

 Wq,r,2 is the collection of all the other ω ∈ Lq,r, that is, 
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 Wq,r,2 = Lq,r \ Wq,r,1.

 Wq,r,3 is the family of all the other ω ∈ Wq,r, 

 Wq,r,3 = Wq,r \ Lq,r.

Now, for any ω ∈ Wq,r and N large enough,

 |g′(tI)rI | ≤ 4kN1+εbu1 ≤ a2δ0u1 .

This is important, since we are now in a position to apply (35) to our Wq,r,1, as we 
do below. Note that, due to the properties of the coding map π (as in e.g. Lemma 
3.1), {π([ω])}ω∈Wq,r,3  is contained in at most 8k + 8 intervals of length less than 
a−Nσ + r. Applying ( ), and omitting global multiplicative constants from nota-
tion, using Lemma 2.2 to estimate the size of Cq , we get

 

∣∣∣∣
∫

e2πig(x)dμ(x)
∣∣∣∣ ≤

∑
ω∈Wb

pω |μ̂ (g′(tω) · rω)| + a−u1δ1

�
∑
r∈Cq

⎛
⎝
∣∣∣∣∣∣
∑

ω∈Wq,r,1

pωμ̂ (g′(tω)r)

∣∣∣∣∣∣+
∣∣∣∣∣∣
∑

ω∈Wq,r,2

pωμ̂ (g′(tω)r)

∣∣∣∣∣∣+
∣∣∣∣∣∣
∑

ω∈Wq,r,3

pωμ̂ (g′(tω)r)

∣∣∣∣∣∣
⎞
⎠

+ a−u1δ1

�
∑
r∈Cq

⎛
⎜⎜⎜⎜⎜⎜⎜⎝
∑
n∈Z

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

∑
ω ∈ Wq,r,1

g′(tω)rω ∈ [n, n + 1]

pω

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

+
∑

ω∈Wq,r,2

pωa−c0u1 +
∑

ω∈Wq,r,3

pω

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

+ a−u1δ1

� log(q−1) ·
(

aβu1 ·
(

a−u1(1−δ0)+Nε · N2δ0 +
(
N2au1

)−δ0
)s0

+a−c0u1 + (8k + 8) ·
(

a−Nσ

+
(
N2au1

)−δ0
)s0)

+ a−u1δ1 .

Here we have used the notation � similarly to (20). Putting β < min{δ0, 1 − δ0} 
and recalling that u1 ≥ N

1
2k  and ε � 1, we get

 

∣∣∣∣
∫

e2πig(x)dμ(x)
∣∣∣∣ � a−Nτ

for some constant τ  which is independent of the polynomial g. The proof is complete. 
 �

4.3 Proof of Theorem 1.2

Theorem 1.2 will be deduced from Theorem 
]. Recall 
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1.2 and Theorem 1.2 μ is 
our non-atomic self-similar measure.

Proposition 4.8 [39, Proposition 7.1] Let k ≥ 2  and let Ck(N ) be a sequence such 
that limN→∞ Ck(N ) = 1 . Suppose that there exists some τ > 0  such that for all 
f ∈ C ∞

c
(
R

k−1 ) we have

 

∫
J

(
Rk(f, (xn mod 1)n≥1, N) − Ck(N) ·

∫
Rk−1

f(x)dx
)2

dμ(x) = O
(
N−τ

)
, asN → ∞,

where μ is a supported on a bounded interval J.
Then for μ-a.e. x the sequence (xn mod 1 )n≥1  has Poissonian k-point 

correlations.
We note that Proposition  is stated and proved in [ , Proposition 7.1] for the 

Lebesgue measure on J, but it is not hard to see that the argument works for any Borel 
probability measure on J.

Proof of Theorem 1.2 With no loss of generality, we assume ξ = 1, and the other cases 
f ∈ C∞

c (Rk−1) let f̂
1.2, put

 
Ck(N) := �Uk

Nk
=
(

1 − 1
N

)
· · ·
(

1 − k − 1
N

)
.

Let ε > 0
have

 

Rk(f, {xn})n≥1, N) = 1
Nk

∑
l∈Zk−1

f̂

(
l

N

) ∑
u∈Uk

e
−2πi

∑k−1
j=1

lj(xuj −xuj+1 )

=Ck(N)f̂(0) + 1
Nk

∑
l∈Zk−1\{0}

f̂

(
l

N

) ∑
u∈Uk

e
−2πi

∑k−1
j=1

lj(xuj −xuj+1 )

=Ck(N)f̂(0) + 1
Nk

∑
l ∈ Z

k−1

0 < ‖l‖∞ ≤ N1+ε

f̂

(
l

N

) ∑
u∈Uk

e
−2πi

∑k−1
j=1

lj(xuj −xuj+1 )

+ 1
Nk

∑
l ∈ Z

k−1

‖l‖∞ > N1+ε

f̂

(
l

N

) ∑
u∈Uk

e
−2πi

∑k−1
j=1

lj(xuj −xuj+1 )
,

where 0 < ‖l‖∞ ≤ N1+ε means 0 < |lj | ≤ N1+ε for each j. We rewrite the last dis-
played equation as

 Ck(N) · f̂(0) + XN (x) + YN (x).

1 3



Van der Corput and metric theorems for geometric progressions for…

f ∈ C∞(R), f̂ α > 0 such 
that |YN (x)| = O(N−α) uniformly in x ∈ spt (μ)

 
f̂(0) =

∫
Rk−1

f(x)dx, and lim
N→∞

Ck(N) = 1.

Thus, applying Proposition , it remains to show that limN→∞ XN = 0 in L2(μ) 
with a polynomial rate of convergence. This is proved below.

Let

 Ũk = {u = (u1, . . . , uk) : ui ∈ {1, ..., N}, 1 ≤ uk < . . . < u1 ≤ N}.

By symmetry we have

 

∫
|XN (x)|2dμ(x)

=
∫ ∣∣∣ 1

Nk

∑
0<‖l‖∞≤N1+ε

f̂

(
l

N

) ∑
u∈Uk

e
−2πi

∑k−1
j=1

lj(xuj −xuj+1 )
∣∣∣2dμ(x)

= 1
N2k

∑
0<‖l‖∞,‖m‖∞≤N1+ε

f̂

(
l

N

)
f̂
(m

N

) ∑
u,v∈Uk

∫
e2πigl,m,u,v(x)dμ(x)

≤ 2(k!)2

N2k

∑
0<‖l‖∞,‖m‖∞≤N1+ε

f̂

(
l

N

)
f̂
(m

N

) ∑
u1≥v1,u,v∈Ũk

∫
e2πigl,m,u,v(x)dμ(x),

where

 
gl,m,u,v(x) =:

k−1∑
j=1

lj(xuj − xuj+1) +
k−1∑
j=1

mj(xvj − xvj+1).

We decompose the region of of parameters

 Ω =
{

(l, m, u, v) : 0 < ‖l‖∞, ‖m‖∞ ≤ N1+ε, u1 ≥ v1, u, v ∈ Ũk

}
into three parts:

 

Ω1 =
{

(l, m, u, v) ∈ Ω : u1 ≤ N
1

2k

}
,

Ω2 =
{

(l, m, u, v) ∈ Ω : u1 > N
1

2k , u1 = v1, l1 + m1 = 0
}

,

Ω3 =Ω \ ∪2
i=1Ωi.

Then
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1
N2k

∣∣∣∣∣∣
∑

(l,m,u,v)∈Ω1

f̂

(
l

N

)
f̂
(m

N

)∫
e2πigl,m,u,v(x)dμ(x)

∣∣∣∣∣∣ ≤ 1
N2k

· N2(k−1)(1+ε) · (N 1
2k )2k = 1

N1−2kε
.

By taking ε < 1
2k  we see that the term corresponding to summation over Ω1 decays 

,

 

1
N2k

∣∣∣∣∣∣
∑

(l,m,u,v)∈Ω3

f̂

(
l

N

)
f̂
(m

N

)∫
e2πigl,m,u,v(x)dμ(x)

∣∣∣∣∣∣ ≤ 1
N2k

· N2(k−1)(1+ε) · N2k · a−Nτ

= O
(

a−Nτ/2
)

.

Ω2, we can compare the values of 
u2, v2 and proceed similarly as in the estimates ( ) and ( ) to conclude that

 

1
N2k

∣∣∣∣∣∣
∑

(l,m,u,v)∈Ω2

f̂

(
l

N

)
f̂
(m

N

)∫
e2πigl,m,u,v(x)dμ(x)

∣∣∣∣∣∣ = O
(
N−c

)
, for some c ∈ (0, 1).

Plugging ( )-( ) into ( ), we see that 
∫ |XN (x)|2dμ(x) decays at a polynomial 

speed. Theorem 1.2 now follows directly from Proposition .  �
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SCALING PROPERTIES OF INVARIANT MEASURES FOR

CONFORMAL ITERATED FUNCTION SYSTEMS

MENG WU AND YU-LIANG WU

Abstract. Let {fi}i∈Λ be a finite conformal iterated function system (IFS)
on R

d. Let (ΛN, σ) denote the full shift over the alphabet Λ, and let π : ΛN →
R
d be the coding map associated with the IFS. We prove that the projection

of an ergodic σ-invariant measure on ΛN under π is always scaling, and the

associated tangent distributions are ergodic. Additionally, it is shown that
the limits of their scenery flows exhibit a structured form involving orthogonal

transformations. This complements the recent advancements in the study of
quasi-Bernoulli and self-conformal measures.

1. Introduction

Let μ be a Radon measure on R
d and Br = B(0, r) denote the closed r-ball

centered at the origin. Define the magnification of x by et by

μx,t(A) =
μ(e−t(A ∩B1) + x)

μ(B(x, e−t))
.

The family (μx,t)t≥0 is called the scenery of μ at x, associated with which is a
family of measures

1

T

∫ T

0

δμx,t
dt, T ≥ 0

called the scenery flow of μ at x. The limit of the scenery flow needs not exist
in general, but if it were to exist for μ-a.e. x, such a measure μ is said to be a
scaling measure, and it is said to be a uniformly scaling measure if such a limit
exists independently of the choice of the point.

Uniform scaling measures were introduced by Gavish [10], though related con-
cepts and examples had been explored earlier by many other authors, including
[2, 11, 19]. A central notion in this area is that of fractal distributions—the lim-
its of scenery flows—which finds its roots in Furstenberg’s CP-process theory [8],
concerning the dynamics of fractal measure rescaling.

The scenery flow has become a fundamental tool in analyzing the local geometric
structure of fractal measures thanks to seminal contributions by Furstenberg [8,
9] and Hochman and Shmerkin [13, 15], among others. In particular, measures
whose scenery flow converge at almost every point exhibit significantly more regular
geometric behavior than the others. For example, it has been proved recently
in [23] that if μ is a scaling measure on R

2, then it satisfies a strong form of
Marstrand’s projection theorem: There exists a countable exceptional set E of
orthogonal projections from R

2 to R such that for all π ∈ Ec,

dimH πμ = min(1, dimH μ).
1
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The scaling properties of measures also have applications beyond geometry, such as
in the study of normal numbers with respect to fractal measures (see, e.g., [16]).

Motivated by these advances, it is natural to seek a deeper understanding of
the scenery flow for various classes of fractal measures. Notable examples of scaling
measures include×m-invariant measures on the torus T [12, 7], self-similar measures
satisfying the open set condition, the occupation measure of Brownian motion in
dimensions d ≥ 3 [10], and natural measures on random fractals [13].

In this paper we shall focus on measures arising from iterated function systems
(IFS). Recall that an IFS Φ = (fi)i∈Λ is a finite collection of contracting maps
on R

d. The IFS Φ is called self-conformal (respectively, self-similar) if the maps
(fi)i∈Λ are conformal maps (respectively, similitude). Let (ΛN, σ) denote the full
shift over the alphabet Λ, and let π : ΛN → R

d be the coding map associated with
the IFS Φ. We refer to Section 2.2 for details about these notions.

Theorem 1.1. Suppose Φ is a conformal iterated function system on R
d. If μ is

an ergodic σ-invariant measure on ΛN, then πμ is a scaling measure. Moreover,
there exists an ergodic fractal distribution P ∈ P(P(Rd)) such that the limit of the
scenery flow Px at πx is of the form AxP for some orthogonal matrix Ax.

Let us review relevant literature on the scaling properties of measures associated
with conformal iterated function systems (IFS). When μ is a Bernoulli measure on
(ΛN, σ), The projected measure πμ is called a self-conformal measure. If in addition
the IFS Φ is self-similar, then πμ is called a self-similar measure.

Feng and Sahlsten [5] showed that homogeneous self-similar measures satisfying
the finite type condition are uniform scaling. Subsequently, Pyörälä [20] extended
this result to self-similar measures satisfying the weak separation condition. Most
recently, Bárány, Käenmäki, Pyörälä and Wu [3] proved that all self-similar mea-
sures are uniform scaling, without requiring any separation condition. Their work
also established the uniform scaling property for all self-conformal measures on R.

The arguments in [3] apply not only to Bernoulli measures, but also to quasi-
Bernoulli measures. However, their methods do not extend to more general in-
variant measures. A key step in their approach involves studying micromeasures
(or tangents) of self-conformal measures and applying a deep result of Hochman
[13], which connects micromeasures with tangent distributions. Crucially, for self-
conformal measures, micromeasures are closely related to the original measure—they
are approximately given by convolutions of the original measure with low-dimensional
measures. This structural relationship plays an essential role in the proof. In con-
trast, such a property does not hold for projections of general invariant measures.
To overcome this obstacle in the more general setting, we develop a new strategy.
Below, we briefly outline our approach in the case where Φ is a C1+δ IFS on R with
positive derivatives.

Outline of proof. Let Φ = {fi}i∈Λ be a C1+δ iterated function system on R

with positive derivatives and μ be an ergodic measure on ΛN. We aim to show that
the measure πμ is scaling.

The collection of Borel probability measures on a metric space X is denoted by
P(X). For ν1, ν2 ∈ P(X), we denote by dLP(ν1, ν2) the Lévy-Prohorov distance
between ν1 and ν2. We use Dn to denote the collection of dyadic intervals of length
2−n and Dn(x) the dyadic interval containing x ∈ R. For probability measure ν on
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R and x ∈ supp(ν), we denote

νDn(x) =
1

μ(Dn(x))
SDn(πx)(μ|Dn(x)),

where ν|Dn(x) is the restriction of ν on Dn(x) and SDn(x) is the unique homothety
sending Dn(x) to [0, 1]. For ν ∈ P(X) and a partition A of X, H(ν,A) is the
Shannon entropy of ν with respect to A.

In what follows, let us take ν = πμ and set α = dim ν.
Step (1). We first show that ν is uniformly dimensional in the sense that for

ν-a.e. x, we have

(1) lim sup
ε→0

lim sup
�→∞

lim sup
n→∞

1

n

∣∣∣∣
{
1 ≤ k ≤ n :

∣∣∣∣H(νDn(x),D�)

� log 2
− α

∣∣∣∣ ≥ ε

}∣∣∣∣ = 0.

To prove the above estimate, the following fact is used: For μ-a.e. x, we have

(2) lim
n→∞

1

n

n∑
k=1

δ
μ[xn

1 ] = Q,

where Q is some ergodic CP-distribution on (ΛN, σ). Moreover, we have

(3) μ =

∫
ηdQ(η).

Let A ⊂ ΛN be a compact set such that μ(A) > 1−ε. Let A1 be the ρ-neighbourhood
of A. Then, using (2) and (3), we can show that for μ-a.e. x,

lim inf
n→∞

1

n

n∑
k=1

μ[xn
1 ](A1) ≥ 1− ε.

In later use of this fact, we shall take ρ = 2−n for large n. Using the last estimate,
one is able to prove (1).

Step (2). Use “local entropy average” techniques of Hochman-Shmerkin [15] to
show that (combining with Step (1)) for any fixed � (with � � 1, � is very large
relative to the contraction ratios of the maps of F) the following holds for μ-a.e. x:

lim sup
N→∞

1

N

N∑
n=1

1

�

∫ �

0

dist
(
(πμ[xn

1 ]
)B(πx,e−t−λn(x)), (πμ)B(πx,e−t−λn(x))

)
dt = o�(1),

where λn(x) is the Lyapunov exponent of fxn
0
. Recall that μ[xn

0 ]
= μ|[xn

1 ]
/μ[xn

1 ], it
is a probability measure on the cylinder [xn

0 ].
Step (3). We ”guess” the limiting fractal distribution. Let μ̃ be the natural

extension of μ. Thus μ̃ is a shift-invariant ergodic measure on ΛZ with Proj+(μ̃) =

μ, where Proj+ : ΛZ → ΛN is the nature projection Proj+(x
∞
−∞) = x∞

1 .
For μ̃-a.e. x = x∞

−∞, the following limit exists

lim
n→∞

μ[x0
−n].

We denote this limit as μ[x0
−∞]. Note that μ[x0

−∞] is a measure defined on ΛN. Let

P� =

∫
ΛZ

(
1

�

∫ �

1

δ
(πμ

[x0−∞]
)B(πx∞

1 ,e−t)dt

)
dμ̃(x).
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Claim 1.2. For large � � 1, the following holds true: For μ-a.e. x,

lim sup
T→∞

dist

(
P�,

1

T

∫ T

1

δ(πμ)B(πx,e−t)dt

)
= o�(1).

From the above Claim, we deduce that

(i) the limit P := lim�→∞ P� exists;
(ii) for μ-a.e. x, we have

lim
T→∞

1

T

∫ T

1

δ(πμ)B(πx,e−t)dt = P.

These imply that the measure πμ is scaling.

2. Preliminaries

Suppose (X, dX) is a metric space. Denote by B(X) the family of Borel sets,
and by P(X) the space of Borel probability measures. Implicitly, P(X) is endowed
with the weak* topology, which, when X is separable, is compatible with the Lévy-
Prohorov metric:

dLP(μ, ν) := inf{ε : μ(A) ≤ ν(A(ε)) and ν(A) ≤ μ(A(ε)), A ∈ B(X)},
where A(ε) = {x ∈ A : dX(x,A) < ε} means the set of points in the ε-neighborhood
of A. As a well-known fact, if the metric space (X, dX) is complete (respectively,
compact), then so is (P(X), dLP) (respectively, compact).

Let μ, ν ∈ P(X) and A ⊂ B(X) be a countable partition. The Shannon entropy
of μ with respect to A is

H(μ,A) = −
∑
A∈A

μ(A) logμ(A),

and the Kullback–Leibler divergence between μ and ν with respect to A is

DKL(μ||ν,A) =
∑
A∈A

μ(A) log
μ(A)

ν(A)
,

where the partition A is omitted if it is clear from the context. We recall in the
following a number of entropy-related inequalities.

Lemma 2.1. Let μ, ν ∈ P(X), and A,A′ be a countable partition of X. Then, the
following hold.

• The function μ 	→ H(μ,A) is concave.
• If N := supA∈A #{A′ ∈ A′ : A′ ∩A 
= ∅} < ∞, then

0 ≤ H(μ,A ∨A′)−H(μ,A) ≤ logN.

The inequalities above are fundamental, and proofs can be found, for example, in
[14, Section 11]. The following is due to Pinsker, and a proof can be found in [21,
Lemma 2.5].

Proposition 2.2 (Pinsker). Let μ, ν ∈ P(X), and A be a countable partition of X
into Borel sets. Then,

(4) 0 ≤ dist((μ(A))A∈A, (ν(A))A∈A) ≤
√
1/2 ·DKL(μ||ν,A)
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where ‘dist’ is the total variation distance between probability vectors:

dist((pI)i∈I , (qI)i∈I) := sup
I′⊆I

∑
i∈I′

pi − qi.

Proposition 2.2 alludes to an interplay between entropy, total variation distance,
and Lévy-Prohorov distance, as can be illustrated by consideringX = R

d as follows:
Letting

Dn :=

⎧⎨
⎩

d∏
j=1

[ij · 2−�n	, (ij + 1) · 2−�n	) : ij ∈ Z, ∀j = 1, 2, · · · , d

⎫⎬
⎭

and Dn(x) be the unique cube in Dn containing x ∈ R
d, inequality (4) yields

(5)
dLP(μ, ν) ≤ max{dist(μ(D))D∈Dn

, (μ(D))D∈Dn
),
√
d · 2−n}

≤ max{
√
2−1 ·DKL(μ||ν,Dn),

√
d · 2−n}.

In this context, we define for every μ ∈ P(Rd) and every Dn ∈ Dn the dyadic
magnification of μ at Dn by

μDn :=
(fDn

)∗(μ|Dn
)

μ(Dn)
,

where fDn is the unique orientation-preserving homothety mapping Dn to [0, 1)d.
The symbols ‘o’ and ‘O’ are the usual little-o and big-O notation, with the

dependent variables displayed in subscript, e.g., oa,b(1) denotes the error estimates
depending on variables a and b.

2.1. Shift spaces. Let Λ be an alphabet. A one-sided full-shift is a topological
dynamical system (ΛN, σ) equipped with a metric dΛN(x, y) = e−min{i:xi �=yi} and a
continuous transformation σ : ΛN → ΛN defined by (σx)i = xi+1 for all i ∈ N. A
word w of length n is an element of Λn, and its associated n-cylinder set is defined
by

[w] := {x ∈ ΛN : xn
1 = wn

1 },
where

yji = (yiyi+1 · · · yj) for i ≤ j, y ∈ ΛN ∪ (∪n≥jΛ
n).

Write Cn = {[w] : w ∈ Λn} for the collection of n-cylinder sets, and Cm:n =
σ−mCn−m+1. The collection of all σ-invariant (respectively, ergodic) Borel proba-
bility measures on (ΛN, σ) is denoted by Pσ(Λ

N) (respectively, Perg(Λ
N)). For the

purpose of the measure-theoretic study, such a system is further equipped with
the Borel Σ-algebra and a σ-invariant Borel probability measures μ+ to become a
measure-preserving system (ΛN, σ, μ+). In what follows, discussions are at times
carried out with the aid of the natural extension of the (ΛN, σ) in the form of the
two-sided full-shift (ΛZ, σ), where the transformation σ is extended to the space ΛZ

by setting (σx)i = xi+1 for i ∈ Z. Such an extension is inherited by its measure-
theoretic counterpart, yielding an extended measure-preserving system and, in par-
ticular, a (uniquely) extended σ-invariant measure μ ∈ Pσ(Λ

Z) from μ+ ∈ Pσ(Λ
N).

As a readily checked fact, μ ∈ Perg(Λ
Z) if and only if μ+ ∈ Perg(Λ

N).
Facts regarding the entropy of symbolic spaces are collected as follows. For a

countable partition A of the one-sided subshift ΛN, the measure-theoretic entropy
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with respect to a finite partition A is

hμ(A) := lim
n→∞

1

n
H
(
μ,∨n−1

i=0 σ
−iA

)
,

where ∨n−1
i=0 σ

−iA := {∩n−1
i=0 σ

−iAi : Ai ∈ A}, and the Kolmogorov-Sinai entropy is
defined to be the supremum of it over all partitions

hμ := sup
A

hμ(A),

which, in the context of symbolic spaces, is known to be attained by the partition
C1 formed by 1-cylinder sets, or more explicitly, hμ = limn→∞

1
nH(μ, Cn).

2.2. Iterated function systems. Let X be a complete metric space. An iterated
function system (IFS) is a collection of contractions Φ = {fi : X → X : i ∈ Λ}.
Associated with the IFS is a coding map π : ΛN → X (or π : ΛZ → X analogously)
defined by

πx = lim
n→∞

fxk
1
(∗) with fxk

1
:= fx1

◦ fx2
◦ · · · ◦ fxk

,

with ∗ an arbitrary but given point in X. Being continuous, the map π projects ΛN

onto a compact set K = π(ΛN) and hence induces a pushforward map π : P(ΛN) 	→
P(K) defined by πμ+ := μ+ ◦ π−1. We denote by Bπ(x, r) := π−1B(πx, r).

For the scope of this paper, we consider the iterated function systems on R
d

which are conformal in the following sense. Given any open domain U ⊆ R
d, a

C1-map f : U → R
d is said to be conformal if x 	→ Dxf is Hölder continuous

and ‖Dxf‖−1 · Dxf is an orthogonal matrix, where Dxf is the derivative of f at
x and ‖ · ‖ is the operator norm. A collection of maps Φ = (fi)i∈Λ is called a
conformal iterated function system if fi’s are injective conformal maps defined on
a bounded open convex domain U ⊂ R

d such that fi(U) ⊂ U for all i ∈ Λ and that
supi∈Λ,x∈R ‖Dxfi‖ < 1. Notably, [1, Lemma 6.1] asserts that a conformal IFS is
indeed an IFS in the sense that it admits a bounded open convex set V ⊂ U such
that

(6) fi(V ) ⊂ V ⊂ V ⊂ U for all i ∈ Λ,

Upon a conformal IFS and a measure μ+ ∈ P(ΛN), we define the upper and lower
Lyapunov exponent at x ∈ ΛN to be

λ(x) = lim sup
n→∞

−
log ‖Dπσkxfxk

1
‖

n
and λ(x) = lim inf

n→∞

log ‖(Dπσkxfxk
1
)−1‖

n
,

In general, λ(x) ≥ λ(x); nevertheless, the limits concinde at μ+-a.e. x if μ+ ∈
Pσ(Λ

N), in which case we write λ(x) = λ(x) = λ(x). In addition, if we further
require μ ∈ Perg(Λ

N), the Lyapunov exponenet is constant μ-almost everywhere,
and we denote λ = λ(x).

Here we include a folklore lemma which later comes in handy.

Lemma 2.3 (bounded distortion). Let Φ = (fi)i∈Λ be a conformal IFS with θ-
Hölder continuous derivatives, and let V be as in (6). Then, there exist constants
C > 0 such that

‖(Dxfw)
−1Dyfw − Id‖ ≤ C‖x− y‖θ for all x, y ∈ V,w ∈ ∪∞

i=1Λ
i,

In particular, putting C ′ = (1 + C · diam(V )θ)−1,

‖fw(x)− fw(y)‖
supz∈V ‖Dzfw‖ · ‖x− y‖ ∈ [C ′, 1] for all x 
= y ∈ V,w ∈ ∪∞

i=1Λ
i.
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Proof. Let C ′, θ > 0 be the constants such that

‖Dxfi −Dyfi‖ ≤ C ′‖x− y‖θ for all x, y ∈ V, i ∈ Λ.

Further, take r− = infi∈Λ,x∈V ‖Dxfi‖ < 1 and r+ = supi∈Λ,x∈V ‖Dxfi‖ < 1, so
that

‖fw(x)− fw(y)‖ ≤ rk+‖x− y‖ for all x, y ∈ V,w ∈ Λk, k ∈ N.

Then, for any word w of length n and any x, y ∈ V , we write

xk =

{
x if k = n,

fwn
k+1

(x) if 0 ≤ k < n,
and yk =

{
y if k = n,

fwn
k+1

(y) if 0 ≤ k < n,
,

so that

‖(Dxfw)
−1Dyfw − Id‖ = ‖Dxfw‖−1‖Dyfw −Dxfw‖

≤
∑n

k=1

∏k−1
i=1 ‖Dyifwi‖ · ‖Dxk

fwk
−Dyk

fwk
‖ ·∏n

j=k+1 ‖Dxjfwj‖∏n
k=1 ‖Dxk

fwk
‖

=
n∑

k=1

k−1∏
i=1

‖Dyi
fwi

‖
‖Dxifwi‖

· ‖Dxk
fwk

−Dyk
fwk

‖

Applying the mean value theorem to the function x 	→ log x, the above is bounded
from above by

‖(Dxfw)
−1Dyfw − Id‖

≤
n∑

k=1

exp

(
r−1
−

k−1∑
i=1

‖Dyifwi −Dxifwi‖
)

· ‖Dxk
fwk

−Dyk
fwk

‖

≤
n∑

k=1

exp

(
C ′

r−(1− rθ+)
‖x− y‖θ

)
· C ′rθ(n−k)

+ ‖x− y‖θ

≤ C ′‖x− y‖θ
1− rθ+

exp

(
C ′‖x− y‖θ
r−(1− rθ+)

)
≤ C ′‖x− y‖θ

1− rθ+
exp

(
C ′ · diam(V )θ

r−(1− rθ+)

)
,

This wraps up the proof. �

2.3. Dimensions. Let μ ∈ P(X). The upper and lower local dimensions of μ at a
point x ∈ X are respectively defined by

dimloc(μ, x) = lim sup
r→0+

logμ(B(x, r))

log r
and dimloc(μ, x) = lim inf

r→0+

log μ(B(x, r))

log r
.

If dimloc(μ, x) = dimloc(μ, x) coincide, their common value is denoted as dimloc(μ, x);
if further dimloc(μ, x) is constant μ-amost everywhere (μ-a.e.), the measure μ is said
to be exactly dimensional and we set dimμ as the dimension of the measure. When
X = R

d, the local dimensions, as functions that agree almost everywhere, can
alternatively be determined via dyadic partitions of Rd: For μ-a.e. x,

dimloc(μ, x) = lim sup
n→∞

logμ(Dn(x))

n log 2
and dimloc(μ, x) = lim inf

n→∞
log μ(Dn(x))

n log 2
.

In particular, Shannon-McMillan-Breiman theorem and [6, Theorem 2.8], respec-
tively, assert that upper and lower local dimensions coincide almost everywhere for
μ+ and πμ+ when π is associated with a conformal IFS and μ+ ∈ Pσ(Λ

N), and
that both measures are exact dimensional if μ+ ∈ Perg(Λ

N).
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In this article, we also consider the upper and lower Hausdorff dimension of a
measure μ, which are defined respectively as

dimHμ = inf{dimH E : E ∈ B(X), μ(E) = 1}
and

dimHμ = inf{dimH E : E ∈ B(X), μ(E) > 0},
and we can safely write dimH μ whenever the dimensions above coincide. Equiva-
lently, the dimensions are sometimes interpreted in terms of local dimensions (see
for example [4, Proposition 10.3]) as

dimHμ = ess inf
x∼μ

dimloc dimloc(μ, x) and dimHμ = ess sup
x∼μ

dimloc dimloc(μ, x).

2.4. Fractal distributions. Let X = {μ ∈ P(B1) : 0 ∈ suppμ}, which is a Borel-
measurable subset in the space P(B1), and S : R ×X → X be the scaling flow, a
measurable flow defined by Stμ = μ0,t. We recall some definitions in the following.

Definition 2.4 (fractal distribution). Let (X,S) be as defined.

• P ∈ P(X) is said to be quasi-Palm the following is satisfied: If A is a
P -full Borel set, then P -a.e ν ∈ A and ν-a.e. x satisfying B(x, e−t) ⊂ B1,
we have νx,t ∈ A.

• A distribution P ∈ P(X) is called a (restricted) fractal distribution if P is
S-invariant and quasi-Palm.

• An ergodic fractal distribution P is a fractal distribution (c.f. [13, Theorem
1.3]) that renders (X,S, P ) ergodic.

It is noteworthy that although the results in this paper are stated only for re-
stricted version of fractal distributions, cited theorems are sometimes stated in
the form extended fractal distributions ([13, Definition 1.2]). Such transplants are,
throughout the paper, consistently justified by the one-to-one correspondence be-
tween the two classes of distributions [13, Lemma 3.1]. In particular, the charac-
terization of ergodic decomposition for extended fractal distributions [13, Theorem
1.3] passes naturally to its restricted counterparts due to the aforementioned cor-
respondence.

2.5. CP-Processes. The idea of CP-processes was first proposed by Furstenberg
in [9]. Herein, we focus on CP-processes under a symbolic setting.

Definition 2.5 (CP-distribution). Consider a topological dynamical system (X,M)
defined by

X = {(μ, x) ∈ P(ΛN)× ΛN : x ∈ supp(μ)} and M(x, μ) = (σx, μ[x1]),

where X is equipped with the product topology and μ[x1] := σ(μ|[x1])/μ[x1]. A CP-
distribution is a measure P ∈ P(X) which is M -invariant and adapted, i.e., for
every f ∈ C(P(ΛN),ΛN),

(7)

∫
f(μ, x)dP (μ, x) =

∫
f(μ, x)dμ(x)dP 1(μ),

where P 1 is the marginal of P on the first coordinate.

Remark 2.6. It is readily checked from the definition above that Mn(x, μ) =
(σnx, μ[xn

1 ]), where μ[xn
1 ] := σn(μ|[xn

1 ]
)/μ([xn

1 ]).

Some properties of CP-distributions are recalled in the following proposition.
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Proposition 2.7. Suppose μ+ ∈ Perg(Λ
N) with a natural extension μ ∈ Perg(Λ

Z).
Then,

(1) For μ-a.e. x, the prediction measure

μ[x0
−∞] := lim

n→∞
μ[x0

−n]

is well-defined and is measurable as a function of x ∈ ΛZ.
(2) There exists an ergodic CP-distribution P ∈ P(P(ΛN)× ΛN) such that

Px,n :=
1

n

n∑
k=1

δ
(μ

[xk−∞]
,x∞

k+1)

weak*−−−−→ P for μ-a.e. x.

(3) For for every ε > 0, there exists � = �(ε) such that μ-a.e. x,

lim sup
n→∞

1

n
#

{
k ∈ [1, n] :

∣∣∣∣1�H(μ[xk
−∞], C�)− h

∣∣∣∣ > ε

}
< ε,

where h = dimμ.

Proof. (1) This follows from the Martingale convergence theorem.
(2) Let (ΛZ, σ, μ) be the natural extension of (ΛN, σ, μ+). Then, inasmuch as μ is

ergodic, Birkhoff ergodic theorem gurantees μ-almost sure convergence of Px,n → P
to a constant distribution P ∈ P(P(ΛN)×ΛN). The adaptedness and the ergodicity
of P follow from a routine check and are thus omitted here.

(4) The exact dimensionality of μ follows from the Shannon-McMillan-Breiman
theorem, whereas the stated estimate follows from an identical argument as in [22,
Proposition 3.7]. �

Lemma 2.8. Let μ ∈ Perg(Λ
Z). Then, for every ε > 0, there exists �(ε) ∈ N such

that for μ-a.e. x and all � ≥ �(ε),

lim sup
n→∞

1

n
#

{
k ∈ [1, n] :

H(πμ[xk
−∞],D�)

� log 2
≤ dimπμ− ε

}
< ε.

Proof. As the preparation step, recall the exact dimensionality of πμ[x0
−∞] for μ-

a.e. x given that μ ∈ Perg(Λ
Z) (which follows essentially from [6, Theorem 2.11]).

Under the circumstances, we can safely write dimπμ = α. Fix 0 < ε < min{λ/2, α},
where λ > 0 denotes the Lyapunov exponent. According to Proposition 2.7, one is
entitled to choose �(ε) such that

lim sup
n→∞

1

n
#

{
k ∈ [1, n] :

∣∣∣∣∣H(μ[xk
−∞], C�)

� log 2
− h

∣∣∣∣∣ > ε

}
< ε for all � ≥ �(ε),(8)

Exploiting the exact dimensionality of the measures μ[x0
−∞] and πμ[x0

−∞] and ap-

plying the Egorov’s theorem, there exist a compact set A ⊂ supp(μ[x0
−∞]) with

μ[x0
−∞](A) > 1 − ε2 and an integer �′(ε) ≥ max{ε−1, �(ε),

√
d + 1} such that for all
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x ∈ A and all � ≥ �′(ε)∣∣∣∣∣∣
log

∥∥∥Dπσ�xfx�
1

∥∥∥
� log 2

− λ

∣∣∣∣∣∣ < ε,(A)

∣∣∣∣∣ logμ
[x0

−∞][x�
1]

� log 2
− h

∣∣∣∣∣ < ε,(B)

∣∣∣∣∣ logμ
[x0

−∞](Bπ(x, 2−�(λ−2ε)))

�(λ− 2ε) log 2
− α

∣∣∣∣∣ < ε,(C)

where (B) follows from the ergodicity as in Proposition 2.7, and (C) follows from
an adaptation of [6, Theorem 2.2]. Moreover, combining Lemma 2.3 and (A), we
assume without loss of generality that the following also holds for all x ∈ A and
� ≥ �′(ε):

[x�
1] ⊂ Bπ(x, 2−�(λ−ε)).(A’)

For each � ∈ N, denote by N�(S) the number of �-cylinder sets in C� intersecting
S ⊂ ΛZ and enlarge A to its open neighborhood A(�) := ∪w∈Λ�:[w]∩A �=∅[w]. We first
claim the following:

(9) sup
D∈D�λ

logN�(A
(�) ∩ π−1D�λ)

� log 2
< h− αλ+Od(ε).

Indeed, for each � ≥ �′(ε) and each A(�) ∩ π−1D�λ, there exists x ∈ A such that

A(�) ∩ π−1D�λ ⊂ Bπ(x, (
√
d+ 1) · 2−�(λ−ε)) ⊂ Bπ(x, 2−�(λ−2ε)).

The assumptions (A’)(B)(C) altogether then imply

N�(A
(�) ∩ π−1D�λ) · 2−�(h+ε) ≤

∑
w∈Λ�:

[w]∩A∩Bπ(x,2−�(λ−2ε)) �=∅

μ[x0
−∞][w]

≤ μ[x0
−∞](Bπ(x, 2−�(λ−2ε))) ≤ 2−�(λ−2ε)(α−ε),

from which the claim follows immediately. To prove the lemma, utilize Proposition
2.7 (3) to deduce that

lim inf
n→∞

1

n

n∑
k=1

μ[xk
−∞](A(�)) > 1− ε2.

Combining this identity with (8), one obtains a set N� ⊂ N with d(N�) ≥ 1 − 2ε
that satisfies the following property:

k ∈ N� ⇒
H(μ[xk

−∞], C�)
� log 2

> h− ε and μ[xk
−∞](A(�)) > 1− ε.

Consequently, by expressing μ[xk
−∞] = (1 − δ)ν1 + δν2 with δ = μ[xk

−∞](ΛN \ A(�))
and

ν1 = (1− δ)−1 · μ[xk
−∞]|A(�) and ν2 = δ−1 · μ[xk

−∞]|ΛN\A(�) ,
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we deduce from (9) and from Lemma 2.1 that for k ∈ N�

H(μ[xk
−∞], π−1D�λ)

�λ log 2
≥ (1− δ) · H(ν1, π

−1D�λ)

�λ log 2
+ δ · H(ν2, π

−1D�λ)

�λ log 2

≥ (1− δ)

[
H(ν1, π

−1D�λ ∨ C�)
�λ log 2

− (h− αλ+Od(ε))

]

≥ (1− δ)

[
H(ν1, C�)
�λ log 2

− (h− αλ+Od(ε))

]
= α+Od(ε).

This concludes the proof. �

3. Technical estimates

In this section, we establish necessary lemmas in preparation for the proof of
Theorem 1.1. Throughout this section, μ+ is reserved for a measure in Perg(Λ

N)
which is associated with its natural extension μ ∈ Perg(Λ

N), and π is always the
projection map associated with a conformal IFS (fi)i∈Λ. In addition, we consis-
tently denote by d(N ) and d(N ) the upper and lower asymptotic density of a set
of indices N ⊆ N, respectively.

Lemma 3.1. Suppose fj : N → N, j = 1, · · · , J , are at most n-to-one increasing
sequence with bounded gap maxk∈N fj(k+1)−fj(k) ≤ m. Then, the following hold.

• If d(N ) ≥ 1− δ, then d(f−1
j (N )) ≥ 1− nmδ.

• If #N \⋃J
j=1 fj(N) < ∞ and d(f−1

j (N )) ≥ 1− δ, then d(N ) ≥ 1− nJδ.

Proof. The first estimate follows from the following observation:

fj([1, N ]) ∩N c ⊂ N c ∩ [1,mN ].

For the second, assume N \⋃J
j=1 fj(N) ⊂ [1, N0] and observe

(N0, N ] ∩N c ⊂ ∪J
j=1fj([1, nmN ]) ∩N c

as desired. �

Lemma 3.2. Suppose dimπμ > 0. Then, for μ-a.e. x,

lim sup
�→∞

lim sup
n→∞

1

n

n∑
k=1

1

�

∫ �

0

dLP

(
(πμ[x−]|[xk

1 ]
)πx,t+λk(x), (πμ)πx,t+λk(x)

)
dt = 0,

where x− = x0
−∞ and λk(x) = − log ‖Dπx∞

k+1
fxk

1
‖.

Proof. To prove the lemma, it suffices to show that for μ-a.e. x, every ε > 0, and
all sufficiently large � ∈ N, there exists a set of indices N = N (x, ε, �) ⊆ N with
d(N c) ≤ 1− ε such that

k ∈ N ⇒ 1

�

∫ �

0

dLP

(
(πμ[x−]|[xk

1 ]
)πx,t+λk(x), (πμ)πx,t+λk(x)

)
dt < ε,

whence the lemma results from the Borel-Catelli lemma.
The general assumptions and conventions are as follows. Firstly, πμ is assumed

to have its support suppπμ contained in ⊂ V ⊂ V ⊂ (0, 1)d, where V is the bounded
open convex set given in (6). Secondly, for μ-a.e. x, (2nπ(x) (mod 2)) is assumed
to be equidistributed, meaning that n−1 ·∑n

k=1 δ2kx (mod 2) converges weak* to the



12 MENG WU AND YU-LIANG WU

Lebesgue measure Ld on R
d. This could always be achieved by a proper translation

of the measure, as Ld-a.e. (2ny (mod 2)) is equidistributed and thus

πμ× Ld({(y, t) ∈ R
d × R

d : (2n(y + t) (mod 2))n∈N is not equidistributed}) = 0.

Both assumptions immediately pass on to πμ[x−] as it is absolutely continuous with
respect to πμ by definition. Once the claim is proved with these assumptions, the
remaining case then follows naturally. We write α = dimπμ for short throughout.

Let �̂ = ��1/2�, and Lk(x) = min{n : supy∈V ‖Dyfxn
1
‖ < 2−k}. We first prove

that for μ-a.e. x, every ε > 0 and all sufficiently large � ∈ N, there exists N� ⊆ N

such that d((N�)
c) < ε and that

k�+ i ∈ N� ⇒ dLP

((
πμ[x−]|

[x
L
k+�̂

(x)

1 ]

)Dk+i(πx)

, (πμ)Dk+i(πx)

)
< ε,(10)

where the criterion should be interpreted with k ∈ N and 0 ≤ i < �. To this end,
fix �0 to be the smallest integer such that d1/2 · 2−�0 < ε and

Ek =

{
[w] : sup

y∈V
‖Dyfw′‖ ≥ 2−k > sup

y∈V
‖Dyfw‖

}
,

where w′ is the subword of w with the last letter removed. Then, define the infor-
mation function by

Iμk,�(x) = − log
πμ(Dk+�(πx))

πμ(Dk(πx))
.

In terms of the information function, the local dimension of πμ is almost surely
expressed as

α ≡ dimloc(πμ, πx) = lim
n→∞

1

n

n∑
k=1

1

�

�∑
i=1

Iμk+i,�0
(x)

�0 log 2
,

Furthermore, we can utilize the law of large numbers for Martingale difference
sequences to deduce its almost sure coincidence with

(11)

α = lim
n→∞

1

n

n∑
k=1

1

�

�∑
i=1

E

[
Iμk+i,�0

�0 log 2

∣∣∣∣∣Σ(C−∞:0, Ek+�̂, π
−1Dk+i)

]
(x)

= lim
n→∞

1

n

n∑
k=1

1

�

�∑
i=1

1

�0 log 2
· νx,k,�((π

−1Dk+�0+i)(x))

νx,k,�((π−1Dk+i)(x))
· Iμk+i,�0

(x).

where Σ(·) stands for the Σ-algebra generated by the specified collections of sets
and

νx,k,� := μ[x−]|
[x

L
k+�̂

(x)

1 ]
.
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By Gibbs’s inequality (i.e., the first inequality in (4)), (11) serves as a term-wise
upper bound of

(12)

lim inf
n→∞

1

n

n∑
k=1

1

�

�∑
i=1

1

�0 log 2
· νx,k,�((π

−1Dk+�0+i)(x))

νx,k,�((π−1Dk+i)(x))
· Iνx,k,�

k+i,�0
(x)

= lim inf
n→∞

1

n

n∑
k=1

1

�

�∑
i=1

1

�0 log 2
· Iνx,k,�

k+i,�0
(x)

= lim inf
n→∞

1

n

�0∑
j=1

Nj�0
�

n∑
k=1

H((πνx,k,�)
Dk+j(πx),Dk+j+Nj�0)

Nj�0 log 2
,

where Nj := � �+1−j
�0

� and the equalities are once again derived using Martingale

difference sequences. Given this last expression, a lower bound of (12) could be
obtained by applying Lemma 2.8: Due to the equidistribution property of πx, the
index set

N ′
�,�0 := {k ∈ N : B(πx, 2−k−�̂) ⊂ Dk+�0(πx)}

has the asymptotic density

d(N ′
�,�0) = Ld[2�0−�̂, 1− 2�0−�̂)d ≥ 1− d · 2�0−�̂+1.

Moreover,

k ∈ N ′
�,�0

⇒ supp (πνx,k,�) ⊂ B(πx, 2−k−�̂) ⊂ Dk+�0(πx)

⇒ H((πνx,k,�)
Dk+j(πx),DNj�0) ≥ H(πμ[x

L
k+�̂

(x)

−∞ ],DNj�0+j−�̂)− C

for some constant C > 0 depending solely on the IFS but not on �0, �, or j. Thus,
by Lemma 2.8,

(13) α ≥ (11) ≥ (12) ≥ α− o�,�0(1)

has its error o�,�0(1) → 0 as � → ∞. Writing

pk,i(x) =
(
(πνx,k,�)

Dk+i(πx) (D)
)
D∈D�0

,

qk,i(x) =
(
(πμ)Dk+i(πx)(D)

)
D∈D�0

,

one may rephrase (13) as

(14) lim sup
n→∞

1

n

n∑
k=1

1

�

�∑
i=1

DKL(pk,i(x)||qk,i(x))
�0 log 2

≤ o�,�0(1).

Combining this with the observation (5), we may apply Markov’s inequality to
obtain an index set N�,�0 ⊆ N with d((N�,�0)

c) ≤ (o�,�0(1))
1/2 such that

k�+ i ∈ N�

⇒ DKL(pk,i(x)||qk,i(x)) ≤ (o�,�0(1))
1/2 · �0 log 2.

⇒ dLP

(
(πνx,k,�)

Dk+i(πx) , (πμ)Dk+i(πx)
)
≤ max{o′�,�0(1), d

1/2 · 2−�0},

where o′�,�0(1) = (o�,�0(1))
1/4 · (�0/2 · log 2)1/2. This finishes the proof of the claim.
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The proof of the lemma follows similarly to that of [3, Proposition 3.4]. Let

1 > ε > 0 be fixed. Take �1 ∈ N to be the maximal integer satisfying 2−α�12
�1d ≥

ε. Firstly, due to equidistribution property of πx, there exist N (1)
� ⊆ N with

d((N (1)
� )c) ≤ C · 2(−�1+1)d = oε(1) such that

k�+ i ∈ N (1)
� ⇒ B(πx, 2−k−�1−i) ⊂ Dk+i(πx).

Next, apply Markov’s inequality to (13) (with �0 replaced by �1 and lim inf by

lim sup) to find a set N (2)
� ⊆ N with d((N (2)

� )c) ≤ 2 · 2−�1d = oε(1) such that

k�+ i ∈ N (2)
� ⇒ πμ(Dk+�1+i(πx))

πμ(Dk+i(πx)))
,
πνx,k,�(Dk+�1+i(πx))

πνx,k,�(Dk+i(πx)))
≥ 2−α�12

�1d ≥ ε.

Then, by α = dimπμ > 0, [3, Lemma 3.2], and Markov’s inequality, there exist

ρ > 0 and N (3)
� ⊆ N with d((N (3)

� )c) ≤ ε2 such that

k�+ i ∈ N (3)
� ⇒ sup

ρ≤r≤1
(πμ)πx,(−k−�1−i) log 2 (B(πx, r + ρ) \B(πx, r − ρ)) < ε2.

Finally, for all sufficiently large �, one can find N (4)
� , according to our claim, such

that d((N (4)
� )c) < ε and

k�+ i ∈ N (4)
� ⇒ dLP

(
(πνx,k,�)

Dk+i(πx) , (πμ)Dk+i(πx)
)
< ρ,

By [3, Lemma 3.3], the above imply that d((∩4
j=1N

(j)
� )c) = oε(1) and that

k�+ i ∈ ∩4
j=1N

(j)
�

⇒
∫ � log 2

0

dLP

(
(πνx,k,�)πx,(k+�1+t) log 2 , (πμ)πx,(k+�1+t) log 2

)
dt < O(ε),

Altogether, the above guarantee a set N ′′
� ⊂ N with d(N ′′

�
c
) ≤ (d((∩4

j=1N
(j)
� )c)1/2

such that

k ∈ N ′′
�

⇒ 1

� log 2

∫ � log 2

0

dLP

(
(πνx,k,�)πx,(k+�1+t) log 2 , (πμ)πx,(k+�1+t) log 2

)
dt < o�,�0(1).

At this point, the missing piece of the puzzle lies in that {Lk+�̂(x) : k ∈ N} might
not agree with the full index set N. Nevertheless, this could be easily remedied
by noting that the estimate (10) holds with Lk+�̂(x) replaced by Lk+�̂(x) + j for

0 ≤ j ≤ maxx∈Λ�− log2 ‖Dπσxfx1
‖� =: J , from which the remaining argument

follows accordingly. Since {Lk+�̂(x)+j : k ∈ N, j ∈ J} contains all sufficiently large

integers and the obtained estimate remains valid for each Lk+�̂(x) + j, the proof is
concluded by an application of Lemma 3.1. �

Lemma 3.3. Suppose μ ∈ Perg(Λ
Z). Then, for μ-a.e. x,

lim sup
n→∞

dLP

(
1

n

n∑
k=1

1

�λ

∫ �λ

0

δ(πμ)πx,t+λk(x)
dt,

1

nλ

∫ nλ

0

δ(πμ)πx,t+λk(x)
dt

)
= o�(1).
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Proof. Due to ergodicity, lim�→∞
λ�(x)

� = λ for μ-a.e. x, and thus

lim
n→∞

1

n

n∑
k=1

∣∣∣∣λ�(σ
kx)

�
− λ

∣∣∣∣ =
∫ ∣∣∣∣λ�(ŷ)

�
− λ

∣∣∣∣ dμ̂(ŷ) for μ-a.e. x,

which diminishes to 0 as � → ∞. This proves

lim sup
n→∞

dLP

(
1

n

n∑
k=1

1

�λ

∫ �λ

0

δ(πμ)πx,t+λk(x)
dt,

1

n

n∑
k=1

1

�λ

∫ λ�(σ
kx)

0

δ(πμ)πx,t+λk(x)
dt

)
= o�(1)

with the latter summation immediately yielding the following estimate

lim
n→∞

dLP

(
1

n

n∑
k=1

1

�λ

∫ �λ�(σ
kx)

0

δ(πμ)πx,t+λk(x)
dt,

1

nλ

∫ nλ

0

δ(πμ)πx,t+λk(x)
dt

)
= 0.

The lemma is hence proved. �

Lemma 3.4. Suppose μ ∈ P(ΛZ) and dimπμ > 0. Then, for μ-a.e. x,

lim sup
n→∞

dLP

(
1

n

n∑
k=1

1

�

∫ �

0

δ(πμ)πx,t+λk(x)
dt,

1

n

n∑
k=1

1

�

∫ �

0

δ
φ(k,x)(πμ

[xk−∞]
)πx,t

dt

)
= o�(1),

where φ(k, x) = ‖Dπσnxfxn
1
‖−1Dπσnxfxn

1
.

Proof. As before, we write S(ε) to mean the ε-neighborhood of the set S.
We recall a well-known result in the literature (see, for example, [16, Lemma

4.11] for a discrete version): For every ε > 0 and μ-a.e. x, there exists δ > 0 such
that

(15) lim sup
L→∞

1

L
L({t ∈ [0, L] : (πμ)πx,t(cl(B1 \B1−δ)) ≥ ε}) ≤ ε.

We herein include a proof for completeness. Suppose to the contrary that (15) fails
for some ε > 0 and some set S ⊂ ΛZ with μ(S) > 0. Then, for every δ > 0 and every
x ∈ S, there exists a sequence Lδ,i such that the left hand side of (15) converges
and is at least ε, and that μ generates a tangent distribution Pδ at x along Lδ,i,
which is a fractal distribution for μ-a.e. x ∈ S according to [13, Theorem 1.7] and,
under this assumption, admits some limiting fractal distribution P of Pδ (see [18,
Theorem 1.1] for closedness of the set of fractal distributions). Now that

Fδ := {ν ∈ P(B1) : ν(cl(B1 \B1−δ)) ≥ ε}, δ > 0.

is a monotone class of closed sets, P (Fδ) ≥ lim infδ′→0 Pδ′(Fδ) ≥ ε for every δ.
Consequently,

P ({ν ∈ P(B1) : ν(∂B1) ≥ ε}) = P (∩δ>0Fδ) ≥ ε,

a contradiction to [17, Theorem 3.22], since dimP = dimμ > 0 according to [13,
Proposition 1.19].

The rest of proof is an adaptation of [13, Proposition 1.9] with the underpinning
machinery replaced by (15) and Lemma 2.3. To begin with, let ε > 0 be fixed and
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take δ ∈ (0, ε) so that our claim, Lemma 3.2, and Lemma 3.3 altogether guarantee
that for all sufficiently large �,

(16) lim sup
n→∞

1

n

n∑
k=1

1

�
L({t ∈ [0, �] : (πμ[x−]|[xk

1 ]
)πx,t+λk(x)(cl(B1 \B1−δ)) ≥ ε}) ≤ ε.

For conciseness, we rephrase{
(πμ[x−]|[xk

1 ]
)πx,t+λk(x) =: (Fkνk)πx,t+λk(x),

φ(k, x)(πμ[x−]|[xk
1 ]
)πσkx,t =: (Gkνk)πx,t+λk(x),

where νk = πμ[xk
−∞] and, by writing Tx(y) = y − x for x, y ∈ R

d,

Fk = fxk
1

and Gk = T−πx ◦Dπσkxfxk
1
◦ Tπσkx.

Observe, by Lemma 2.3 and the mean value theorem, that

‖Fk(y)−Gk(y)‖
‖Fk(y)− Fk(πσkx)‖ ,

‖Fk(y)−Gk(y)‖
‖Gk(y)−Gk(πσkx)‖ ≤ C‖y − πσkx‖θ for all y ∈ V, k ∈ N,

which yields a constant t0 = t0(C, θ) > 0 independent of k and � such that for all

t′ ≥ t0 + λk(x) and A ⊂ B(πx, e−t′),

(17)

{
(Gkνk)(A) ≤ (Fkνk)(A

(e−t′δ/2)),

(Fkνk)(A) ≤ (Gkνk)(A
(e−t′δ/2)).

If in addition (Fkνk)πx,t′(cl(B1 \B1−δ)) < ε, then

(18)

(Fkνk)πx,t′(A) ≤ (Fkνk)πx,t′(A ∩B1−δ) + ε

≤ Fkνk(e
−t′(A ∩B1−δ) + πx)

Fkνk(B(πx, e−t′))
+ ε

≤ Gkνk(e
−t′(1− δ/2)(A(δ) ∩B1) + πx)

Gkνk(B(πx, e−t′(1− δ/2)))
+ ε

= (Gkνk)πx,t′−log(1−δ/2)(A
(δ)) + oε(1)

and, similarly,

(19)

(Gkνk)πx,t′−log(1−δ/2)(A) =
Gkνk(e

−t′(1− δ/2)A+ πx)

Gkνk(B(πx, (1− δ/2)e−t′))
+ ε

≤ Fkνk(e
−t′(A(δ) ∩B1) + πx)

Fkνk(B(πx, e−t′(1− δ)))
+ ε = (Fkνk)πx,t′(A

(δ)) + oε(1)

In summary, equations (17)-(19) imply

(20)
t′ ≥ t0 + λk(x) and (Fkνk)πx,t′(cl(B1 \B1−δ)) < ε

⇒ dLP((Fkνk)πx,t′ , (Gkνk)πx,t′−log(1−δ/2)) = oε(1).

Given that (16) holds for all sufficiently large � however small ε > 0 is and that t0
is independent of k and �, the desired result follows immediately from (20). �
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4. Proof of Theorem 1.1

To begin with, a number of related definitions and notations of group extensions
for invertible symbolic systems (ΛZ, σ, μ) are recollected. Recall that a cocycle for
the σ-action with value in a group G is a measurable map φ : Z×ΛZ → G obeying
the cocycle equation:

φ(m+ n, x) = φ(m,x) · φ(n, σmx) for all x ∈ ΛZ, n,m ∈ Z.

This naturally lifts the measurable system (ΛZ, σ) to its group extension (ΛZ×G, Tφ)
with

T k
φ (x, g) = (σkx, φ(k, x)) for all (x, g) ∈ ΛZ ×G, k ∈ Z.

To suit our needs, we fix henceforth G to be the minimal closed subgroup of the
orthogonal group O(Rd) containing the normalized derivatives of the IFS:

(21) {‖Dπσnxfxn
1
‖−1Dπσnxfxn

1
: x ∈ ΛZ, n ∈ N} ⊂ O(Rd)

and φ : Z × ΛZ → G to be the continuous cocycle induced by the conformal IFS,
namely,

φ(n, x) =

⎧⎪⎨
⎪⎩
‖Dπσnxfxn

1
‖−1Dπσnxfxn

1
if n ≥ 1,

Id if n = 0,

‖(Dπσn+1xfx0
n+1

)−1‖−1(Dπσn+1xfx0
n+1

)−1 if n ≤ −1,

which made its debut in Lemma 3.4. Under this specific setting, the ergodic system
(ΛZ, σ, μ) can be lifted to an ergodic group extension (ΛZ × G, Tφ, η) by choosing
a typical ergodic component of Tφ-invariant measure μ × mG, where mG is the
normalized Haar measure on G.

Proof of Theorem 1.1. We first prove that πμ is a scaling measure. As our starting
point, consider the approximate scenery flow of πμ at πx:

P�,x,n =
1

n

n∑
k=1

1

�

∫ �

0

δ
φ(k,x)(πμ

[xk−∞]
)
πσkx,t

dt,

for which we claim that for η-a.e. (x,A),

(22) P� ≡ AP�,x := lim
n→∞

AP�,x,n and P := lim
�→∞

P�

both exist. Indeed, the former limit in (22) enjoys a convergence as a consequence
of Birkhoff ergodic theorem, or more explicitly, for η-a.e. (x,A):

(23) lim
n→∞

AP�,x,n ≡
∫

1

�

∫ �

0

δA′(πμ)πx′,t dtdη(x′, A′) =: P�.

With (23), Lemmas 3.2-3.4 result in that for η-a.e. (x,A),

lim sup
n→∞

dLP

(
P�,

1

n/λ

∫ n/λ

0

δA(πμ)πx,t
dt

)
= o�(1),

and thus the existence of P results from the completeness of P(P(B1)). In partic-
ular, this proves that πμ is a scaling measure.

To prove the ergodicity of P , we assume, for the sake of convenience, that P = Px

for some x ∈ ΛN, which is achieved by a proper choice of η. We then show that
P -a.e. ν generates at the origin AνP for some Aν ∈ O(Rd), so that the ergodicity of
P follows from [13, Theorem 1.6] and the quasi-Palm property. For the described
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purposes, write F�(x) = G�((πμ)πx,0) for x ∈ ΛZ and � ∈ N, where G� : P(B1) → R

is a function defined by

G�(ν) = dLP

⎛
⎝1

�

∫ �

0

δν0,tdt,
⋃

A′∈O(Rd)

A′P

⎞
⎠ .

As readily checked facts,
⋃

A′∈O(Rd) A
′P is a closed set, and both F� and G� are

continuous functions. The first part of theorem asserts that F�(x) → 0 for μ-a.e. x.
According to Egorov’s theorem, for every ε > 0, there exists a compact set K with
P (K) > 1− ε and an �(ε,K) ∈ N such that

x ∈ K, � ≥ �(ε,K) ⇒ F�(x) < ε.

By continuity of F�, there exists an open set U� ⊃ K such that F�(x) < ε if and
only if x ∈ U�. Hence, for μ-a.e. x,

1− ε < P (U�) ≤ lim inf
k→∞

1

N
#
{
k ∈ [1, N ] : G�(φ(k, x)(πμ

[xk
−∞])πσkx,t) < ε

}
.

This together with Lemma 3.2 indicates that for every ε > 0, there exists �′(ε) ∈ N

such that for μ-a.e. x and all � ≥ �′(ε),

lim inf
k→∞

1

N
#
{
k ∈ [1, N ] : G�((πμ)πx,t+λk(x)) < ε

}
> 1− ε.(24)

The proof is finally wrapped up utilizing the estimate

s ∈ [λk(x), λk+1(x)], ν ∈ P(X)

⇒ dLP

(
1

�

∫ λk(x)+�

λk(x)

δν0,tdt,
1

�

∫ s+�

s

δν0,tdt

)
≤ 2(λk+1(x)− λk(x))

�
,

which combined with (4) validates∫
G�(ν)dP (ν) = lim

L→∞

1

L

∫ L

0

G�((πμ)πx,s)ds = o�(1),

and promises a subsequence (�i)i∈N satisfying

P

({
ν : lim sup

i→∞
G�i(ν) = 0

})
= 1.

The proof of our claim is concluded by the uniform scaling property for P -a.e. ν. �
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