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Abstract

This thesis investigates the statistical and geometric properties of various symbolic and
geometric fractals. Utilizing techniques from dynamical systems, ergodic theory, and large
deviation theory, it provides a comprehensive analysis of key questions concerning Markov
subshifts on rooted d-trees, self-conformal and self-affine fractals, and their associated
measures. The research is organized into four central themes: the thermodynamic formalism of
Markov subshifts over d-trees, the recurrence properties in Bedford--McMullen carpets, the
decay in the Fourier spectrum of self-similar measures, and the local statistics of conformal
measures.

The exploration of thermodynamic formalism for Markov subshifts over d-trees aligns with
current research on statistical mechanical systems on trees, providing a large deviation
description for d-tree-indexed Markov chains, characterizing pressure, entropy, and dimension
in this non-Euclidean setting. Regarding recurrence in fractal systems, this work extends
knowledge on recurrence in self-affine fractals by examining Bedford--McMullen carpets with
coinciding Hausdorff and box-counting dimensions, providing new insights into quantitative
recurrence under non-conformal dynamics. The investigation of Fourier decay in self-similar
measures establishes a van der Corput lemma for one-dimensional non-atomic self-similar
measures, with applications to metric theorems and absolutely pointwise normality. Finally, the
study of local statistics of conformal measures expands the known class of fractal scaling
measures by demonstrating that projections of ergodic measures through self-conformal iterated
function systems are scaling measures, unveiling deep connections between scaling measures
and ergodic theory.

These results collectively contribute to a deeper understanding of the interplay between
fractal geometry, probability theory, and dynamical systems, providing novel approaches to
addressing problems and offering potential directions for future research.

Keywords: fractal distribution, recurrence, tree-indexed Markov chains, van der
Corput lemma






Wu, Yu-Liang, Puusiirto ja fraktaalien tilastolliset ja geometriset ominaisuudet.
Dynaaminen nikékulma

Oulun yliopiston tutkijakoulu; Oulun yliopisto, luonnontieteellinen tiedekunta

Acta Univ. Oul. A 811, 2025

Oulun yliopisto, PL 8000, 90014 Oulun yliopisto

Tiivistelmd

Tama viitoskirja tutkii erilaisten symbolisten ja geometristen fraktaalien tilastollisia ja
geometrisia ominaisuuksia. Hyodyntden tekniikoita, jotka liittyvdt dynaamisiin systeemeihin,
ergodiateoriaan ja suurpoikkeamateoriaan, se tarjoaa kattavan analyysin keskeisistd
kysymyksistd, jotka koskevat Markovin siirtoja juurellisilla d-puilla, itse-konformeja ja itse-
affiinisia fraktaaleja sekd niihin liittyvid mittoja. Tutkimus on jaettu neljddn keskeiseen
teemaan: Markovin siirtojen termodynaaminen formalismi d-puilla, toistuvuuden ominaisuudet
Bedford--McMullen -matoissa, Fourier-spektrin heikkeneminen itse-similaareille mitoille ja
konformien mittojen paikallinen tilastollinen kéyttdytyminen.

Markovin siirtojen termodynaamisen formalismin tutkiminen d-puilla on linjassa nykyisen
tutkimuksen  kanssa tilastollisista ~ mekaanisista  systeemeistd  puilla, tarjoten
suurpoikkeamateoreettisen kuvauksen d-puuindeksoiduille Markovin ketjuille, ja paineen,
entropian ja ulottuvuuden karakterisoinnin tdsséd ei-Euklidisessa ympéristossd. Mitd tulee
toistuvuuteen fraktaalisissa jéarjestelmissd, tdmd tyd laajentaa tietdmystd itse-affiinisten
fraktaalien toistuvuudesta tarkastelemalla Bedford--McMullen -mattoja, joiden Hausdorffin
dimensio ja laatikkodimensio ovat samat, tuoden uusia ndkokulmia kvantitatiiviseen
toistuvuuteen ei-konformaalisissa dynamiikoissa. Fourierin heikkenemisen tutkiminen itse-
similaareille mitoille luo van der Corput'n lemman yksiulotteisille ei-atomisille itse-similaareille
mitoille, jolla on sovelluksia metrisiin teoreemiin ja absoluuttisesti pisteittdiseen
normaalisuuteen. Viimeisend, konformaalisten mittojen paikallisten tilastojen tutkiminen
laajentaa tunnettua fraktaalisten skaalautuvien mittojen luokkaa osoittaen, ettd ergodisten
mittojen projisoinnit itse-konformaalisten iteratiivisten funktiosysteemien kautta ovat
skaalautuvia mittoja, paljastaen syvid yhteyksid skaalautuvien mittojen ja ergodiateorian valilla.

Nami tulokset yhdessd tarjoavat syvemmén ymmaérryksen fraktaaligeometrian,
todenndkdisyysteorian ja dynaamisten systeemien vilisestd vuorovaikutuksesta, tarjoten uusia
lahestymistapoja avoimiin ongelmiin ja mahdollisia suuntaviivoja tulevalle tutkimukselle.

Asiasanat: fraktaali-jakauma, puuindeksoidut Markovin ketjut, toistuvuus, van der
Corput'n lemma






Acknowledgements

I express my deepest gratitude to my supervisors, Professor Meng Wu, Professor Ville
Suomala, and Associate Professor Sascha Troscheit. With great patience and constant
encouragement you have guided me through this doctoral study. Our conversations were
always insightful, and I have greatly benefited from your guidance and support.

My sincere thanks also go to Doctor Thomas Jordan and Professor Lingmin Liao for
kindly agreeing to be my pre-examiners, and to Associate Professor Tuomas Sahlsten
for accepting the role of opponent in my defense.

I am also grateful to Aleksi Pyorild, Markus Myllyoja, and Roope Anttila for the
countless memorable moments we shared during my time in Oulu. The laughter we
shared truly brightened my days.

Special thanks go to the Finnish Academy of Science and Letters, whose support
through the Vilho, Yrj6 and Kalle Viisild Fund helped me finalize my dissertation and
complete my doctoral training. I sincerely appreciate their generous contribution.

To my dearest friends Lemon, Race, and Kai. Thank you for your unwavering
emotional support and encouragement throughout the thesis writing process. I deeply
cherish our friendship. Long live our friendships.

Last but not least, I owe my deepest gratitude to my parents. Thank you for your
endless love, unconditional support, and belief in me. I could not have made it here
without you.






List of original publications

The following is a list of original publications, referred to in the thesis by their Roman

numerals (I-V).

I

II

I

v

Wu, Y.-L., & Yuan, N. (2024). Quantitative recurrence problem on some Bedford—
McMullen carpets. Journal of Mathematical Analysis and Applications, 543(2), 128938.
https://doi.org/10.1016/j.jmaa.2024.128938

Ban, J.-C., & Wu, Y.-L. (2025). On the topological pressure of axial product on trees.
Stochastics and Dynamics. https://doi.org/10.1142/s0219493725500078

Ban, J.-C., Lai, G.-Y., & Wu, Y.-L. (2025). Hausdorff dimensions of irreducible Markov
hom tree-shifts. Journal of the London Mathematical Society, 111(6). https://doi.org/10.
1112/jlms.70198

Algom, A., Chang, Y., Wu, M., & Wu, Y.-L. (2025). Van der Corput and metric theorems
for geometric progressions for self-similar measures. Mathematische Annalen. https:
//doi.org/10.1007/s00208-025-03233-3

Wu, M., & Wu, Y.-L. (2025). Scaling properties of invariant measures for conformal iterated
function systems.

Article I reflects a collaborative effort in research development and writing. The doctoral
researcher contributed to the design of the methodology in Articles II and III, as well
as the writing. In Article IV, their role focused on proving a key theorem, while the

co-authors formulated the research questions. In Article V, the researcher completed the

proofs and writing. All authors contributed equally to each work.


https://doi.org/10.1016/j.jmaa.2024.128938
https://doi.org/10.1142/s0219493725500078
https://doi.org/10.1112/jlms.70198
https://doi.org/10.1112/jlms.70198
https://doi.org/10.1007/s00208-025-03233-3
https://doi.org/10.1007/s00208-025-03233-3

10



Contents

Abstract
Tiivistelma
Acknowledgements
List of original publications
Contents
1 Introduction

1.1 Notation..............

1.2 Thermodynamic formalism of Markov subshifts over d-trees .............

1.3 Recurrence in Bedford—-McMullen carpets.................ooooiiiina..

1.4 Decay in the Fourier spectrum of self-similar measures ..................

1.5 Scaling properties of ergodic measures for conformal iterated function

Systems...............
2 Results and discussion

2.1 Thermodynamic formalism of shift spaces overtrees ....................

2.1.1 Results.........
2.1.2  Further questions

2.2 Recurrence in Bedford—-McMullen carpets...............c.coooiiia..

2.2.1 Results.........
2.2.2  Further questions

2.3 Decay in the Fourier spectrum of self-similar measures ..................

23.1 Results.........
2.3.2 Further questions

2.4 Scaling properties of ergodic measures for conformal iterated function

systems...............
24.1 Results.........
2.4.2 Further questions
References
Original publications

11
13
15
22
24
27

29
31
31
31
34
34
34
35
36
36
39

39
39
39
M
45

11



12



1 Introduction

“What we observe is not nature itself, but nature exposed to our method

of questioning.”
— Werner Heisenberg

Excavations of the underlying principles of this world have never ceased since the birth
of humankind. From the evolution of the universe to changes in weather, the desire
for explanations of natural phenomena arises not just out of pure academic curiosity
but also because of their practical importance. In retrospect, the study of dynamical
systems has undeniably played a crucial role in such pursuits, with advancements often
marking new milestones in the field of natural science. A notable example is statistical
mechanics, which employs statistical methods and probability theory to study systems
comprising a large number of microscopic entities. Its mathematical foundations later
contributed to the development of ergodic theory and thermodynamic formalism, whose
influences on other mathematical fields remain substantial.

In particular, the aforementioned influences extend to the field of fractal geometry.
Inherently, fractals, as sets with fine structures at all scales, have the dynamics of
magnification in their blood, which likewise flows through their associated measures.
This nature suggests a deep connection with dynamical systems, which is captured and
exploited throughout the development of the study as well as within the scope of this
thesis. By employing techniques from dynamical systems, ergodic theory, and large
deviation theory, the work explores a variety of geometric and statistical properties of
symbolic and geometric fractals, with a focus on Markov subshifts over rooted d-trees
for the former and self-conformal and self-affine sets for the latter. Categorized into four
themes, the geometric and statistical properties in question are studied accordingly in
the following projects: the thermodynamic formalism of Markov subshifts over d-trees,
the recurrence in Bedford—McMullen carpets, the decay in the Fourier spectrum of
self-similar measures, and the scaling properties of ergodic measures for conformal
iterated function systems. Sections 1.2—1.5 provide a comprehensive overview of each
project, with key findings summarized below.

Thermodynamic formalism of Markov subshifts over d-trees The investiga-
tion is motivated by the study of nearest-neighbor statistical mechanical systems on
lattices with tree structures, focusing on the pressure and entropy of such systems. We
aim to contribute to the ongoing research by supplementing the existing studies with a

13



large deviation description for Markov subshifts and Markov measures. Consequently,
the results obtained in the work not only refine the Shannon—McMillan-Breiman theorem
by providing an explicit local entropy formula under the irreducible assumption, but
also reveal, from a geometric perspective, how the degree d of the underlying lattice
influences the entropy and the pressure.

Recurrence in Bedford—McMullen carpets The growing interest in the quantita-
tive study of recurrent points in fractal sets, particularly those that inherit dynamics
from iterated function systems, has encouraged this project. Concentrating on Bedford—
McMullen carpets with uniform fibers, this study characterizes, in terms of dimension,
the recurrence in the sets with respect to their associated xm-xmy dynamics and
a prescribed inhomogeneous rate. The systems discussed in this framework are a
representative example of fractal systems with non-conformal dynamics, contributing to
the understanding of quantitative recurrence in such settings.

Decay in the Fourier spectrum of self-similar measures At the project’s
core is the pursuit of a van der Corput estimate for oscillatory integrals with respect
to fractal measures—a problem rooted in harmonic analysis. Utilizing Tsujii’s [1]
large deviation estimate of the Fourier spectrum for self-similar measures, the desired
estimate is established and applied to prove the decay in Fourier spectra of totally
nonlinear self-conformal measures, as well as to an almost sure pseudo-randomness of
the sequence (Ex"),en, & # 0, with respect to a non-atomic self-similar measure.

Scaling properties of ergodic measures for conformal iterated function
systems This project collects the local statistics of a fractal measure through a
continuous magnification process, formulated as a scenery flow. Using ergodic theorems,
this project demonstrates that ergodic measures projected via conformal systems are
scaling measures with ergodic tangent distributions.

Through exploring the proposed projects, the thesis seeks to demonstrate the inextri-
cably intertwined nature of fractal geometry, probability theory, and dynamical systems,
offering inspiring perspectives and ultimately opening new avenues for future research
in these fields.

14



1.1 Notation

Let (X,dx) be a metric space. Denote the open r-ball centered at x € X as B(x,r), and
let Z(X) represent the collection of Borel probability measures on X.

Shift spaces Throughout the thesis, let </ be a finite alphabet and G be a free
monoid with d generators (d > 1), with G = N when d = 1, a special case. Explicitly,
the free monoid with d generators £ = {1,2,---,d} is represented as G = U‘;":OZ" , Where
¥0:= {£} is the set containing the identity element €. For the remainder of the thesis,
the free monoid is identified by its Cayley graph as a rooted d-tree, in which & is the
root of the tree. The following is a list of tree-related notations.

Definition 1.1.1. Let G be a rooted d-tree.

Ag,d) = U?:OZi denotes the initial n-subtree in G.

For every vertex g € G\ {€}, denote by g the parent of g.

For g, h € G, write g < h if g is on the (unique) path from € to h.

For g,h € G, denote by g \ h the farthest vertex from € such that g \Nh < g and
gANh<h

N Wb~

For conciseness, dependence on d is suppressed in the above notations when it is clear
from the context.

Definition 1.1.2 (full shift). A G-full shift is a topological dynamical system (/¢ o),
where
A9 = {(xg)geG : %¢ € A forall g € G}

is endowed with the prodiscrete topology with a compatible metric

=14l

d,QfG (X7Y) = Sup{e : (Xg)gEA” = (yg)geAn}’

and 6 : G x /% — oY is a continuous map defined by
G(gax)h = (ng)h = Xgh-

Denote by % (/%) the collection of ¢-invariant measures and by Z,,,(«/ ) the
collection of ergodic measures.
As a special case, when G = N, the full-shift is identified as the set of infinite strings

N ={(ajmaz---):a; € o foralli € N}
with the initial tree AY) = [1,7+ 1] C N and the shift map defined by
Gn(X1X2~..) =XpXp41 -

15



Iterated function systems Let o be a finite alphabet, G = N, and (X,dx) be
a complete metric space. For open U,V C R" and 0 < y < 1, let C'*7(U,V) (respec-
tively, C!*7(U)) denote the class of continuously differentiable functions f: U — V
(respectively, f : U — R) whose derivatives D, f are y-Holder continuous. Similarly,
let C®(U,V) (respectively, C®(U)) be the collection of analytic functions f: U — V
(respectively, f: U — R).

Definition 1.1.3 (iterated function system). Let ® = (f,)a.cr be a finite collection of
functions f, : X — X.

1. @ is said to be an iterated function system (IFS) if each f, is a contraction. Under
the circumstances, there exists a non-empty compact set K C X satisfying
K= fu(K),
acd/
referred to as the attractor of (fa)acr-

2. A self-affine IFS is an IF'S consisting of linear maps of the form f(x) = Ax+1 for
some invertible matrix A € GL,(R) and vectort € R". The attractor of the IFS is
referred to as a self-affine set.

3. A self-similar IFS is a self-affine IFS whose defining maps are of the form f(x) =
r-Ax+t for some 0 < r < 1, orthogonal matrix A € 0,(R) and vector t € R". Its
associated attractor is referred to as a self-similar set.

4. A self-conformal IFS @ is an IFS consisting of injective conformal maps f € C'*1(U,
U) on a bounded open convex domain U C R" satisfying | Dxf|| ' Dyf € On(R) and
sup,cy ||D«f| < 1. Its associated attractor is referred to as a self-conformal set.

Equivalently, the attractor of an IFS & can be described by the canonical projection
oM X

CI)(X) = r}i_rgofxl O fyxy 0 Ofxn(*)’
where * is an arbitrary point in X. With the canonical projection, one can define the
associated measures of the IFSes as follows.

Definition 1.1.4. Let ® be an IFS in R" and [t € Pne(/N) be a Bernoulli measure.
Then, the pushforward measure ®L is referred to as a self-affine/self-similar/self-
conformal measure if ® is self-affine/self-similar/self-conformal.

Definition 1.1.5 (Bedford—McMullen carpet). Let 2 < m; < my be two integers and
o C {(a,a?) e 7?:0<a) <m,0<al® < my}. ABedford-McMullen carpet is
a self-affine set K C R? associated with some IFS ® = (f,)ac.y of the form

a0
m

x4+ a(zl)l .

my

0 24

my

1
fa(x> = |fm (1)

16



Dimensions Let (X,dx) be a metric space. The following dimensions of a set are
considered in this thesis.

Definition 1.1.6 (box-counting dimension). The upper/lower box-counting dimension
or upper/lower Minkowski dimension of a subset S C X is respectively defined by
log A7(S)

— 1 A . .
dimgS = limsup M and dimgS = liminf —————,
o+ logr r—0t  logr

where N;(S) is the minimal number of r-balls needed to cover the set S.

As an alternative measurement of subsets in X, the Hausdorff and packing dimensions
intend to capture the “critical dimension” for the associated Hausdorff measure and
packing measure in the following manner, both of which turn out to be Borel measures
on the metric space; see [2, Chapter 2] for a discussion.

Definition 1.1.7 (Hausdorff dimension). The s-dimensional Hausdorff measure of a set
S is an outer measure defined by

where

l i=1

H3(S) = inf{ diam(U;) : S C | U; with diam(U;) < 6} .
=1

The Hausdorff dimension of a set S is defined as the critical exponent for the Hausdorff
measure to be finite-valued:

dimg S = inf{s > 0: H*(S) = 0} = sup{s > 0: H*(S) = oo}.

Definition 1.1.8 (packing dimension). The s-dimensional packing pre-measure of a set
S C X is defined as

Py(S) = limsup P(S),
6—0

where

l

Ps(S) = sup{

diam(B;) : B; are disjoint closed balls centered in S,diam(B;) < 5} )
=1

The s-dimensional packing measure is defined as
P(S) = inf{ZPg(S,») e Us,} :
i=1 i=1

17



and the packing dimension of a set S is defined as the critical exponent for the packing
measure to be finite-valued:

dimp S =inf{s > 0: P°(S) =0} = sup{s > 0: P°(S) = oo}.

As artificial as Hausdorff measure and packing measure might seem, they prove natural
in the pursuit of generalizing the Lebesgue measure, especially for characterizing
Lebesgue-null Borel subsets—they indeed coincide, up to some multiplicative constant,
with Lebesgue measure when s is integral.

Similar concepts are adopted to define the dimensions of measures. Below are some
of these dimensions.

Definition 1.1.9 (local dimension). Let it € &(X). The upper/lower local dimension of
U at x € X is defined, respectively, as

dimy. (1, x) = limsup log u(B(x.r)) and dim;,.(i1,x) = liminf log u(B(x,r)) '
r—0 logr —0 logr

Definition 1.1.10 (Hausdorff dimension). Let u € &?(X). The upper/lower Hausdorff
dimension of U is defined, respectively, as

dimyp = esssup dimy,(4,x) and diimHu:essiﬁlt]fdiimloc(u,x).
X~ X~

Definition 1.1.11 (packing dimension). Let u € #(X). The upper/lower packing
dimension of U is defined, respectively, as

dimpu = esssup dimy,e (i, x) and dimpu = essinf dimyy. (U, x).
X~ X~

Definition 1.1.12 (entropy dimension). Let p € & (X). The upper/lower entropy
dimension of U is defined, respectively, as

o logu(B(x,r)) L [ log(B(x, r))
dim,u = hrrn j(l)lp ogr du(x) and dim,u = l1£ri>151f ogr du(x).

When X = RY, the relationship between dimensions of a set and those of a measure is
discussed in [2, Chapter 10.1] and is summarized as follows.

Proposition 1.1.13. If u € Z(RY), then the following hold.
dimyp = inf{dimyS: p(S) =1} and dimyp = inf{dimyS: u(S) > 0},
dimpu = inf{dimpS: u(S) =1} and dimpu = inf{dim,S: p(S) > 0}.

18



Markov chains, entropy, and pressure The Markov chains considered in this
thesis are those indexed by d-trees G, as defined below.

Definition 1.1.14 (Markov chain). Let G be a rooted d-tree. A G-indexed Markov chain
(Xg)geG is a stochastic process satisfying the Markov property: There exists a stochastic
matrix M € ]R"gox‘“{ such that for all g € G and all a,b €

P(X, =b|Xz =a,X, forgAh<g)=P(X, =b|X; =a) = Map.

In this context, the stochastic matrix (Ma7b)a7be o/ %oy 1S referred to as the transition
matrix, and the probability vector () acos ‘= (P(Xe = @))ac is referred to as the
initial distribution.

Notably, a concrete construction of a Markov chain can be obtained through the Borel
probability space (27, %,P), where each X,(x) is defined as x, and the measure
P € 2(/9) is called the Markov measure. Moreover, these processes generalize
one-sided Markov chains, as they reduce to the latter when G = N for d = 1. The
following two important classes of Markov chains are considered in this thesis.

Definition 1.1.15. Let (Xg)qcc be a d-tree-indexed Markov chain with transition matrix
M.

1. (Xg)gec is said to be irreducible if its transition matrix M is irreducible, namely, for
every a,b € <7, there exists some n € N such that (M"),p > 0.

2. (Xg)geg is labeled primitive if its transition matrix M is primitive, meaning for every
a,b, (M")ap > 0 for all sufficiently large n € N.

Naturally associated with the support of a Markov measure PP is a Markov subshift
on d-tree, which is defined as follows:

Definition 1.1.16 (Markov hom tree-shift'). Ler A € R‘gowi. A Markov hom tree-shift
9A(d) on the d-tree associated with A is defined as

<7A<d) ={xeca” Axzx, > 0forall g e G\ {€}}.

With these definitions in place, one can define pressure, energy, and entropy
associated with Markov measures and Markov hom tree-shifts.

Definition 1.1.17. Given an interaction matrix A € Rfox “ and a measure . € & (@(d)),
denote the set of admissible blocks in Z;d) of height n as

Bi(Z73Y) = {(x,)

I'The term “hom-shifts” is introduced in [3], which refers to the Z?-shift spaces that arise as the space of graph
homomorphisms from Z to a prescribed graph.

. ()
geal® *¥ € Tk

19



and define for every n € N a function (])XQ : «Zfd) —R

1
¢f§dn>(x) = Z logAy; x,-

) @)
1407 geal®\e)
1. The pressure is defined as
@ 1
P, :11msupW10g Z H Ay,
e A weB(7,") gea?\(e}

When A € {0,1} is a 0-1 matrix, then hyy(T\V) = P\!) is called the topological
entropy of ﬂA(d).

2. The energy of U is defined as

04" 10) = timsup [ () dis (x).
3. The entropy of U is defined as
@ () = 1i _
#Y () = limsup 2@ Y, —ufullogpul,

n | uEBn(yA(d))
where [u] = {x € &/ : (x,)

u € Bu(7 ).
4. The upper/lower local entropy of U is defined as

(@ = u} is the cylinder set associated with the block
8€A,

7 (1, %) = limsup oyl and  h9(u,x) = liminfM.
oo |A,(,d) | N—yoo |A£ld) |
The dependence on the degree d is again suppressed when it is clear from the context.
Notably, [4] has proven that the pressure always converges in the limit. As [5] notes, the
limits in the definitions of entropy and energy exist if (4 is a homogeneous measure, or
specifically, measures invariant under all automorphisms of G. This includes the class of
homogeneous Markov measures, or, more explicitly, those satisfying tM = 7.
Since the attention of this thesis is paid exclusively toward the Markov measures, it
is noteworthy that for these measures the entropy can be alternatively expressed as
WD (1) = timsup [ 6,7, (x) du(x).

n—yo

The formulation unifies the investigation of entropy and energy by studying the
ergodic average ¢, , for a nonnegative interaction matrix A, recasting an asymptotic
characterization of local entropy as an ergodic theorem.
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Notably, when G = N, a folklore theorem on the interrelation of the introduced
notions is the variational principle due to Ruelle (see, e.g., [6, Theorem 12.1]), whereas
the local behavior of the entropy and energy are characterized by the Shannon—-McMillan—
Breiman theorem ([6, Theorem 1.2.6]) and the Birkhoff Ergodic Theorem ([6, Theorem
9.3.1]), respectively. These results are summarized below.

Theorem 1.1.18 (Ruelle). Let A € Rfox’” be a primitive matrix, 1714(1) C 7N be the

Markov subshift associated with A, and ¢ : <7A< ) s R be a Holder continuous function.
Then, there exists a unique equilibrium state | for ¢; namely, L is the unique ©-invariant
realizing

Pgbd)—sup{h +/¢d,u ueﬂg(ﬂ ))},

where

(@) 1
Py’ =limsup —— O log Z sup exp Z 0 (0,(x))

n—reo | s uEBn(%(l))xe[u]

= hmsupflog Y supexp (Z(b (oi(x ))

—yo0
" ueB,_| ((714(1 ) XE[U] =1

Moreover, I is supported on <7A(1) and is a Gibbs measure.

Theorem 1.1.19 (Shannon-McMillan—-Breiman). Let u € f@g(z‘(l)). Then, the
upper and lower local entropy agree [L-almost everywhere as a [L-integrable function.
Furthermore, if I is ergodic, then the limit is h") (1) p-almost everywhere.

Theorem 1.1.20 (Birkhoff). Ler u € ﬁg(ﬂ/‘(l)) and ¢ be l-integrable. Then, the
ergodic averages

lim —— Z (0, (x —mnﬂ 0i(x
g,GA

n—soo |A

converge LL-almost everywhere to a [L-integrable function. Furthermore, if U is ergodic,
then the limit equals [ ¢ du pL-almost everywhere.

Scenery flows Let (X,dip) be a metric space with X = {u € 2(B(0,1)):0 €
supp } a subset of Borel measures in R” and dyp the Lévy-Prohorov metric defined by

dip(i,v) :=inf{e: p(A) < v(A®)) and v(A) < u(A9),A € B(X)},
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where A®) = {x € R" : infycq dip(x,y) < €} is the -neighborhood of A. For every
U € X, define the magnification of u at x € B(0,1) by ¢’ by
(e (ANB(O,1)) +2)

uB(x,e))

using which the scenery flow is defined as follows.

Myt (A) =

Definition 1.1.21 (scenery flow). Let u € 2 (R?). The scenery flow of u at x is defined

as
1 T
?/O 8y, d1,T >0,

where 6. is the Dirac delta function. Any accumulation point of the scenery flow is
referred to as a tangent distribution.

Definition 1.1.22 (scaling measure). Let yu € Z2(R%). Then, W is referred to as a scaling
measure if the scenery flow converges at [L-a.e. x, and is referred to as a uniformly
scaling measure if it is a scaling measure with a unique tangent distribution.

This thesis focuses on a specific class of tangent distributions, defined as follows.

Definition 1.1.23 (fractal distribution). Let X be equipped with the scaling flow
S:R>o x X — X defined as Sl := Lo, so that (X,S) forms a topological dynamical

system.

1. P e P(X) is said to be quasi-Palm if the following is satisfied: If 7 is a P-full
Borel set, then for P-a.e L € % and [-a.e. x satisfying B(x,e™") C B(0,1), we have
Ury €.

2. A distribution P € P (X) is referred to as a fractal distribution if P is S-invariant and
quasi-Palm.

3. An ergodic fractal distribution P is a fractal distribution that renders (X, S, P) ergodic.

Indeed, [7, Theorem 1.7] indicates that given every u € & (R"), for u-a.e. x, all tangent
distributions are fractal distributions.

1.2 Thermodynamic formalism of Markov subshifts over d-trees

The study of equilibria in statistical physics has a long history, with its foundations laid
in Gibbs’ seminal works [8, 9] on equilibrium thermodynamics and statistical mechanics.
As the theory evolved, a mathematical framework inspired by equilibrium statistical
mechanics gradually developed into an independent field known as thermodynamic
formalism, which Ruelle [10] and others notably advanced in the 1970s. At its core, the
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study focuses on the characterization of equilibrium states, drawing implications for the
macroscopic behavior of systems from these states.

Though successfully established for a wide range of systems, principles in classical
thermodynamic formalism do not apply universally. In particular, Burton, Pfister, and
Steif [5] hinted at a failure of the variational principle for Ising models on rooted
d-trees—a fundamental theorem pointing to equilibrium states. The breakdown, among
others, indicates that

P/(;” > sup{h(u)+@a(u) : pt is homogeneous} . (1

With a possibly strict inequality in general, equation (2) contrasts with the classical

variational principle for Ising models on the degenerate rooted tree N. This phenomenon

invites a closer inspection of both sides of the inequality and motivates the project.
Immediately, the discrepancy prompts the following question:

Question 1. How does the tree structure affect the pressure?

Philosophically, one would expect the pressure to grow with the degree of the tree, as an
increase in the degree implies an increase in the freedom of the state at each site. As
it turns out, the right-hand side of (1) is shown in the same article to be the spectral
radius of E, independent of the underlying lattice structure; nevertheless, the left-hand
side, systematically investigated by Petersen and Salama as ropological entropy [11, 12]
when ¢ = 0 or more generally as asymptotic pressure [4], is observed in special cases to
grow with the degree of the tree:

Theorem 1.2.1 ([11, Theorem 3.1]). Let 9A<d) be a golden mean subshift, namely,

Then, h,(,,,(ﬁlfd)) is strictly increasing in d.

Specifically, this sets the goal for this project to verify such monotonicity in general.
Particularly, when boiling down to its simplest form with ¢ = 0, equation (1) can be
paraphrased in terms of dimensions as follows:

dimg(74) > sup{dim,u : u is homogeneous} 2)

Leaving aside its dynamical interpretation, the expression seemingly compares two
distinct notions from dimension theory: the box-counting dimension on one side and the
entropy dimension on the other. To clarify the relationship, we propose examining various
dimensions of the space dimg.7 individually, leading to the following fundamental
question:
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Question 2. What are the Hausdorff and packing dimensions of T4 ? What measures,
if any, attain sup{dimgyu : p € P(J4)} and sup{dimpp : 4 € FP(F4)}? Do these
dimensions coincide with dimg 7, ?

Unlike the entropy investigated in (1), Question 2 provides further insights into the local
structure of measures. The information needed is provided in statistical mechanics and
dynamical systems through the Shannon—McMillan—Breiman theorem, also known as
the asymptotic equipartition property in information theory. The theorem elaborates on
the contribution of each typical configuration regarding local entropy or, in dimensional
terminology, the local dimension of the measure. Particularly, recent developments of
the theorem have paid extensive attention to Markov chains on tree-indexed systems
[13, 14, 15, 16, 17], as Burton et al. highlighted, for the right-hand side of equation (1)
can be attained by Markov measures. In summary, the contribution of the previously
mentioned works was an almost sure convergence of the sample mean

Prn(X) = ‘A% Y logAs,x, 3)
" gedn\{e}

with explicit characterization available only under the primitive assumption. Beyond

the framework, its limiting behavior remains largely unexplored, encouraging further

investigation into the topic, as explored in this thesis.

In this journey, the thesis follows the route of combinatorial reasoning, which is
recognized in large deviation theory as the “method of types” (see, e.g., [18, Chapter
2.1.1] for its classical settings). The argument well catalogs the distribution of Markov
chain realizations through the lens of combinatorics, specializing in providing a clear
picture of rare events in terms of the following limit:

ﬁ logP(¢a.n(X) € (e, 8))

In implementation, the foundation stone of the method of types is laid in Article II
for Markov subshifts on rooted d-trees to address Question 1. Later, a large deviation
principle ensues in Article III. As an immediate consequence of the results, for irreducible
Markov chains of period p (see Definition 2.1.3), an analog of the law of large numbers
is recovered for the conditional sample means (@4 yn+;(X)|Xe = ap), further aiding the
derivation of the Hausdorff dimension formula for .7,.

1.3 Recurrence in Bedford—McMullen carpets

The characterization of orbits has long constituted a fundamental pillar in the study
of dynamical systems. For instance, in number theory, Diophantine approximation
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examines the best approximation of a real number through its orbit under the Gauss map,
taking the form of the number’s continued fraction expansion. In this project, the topic
is approached from the perspective of the recurrence set problem, attempting to explore
the dimensions of these sets in a system with a fractal structure.

Recurrence as a concept is ubiquitous in dynamical systems, and a comprehensive
conception of recurrent points provides key insights into a system’s intrinsic structure. A
notable example arises in the family of metric measure-preserving systems, for which
Poincaré’s recurrence theorem asserts almost every point revisits its vicinity infinitely
often, applying which Poincaré proved that every bounded Hamiltonian system is stable
in the sense of Poisson (see [19, Chapter 1] for a discussion). As a successor of such
a qualitative portrayal, a quantitative description of the recurrence was pioneered by
Boshernitzan, who offered a uniform bound for the typical return rate:

Theorem 1.3.1 ([20, Theorem 1.2]). Let (X, A,d,u,T) be a metric measure-preserving
system and o > 0 be some constant such that o.-Hausdorff measure H* on X is c-finite.
Then, for almost every x € X,

liminfn!'/*d(x, 7" (x)) < eo.

n—yoo

If, in addition, 7% (X) = 0, then for almost every x € X,

liminfn'/%d(x,T"(x)) = 0.

n—soo

Barreira and Saussol [21] later refined the theorem, considering the local dimensional
structure of X.

Boshernitzan’s result naturally spurs the research on the recurrent set with speed
v :N—= R

RX,T,y)={xe X :d(x,T"(x)) < y(n) for infinitely many n}, 4)
as one can infer from the theorem that

/.L(R(X,T,n_l/a)) _ 1 ?f > d?mHX7
0 if o <dimyX.

The formulation (4) yields a vast number of works characterizing recurrent sets. In the
context of metric measure-preserving systems, some even reveal a complete dichotomy;
specifically, u(R(X,T,y)) = 1 if y meets certain conditions and pu(R(X,T,y)) =0
otherwise. Notable contributions to this line of research include [22, 23, 24, 25, 26, 27].
As an alternative approach, researchers also examine the dimension of recurrent sets;
results of this kind can be found in [28, 29].
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Motivated by the developments, this thesis seeks to investigate the recurrence in
fractal systems with dynamics arising from their associated iterated function systems:

Question 3. Suppose ® is an IFS with attractor X and u € P(X)?. Assume that
u-almost every x = ®(x) € X admits a unique coding in x € /N so that T (x) = ®(ox).
What is the size of R(X, T, y)?

Within this framework, recent contributions toward the study include [30, 31] on
characterizations of u(R(X,T,y)) and [29] regarding dimy R(X, T, y)—all of which
deal with self-similar or self-conformal IFSes. Beyond the setting of conformal dynamics,
however, characterizing recurrent sets becomes considerably more challenging, even for
systems associated with self-affine IFSes. To the author’s knowledge, the state-of-the-art
results are provided by [26, 32], which focus on matrix transformations on tori, and by
[33], which examines the generic self-affine systems regarding translation, but for a
slightly different set ®(R(/N, 0, y)).

In addressing Question 3, our eyes are set on recurrence in Bedford—-McMullen
carpets® X C T2, in which case the dynamics 7 : X — X can be explicitly expressed as

T(x(]),x(2>) — (mlx(l) (mod 1)’m2x(2) (mOd 1)) . (5)

The focus is on the dimensions of recurrent sets with different speeds in each coordinate:

<
Ry(X,T,y)=<xecX: ( ;y for infinitely many n € N » |

(6)
where ¥ € [0,log,, . my], with (4) recovered as a special case ¥ = 1. Compared to extant
results within the self-affine framework, ours is one of the exceptionally rare instances
where the dimension of recurrent sets can be determined for Euclidean balls, rather than
those projected from the symbolic space through the iterated function system.

To conclude the section, acknowledging the limitations of our approach is important.
At its core, the naive covering strategy employed in the derivation of the upper bound
appears suboptimal beyond the aforementioned framework. For Bedford-McMullen
carpets with non-uniform fibers, the resulting upper bound fails to align with the lower
bound established by the piecewise Bernoulli measures. This discrepancy persists for
rectangular neighborhoods with parameter y exceeding log,,, m.

2Normally, the measure 4 is a projected measure I via the IFS for some y € P (/N) or a Hausdorff
measure H* if 0 < H*(X) < oo.

3Strictly speaking, Bedford—-McMullen carpets are subsets of [0,1]2. Nevertheless, the formulation of
associated dynamics is more straightforward if one considers its natural projection on T? through the map
(M x@) = (x (mod 1),x® (mod 1)).
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1.4 Decay in the Fourier spectrum of self-similar measures

Over the decades, Fourier analysis has proven to have numerous applications in scientific
studies and in practice alike, ranging from physics to engineering; its impact is equally
profound in mathematics itself, particularly in number theory.

In number theory, Weyl [34] initiated the study of equidistributed sequences on
[0,1]. Precisely, a sequence (ay),en in [0, 1] is said to be equidistributed on an interval /
if it satisfies

Hl<k<n:aqre€J}| diam(J)
n—yoo n B diam(l)

for every interval J C I.

In the spirit of Fourier analysis, Weyl’s work provided the following equivalent charac-
terization: For all A € N,

tin g e <o "
paving the way for Fourier-analytic methods in number theory. Philosophically, an
equidistributed sequence possesses the nature of identically and independently generated
random numbers. This quality alone has numerous desirable consequences, with its
application to numerical integration a notable example. Particularly, identity (7), also
known as Weyl’s criterion, was later applied by Davenport, Erdos, and LeVeque in a
paper on the equidistribution of sequences of functions of real numbers, in which the
authors found a Lebesgue-almost sure equidistribution given a sufficient decay in the
Fourier spectrum of averages of the functions:

Theorem 1.4.1 ([35]). Suppose a,, : [a,b] = R, witha <x<bandn €N, is a sequence
of real functions. If the series

Z eZma,, X)A

converges for each A € N, then the sequence ay(x) is equidistributed for almost all x in
a < x < b. Conversely, given any increasing function (W(M))yen approaching infinity,
there exists a sequence a,(x) which is not equidistributed for any x yet satisfies the

inequality
2

M1
dx < y(M).

2Tian (x)A
YallvLe

Results regarding the almost sure equidistribution of a parametrized family as in

Theorem 1.4.1 are referred to as metric theorems (see, e.g., [36]).
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On a general level, the condition Erdos et al. proposed raises the question of
estimating oscillatory integrals, which is of central interest in harmonic analysis. A
renowned answer is attributed to van der Corput, stating the following:

Theorem 1.4.2 ([37, Proposition 2 in Chapter 8]). Let f be a real-valued smooth
function on an interval J C R. Suppose |f%) (x)| > 1 for all x € J, where k > 1 is an
integer. If k = 1 and ' is monotonic, or if k > 1, then there is a constant cy, which does
not depend on f, such that

/esz(x)/ldx < AV,

As it turns out, a polynomial bound of this type is paramount in many studies, especially
in those of fine-scale statistics of sequences initiated by [38]. Compared to the
equidistributed property, such statistics describe the behavior of a sequence on the
scale of mean gap 1/N, which can distinguish between different equidistributed
sequences, quantify the pseudo-randomness of sequences, and imply equidistribution.
See [39, 40, 41] for some examples.

Previously described achievements on the Lebesgue measure light the way for
researchers in their counterparts for fractal measures, producing the following question:

Question 4. Is there a van der Corput lemma for fractal measures?

Harnessing a large deviation estimate of the Fourier spectrum proved by Tsujii [1], the
question is resolved in the affirmative for one-dimensional non-atomic self-similar
measures, and its implications are fruitful. First, the estimate guarantees that given any
non-atomic self-similar measure t and any nonlinear analytic function f : J — R, the
pushforward measure fu has a polynomial decay in its Fourier spectrum, implying a
polynomial Fourier decay for self-conformal measures associated with an analytic IFS
containing a nonlinear map [42]. Consequently, this ensures t-almost every number is a
normal number, namely, ("x (mod 1)),c is equidistributed for all £ € N. Second, a
similar argument proves that given any non-atomic self-similar measure i and any & > 0,
all orders of the correlation of the sequence (£x"),cn are Poissonian (see Definition
2.3.5 for a formal definition) for p-almost every x, and, in particular, implies the
equidistribution of the sequence.
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1.5 Scaling properties of ergodic measures for conformal iterated
function systems

The ideology of approaching global characterization through local structures is pervasive
across mathematical fields, and a geometric realization of the concept is through
magnification.

Initiated by Furstenberg through CP-chains [43], geometrical statistics were gathered
across scales via a constant multiplier magnifier and analyzed with the aid of ergodic the-
ory. As derivatives, scenery flows, introduced by Gavish [44], replace the underpinning
machinery with a continuous zoom-in process, and their connection with CP-chains is
discussed in [7]. Both tools have proven effective in recent advances in fractal geometry,
demonstrating their utility in establishing powerful theorems. Notable examples include
[45], which concerns projection theorems, and [46], which illustrates the prevalence of
normal numbers with respect to fractal measures. See [7] for a systematic exposition of
both tools.

Philosophically, measures with uniform scaling statistics across sites are expected to
exhibit identical geometric properties everywhere. For example, uniformly scaling
measures are exactly dimensional [7, Proposition 1.19]; namely, dimy,. it is constant
almost everywhere. In light of this, posing the following question is logical:

Question 5. What measures are uniformly scaling or scaling?

Regarding Question 5, various fractal measures are shown to fall into this class; see
[47, 48, 49] for self-similar measures and quasi-Bernoulli measures projected through
conformal iterated function systems. Although many fractal measures are known to be
uniformly scaling, researchers also provide examples of non-scaling measures (see,
e.g., [50, 51]). This project further enriches the collection of fractal scaling measures
known to researchers by considering conformal measures ®u with it € P, ("),
without imposing further separation conditions. Exploiting the ergodicity, this thesis
demonstrates that du is a scaling measure with its tangent distribution, up to an
orthogonal transformation, unique and ergodic.

To conclude, the study of scaling measures offers deep insights into the geometric
and statistical properties of fractal measures. By extending the class of known scaling
measures to include conformal measures of ergodic origin, this work enriches the
existing theory and provides a broader framework for understanding uniform scaling
phenomena. The results presented here not only contribute to ongoing research in fractal
geometry but also reinforce the connection between ergodic theory and scaling dynamics.
Moreover, the application to Furstenberg-type problems highlights the relevance of
these techniques in addressing broader conjectures.
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2 Results and discussion

The chapter is dedicated to addressing Questions 1-5. The discussion follows a thematic
approach, summarizing the relevant results in Articles I-V.

2.1 Thermodynamic formalism of shift spaces over trees

Questions 1 and 2 are addressed in Articles II and III, respectively.

2.1.1 Results

Regarding Question 1, the exposition begins with a scrutiny of the combinatorics of
labeled root d-trees. Inspired by the method of types argument in large deviation theory,
Article II reinstates its fundamental combinatorial estimates for the tree-indexed systems,
laying the groundwork for the project. Manifested in the paper, the combinatorics are
predominantly dictated by a nonlinear operator Wy 4 : RY - RY,Ac Rfox “  defined
by -

(Waa(x))e = ((Ax).),

whose interplay with the asymptotic pressure is illustrated as follows.

Theorem 2.1.1 (Theorem 3.1(c) of Article II). Suppose A has neither zero columns nor
zero rows. Let oo ={a€ o/ :In €N, (A")aa >0} and L=min{n € N: (A"),, >0,
Va € o.}. Then,

(@ _ L od-1 L
Py = max lim ~r log(Wyly ())s-

Notably, no generality is lost by assuming E has neither zero columns nor zero rows,

for, as Article II highlighted, the asymptotic pressure remains unchanged by excluding

d—1
dLln+1

corresponding states. By differentiating log(W5",(x))a with respect to the degree d
unveils the monotonicity of asymptotic pressures, forming the following main theorem

of the article.

Theorem 2.1.2 (Theorem 1.1 of Article I). Suppose A has neither zero columns nor
zero rows. Then, Pgd) is increasing in d. Furthermore,

lim PXI) = maxlog Z Ay

d—oo acd/ beos

Particularly, the theorem resolves Question 1 by confirming that the asymptotic pressure
is increasing with respect to degree d of the tree.

31



As a sequel to Article II, Article III further leverages the established estimates to
their fullest extent, resolving Question 2. Serving their original purposes, these estimates
enable the development of a Cramér’s theorem for finite-state Markov chains indexed by
rooted d-trees as stated below. Recall first the following definition of the period of a
state a € 7.

Definition 2.1.3. Suppose (X,),cc is a Markov chain indexed by the d-tree with

transition matrix M.
1. The period of a state a € <7 is defined as
p=ged{n e N: (M"), >0},

where p is set to o if the index set in question is empty.
2. If (Xg)qeq is irreducible, then the period of the Markov chain is the common period
of all states. In particular, (Xg)gec is of period 1 if it is primitive.

In what follows, (X¢),cc is consistently a Markov chain indexed by the d-tree with
transition matrix M.

Theorem 2.1.4 (Theorem 1.2 of Article II). If ag € 7 is a state of finite period
D, then (@4 pntj(X)|Xe = a0)nen satisfies the large deviation principle with speed
(|Apn+ |~ Dnen and rate

Aj(a) = sup[uo—Aj(u)],
uer

where, with 1 € R denoting the all-1 vector,

1 ¥ ou 2)PH(1)),
A;(1) = lim 0g((Pyea “,d) (1)) 0
oo |Apn+j‘

Explicitly, for any Borel subset S C R,

logP i(X) e S|Xe =
Sup _Aj(a) S llmlnf Og (¢A-,PI‘H’]( ) | € aO)
aes e A

logP nti(X) € S|Xe =
<limsup 0gP(9,p +J(A) [*e = 20) < sup—Aj'(OC)~
n—yo00 ‘ i’l| oS

Almost as a corollary of the previous theorem, a law of large numbers comes along
under the irreducible assumption of the Markov chain.

Theorem 2.1.5 (Theorem 1.3 of Article III). Under the assumptions of Theorem 2.1.4,
if the Markov chain is irreducible with period p, then for any state ag € <,

pil d’! Y i)
lim ((PA,p,th(X) |X£ = a()) = e T— 7l'a’ —J Ma7b logAa7b P-a.s. y
nroe i=0 ZZ:(} d= e
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where (ﬂ<i>)iez are the (unique) left probability eigenvectors of MP satisfying nl) =
n+YM and nég) >0 ifand only ifi=0 (mod p).

The explicit expression of the almost sure limits aids the subsequent derivation of the
Hausdorff dimension of tree-indexed systems. Precisely, the dimension in question is
described in terms of the eigenvalues of the nonlinear transfer operator %} , : RY —»RY
(r e RZ), Lay=ar, ,©¥ar, , 00 W4, as in the following theorem.

Theorem 2.1.6 (Theorem 1.4 of Article ITl). Let 7,”) be a Markov hom tree-shift with
matrix A € {0,1}* an irreducible matrix of period p. Then,

p—1 ¢ -1
dimg 7Y = min (Z Hr;1> logp. (L), ®)

r€%pa \ (=0i=0

where

p—1
%p,d: {I‘E (O,d]p : Hri: 1},
i=0
p«(Za,) =inf{a: 2y, (u) = a-uc R\ {0}}.
In particular, if A is a primitive matrix, then p =1, £y , = A forr € %) 4 = {1}, and
dimpy ,?A(d) =logp.(A) =logp(A), where p(A) is the spectral radius of A.

In summary, the findings combined answer Question 2. Assuming A € {0,1}*“ is an

irreducible incidence matrix, then Article IT with Appendix A in Article III asserts

max dimpi =d- max dimpu
uez (7,9 uez (7,9

— dlmp %(d) :ﬁB%(d) — de%(d)

= Hm e g o Fad(e

which increases as d grows. Furthermore, Article III demonstrates

max @Hu:d_l max dimgu

uer(7,") ue(7,")
: d
= dlmH ,92 )
p—1 ¢ -1
- -1
= min r; logp«(Za ),

which, according to the last expression, decreases as d approaches infinity.
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2.1.2 Further questions

Since Questions 1 and 2 have been addressed only for nearest-neighbor models on d-trees
under the assumption of an irreducible transition matrix, considering the following
questions is natural.

— Given the implicit formula of limiting behavior provided in the literature (e.g., [16]),
what is the limit of ¢ XQ (X) for general Markov chains?

— Is A%(a) in Theorem 2.1.4 differentiable?

— What is the multifractal spectrum of the Markov measure?

— What is limy_..dimyy 7“2

— Is there a large deviation estimate for non-nearest-neighbor systems on general trees?

2.2 Recurrence in Bedford—McMullen carpets

Regarding Question 3, Article I provides a partial answer.

2.2.1 Results

Throughout the section, let X C T? denote a Bedford-McMullen carpet with the
dynamics T : X — X (together with m|,my € N) defined as in (5). The function
v : N — R represents the speed of recurrence and Ry(X, T, y) is the recurrent set
given in (6). Additionally, define
T = ligffw and T = li’gglfw.
Recall that Bedford [52] and McMullen [53] independently obtained the box-
counting and Hausdorff dimensions of Bedford—-McMullen carpets.

Theorem 2.2.1. Let X be a Bedford-McMullen carpet associated with the alphabet <7
as in Definition 1.1.5, and
M=|{aV:aca}| and N =|{beco bV =al}|

Then,
dimpX = dimp X = log,, M +log,, (|</|/M),

I
dimy X = log,, ( ) Na?lg)mzrm) .

acd/
In light of this, dimp X = dimy X if and only if there exist M nonempty columns, each
containing N rectangles. Throughout, M and N will consistently retain these meanings.
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Theorem 2.2.2 (Theorem 1.1 of Article I). Let X be a Bedford—McMullen carpet
satisfying dimg X = dimy X and 0 <y <log,, my. Then, dimy Ry(X, T, y) = min{z,
h}, where

T lOng my lOgmz

N
(I—W)-longM—i— T 1f1+(1—7/)f1§10gmlm2,

1= 9 Iog,, M+log,, N
— 1+ (1 -yt > log,, m.
logmI M .
s +log,, N if 1+ 1 <log,, m,
log,, M+log,, N .
Hh= 1?1_11 J1+(17Y)71§10gm1m2<1+11’
log,, M+(1+(1-7))log,,, N .
1 = if1+(1-7)7 >log,, m.

In particular, if Y= 1, this is reduced to the following form.
(1) If log,, ma > 1+ 11, then
log,, M +log, N log, M
1+m T4

dimy Ry(X,T,y) = min { +log,,, N} .

(2) Iflog,, my <1+, then

log,,, M +log,, N log,, M+log,, N
dimy Ry(X, T, y) = min { Emy g, NV log,, Em, }

14+ 1 ’ 141

Notably, when y = 1, the set R, (X, T, y) is a recurrent set associated with balls
with respect to the L™-distance. Nevertheless, the dimension remains unchanged if one
replaces the canonical balls with respect to the L>-distance, since the two norms are
equivalent up to a multiplicative constant that is subsumed into the rate function y. In
addition, although our formulae formally match those found for shrinking targets by
Bardny and Rams [54], the key difference, as Article I Remark 3.1 highlights, lies in the
underlying structure of the sets, necessitating the construction of distinct measures in the
derivation of lower bounds.

222 Further questions

As Question 3 remains largely unexplored in the self-affine setting, we would like to ask
the following questions:

— Whatis Ry(X,T, y) for y > log,, , m2? What is the dimension formula if X is a general
Bedford—-McMullen carpet?

— What is dimg Ry(X, T, y) for other carpets, e.g., Bardnski carpets, Lalley—Gatzouras
carpets, Feng—Wang carpets?

— Suppose X is a self-affine set. What is i (Ry(X, T, y)) if u is a Hausdorff measure or
an associated self-affine measure?
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2.3 Decay in the Fourier spectrum of self-similar measures

Toward Question 4, Article IV proposed and proved a van der Corput estimate for
self-similar measures.

2.3.1 Results

Heuristically, the phase f : J/ — R in the van der Corput lemma shall not be too “flat” as
though it were a constant function, for the polynomial estimate would have failed for
an obvious reason. Considering this, the following condition on non-flatness of f is
apropos.

Definition 2.3.1. Let 0 < 6 < 1. A function h: R — R is called §-non-flat on an interval
J C R if the following hold: For all € > 0 there exists no = no(€) > 1 such that for all
n > ng and every bounded subset A C J we have

Ny-sn(A) > 25" = diam(h(A)) > 27".

With the definition, the van der Corput lemma for self-similar measures is stated as
follows.

Theorem 2.3.2 (Theorem 1.6 of Article IV). Let u be a non-atomic self-similar measure
supported on a closed interval J C R. Let f € C'*%(J) for some 0 < a < 1. Suppose
that f is 8-non-flat on J. Then there exist constants T = T(U,8,a) and C =C(f) >0
such that

‘/ez’”'f(x”du(X) <CA T forA>0.

In fact, for smooth phase f € C*(J), the non-flatness can be translated into conditions
on derivatives, as observed in the following lemma.

Lemma 2.3.3 (Lemma 2.6 of Article IV). Let J C R be a closed interval and h € C*(J)
for some integer k > 1. If

max |fY) (x)| > 1 for any x € J,
1<j<k

then there exists p > 0 such that f is ﬁ-non—ﬂat on all sub-intervals I C J with
diam(J) < p.

Combining the above gives rise to the following theorem, which more closely resembles
the original van der Corput lemma.
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Theorem 2.3.4 (Theorem 1.1 of Article IV). Let 1 be a non-atomic self-similar measure
supported on an interval J C R. Let f € CK(J) for some integer k > 2 be such that
for some co > 0, maxa< j<i | fU)(x)| > co for any x € J. Then there exist constants
T =1(U,k) and C = C(f) > 0 such that

‘/esz(x)kd,u(x)
J

Importantly, the first order derivative of phase f is intentionally excluded from the

<CA™" forA >0. 9)

hypothesis, as certain Bernoulli convolutions (see, e.g., [55, Proposition 15.3.2]) exhibit
no decay whatsoever in their Fourier spectra, in which case the theorem fails for
glx)=x.

The backbone of the theorems above is a large deviation estimate on the Fourier
spectra of self-similar measures proved by Tsujii [1, Theorem 1]. By the same argument,
Article IV proves the following two applications.

The first application focuses on the following fine-scale statistics of sequences.

Definition 2.3.5. Suppose N > 1 and k > 2.

1. Let %. = %.(N) denote the set of distinct integral k-tuples taking valuesin {1,... ,N};
that is,

Ueo={u=(ur,...,ux) s u € {1,... N}, u; # uj foralli # j}.
For each u € %, and real-valued sequence (x,),>1 consider the difference vector
A, (X0)n>1) = (Vuy = Xugs -+ s Xy, — Xy, ) € RETL

Given f : R¥=1 — R with compact support, the k-level correlation function is defined

as
Rlf.(oheiN) =5 ¥ ¥ FN@@ (o)) +D). (10)
ucU lezk-1
If
lim R(f, (o)1, N) = / Flx)dx, Vf € C(RY) (1)
N—soo RE-1

then we say the k-level correlation of (x,),>) is Poissonian.
2. Let us reorder the sequence (x,)N_, and label them as

0<O NSNS - <Oyn<1withOn:=60yn—1 (mod 1).
Suppose that for every s > 0 the limit, as N — oo, of the function
1
G(S7 (xn)nZIaN) = N' {1 <n<N: N(en,N - 6n—l,N) < S}l

exists and equals G(s) = 1 —e™*. We say that the level spacings are Poissonian.
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Each definition above alludes to the similarity between the deterministic sequence
(xn)nen and the one associated with the Poisson process with intensity 1; see [56] for
further discussion. In particular, either property implies that (x,),cn is equidistributed
on [0,1]. In Article IV, we proved that (§x"),cn is Poissonian in the sense of fine-scale
statistics above, augmenting Aistleitner et al.’s [56] results.

Theorem 2.3.6 (Theorem 1.2 of Article IV). Let u be a non-atomic self-similar measure
on R such that -a.e. x is larger than 1. Let & € R\ {0}. Then for u-almost every x
the k-level correlation of (Ex"),>1 is Poissonian for all k > 2. In particular, the level

spacings are also Poissonian, and the sequence (x"),>1 is equidistributed on [0,1].

The second application is the completion of Algom et al.’s [42] results, asserting a
decay in the Fourier spectrum for totally nonlinear conformal measures.

Corollary 2.3.7 (Corollary 1.3 of Article IV). Let u be a non-atomic self-similar
measure supported on an interval J C R, and let f € C®(J) be a non-affine real analytic
function. Then there exist T > 0 and C > 0 such that

/JEZEif(x)kdu(x)

<CIA| " as |A| = o. (12)

As [42, Section 6.2] illustrated, the above corollary completes the puzzle of the following
theorem.

Theorem 2.3.8 (Theorem 1.4 of Article IV and Corollary 1.2 of [42]). Let ® be a C®(R)
IF'S. If ® contains a non-affine map then every non-atomic self-conformal measure v
admits some T > 0 such that

~ 1
V(L) = 0<|7L|T> as |A| — oo,
where V is the Fourier transform of v:

V(A) = / TR gy ().

In particular, Baker and Banaji [57] obtain Theorem 2.3.8 simultaneously using a differ-
ent argument. Furthermore, using an argument essentially identical to the Davenport—
Erdos-LeVeque theorem (Theorem 1.4.1), one deduces the pointwise absolute normality
of the measure, namely, almost every x (with respect to f or v) is a normal number
with respect to all bases greater than 1.
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2.3.2 Further questions

We include the following list of problems that remain unanswered in the thesis.

— Is there a (sharp) bound for the exponent 7 in Theorems 2.3.2 and 2.3.4?

— Does the van der Corput lemma hold for self-similar measures in higher dimensions?
Does it hold for self-affine measures, given a generalization of Tsujii’s large deviation
estimate available in higher dimensions [58, Corollary 1.7]?

These questions highlight areas where future work may yield valuable insights or new
results.

2.4 Scaling properties of ergodic measures for conformal iterated
function systems

Article V provides a resolution to Question 5.

2.4.1 Results

The following theorem answers Question 5.

Theorem 2.4.1 (Theorem 1.1 of Article V). Suppose ® is a conformal iterated function
system. If W € Popo (A N), then U is a scaling measure. Moreover, there exists an
ergodic fractal distribution P € (2 (R%)) such that the limit of the scenery flow P is
of the form AP for some orthogonal matrix A,.

Essentially, the proof relies on the fact that Py is exactly dimensional if ft € P, (/™)
along with the local entropy average techniques from [45] and an application of Pinsker’s
inequality.

24.2 Further questions

Here we list a few further research problems.

— Theorem 2.4.1 ensures that ®p is a scaling measure if y € Py (A NY is projected via
self-conformal IFS. Is ®u uniformly scaling if u is projected via a self-similar IFS?

— Does Theorem 2.4.1 hold if 4 € P (<) is only invariant?

— Are all self-affine measures scaling measures?
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1. Introduction
1.1. Background

The concept of recurrence plays an important role in dynamical systems and ergodic theory. Let
(X, B, 1, T) be a measure-preserving system equipped with a compatible metric d, i.e., (X,d) is a met-
ric space and B is a Borel o-algebra of X. If (X,d) is a separable metric space, the Poincaré Recurrence
Theorem implies that p-almost every x € X is recurrent in the sense that

liminf d(T"z,z) = 0.

n—oo
In nature, the result provides no information about the rate at which an orbit will return to the initial
point or in what manner a neighborhood of the initial point will shrink under the iteration. The interest
in this quantitative characterization has provoked a rich subsequent literature on the so-called quantitative
recurrent sets: given a rate function ¢ : X x N — (0,00), the quantitative recurrent set with respect to 1 is
defined as

* Corresponding author.
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R(T,¢) ={z € X : d(T"x,z) < ¢(n, x) for infinitely many n € N}. (1.1)

Boshernitzan [8] gave an outstanding result for general systems concerning the size in measure of R(T', ).
Later, Barreira and Saussol [6] stated a finer result.

In recent years, many authors have turned their eyes to recurrent sets on fractals. On the one hand,
some researchers showed that the py-measure of the set R(T, ) is null or full according to convergence
or divergence of a certain series in some dynamical systems (see Chang-Wu-Wu [10], Baker-Farmer [2],
Hussain-Li-Simmons-Wang [15], Kirsebom-Kunde-Persson [16], Persson [24], Kleinbock-Zheng [17] and
Baker-Koivusalo [3]). On the other hand, many researchers studied the Hausdorff dimension of the set
R(T, ) in some dynamical systems (see Tan-Wang [28] and Seuret-Wang [26]). Note that when we require
{T™z}n>1 to return to the neighborhoods of a chosen point xy € X rather than the initial point z, the
problem becomes the so-called shrinking target problem, which was first investigated by Hill and Velani
[13]. Since then, many authors have contributed to the study of the shrinking target problem. To name but
a few, see [1,4,9,12,14,18,20-22,25,27,29] and references within.

As for the Hausdorff dimension, it is to be noted that the aforementioned works mainly involve systems of
R! or dynamical systems in conformal dynamics, and hardly anything is known as far as high-dimensional
non-conformal dynamics are concerned. The only known result was presented by Bérdny and Troscheit [5],
who investigated dimensions for both the quantitative recurrence and the shrinking target problems for
dynamically defined subsets of generic self-affine sets (in the sense of Lebesgue almost all translations). In
this work, we intend to consider the Bedford-McMullen carpets, a typical family of planar self-affine sets
introduced in [7] and [23], and discuss the recurrence based on the Euclidean metric. This is the first time
the problem of recurrent sets for deterministic self-affine fractal sets is discussed. We would like to point
out that due to the similarity of the quantitative recurrence problem and the shrinking target problem in
nature, techniques for one problem sometimes apply to the other. For our study, arguments closely follow
those from Barany and Rams [4] with a technical nuance mentioned in Remark 3.1.

1.2. The main theorem

It is the purpose of this paper to study the quantitative recurrent set problem on the system (K,T') of
Bedford-McMullen carpet K. Let 2 < m; < mg be two integers and ¥,,, = {0,1,--- ,m; — 1} for i = 1,2.
Define for every a = (a®,a®) € £,,,, x £,,,, a map ¢a : [0,1]> = [0, 1]?

1 1 2 2
ba(2 D, 22 = (m( ) 4a® 23 4 al )) .

mi ’ mo
Given any nonempty subset A C ¥,,,, X3,,,, the Bedford-McMullen carpet K associated with A is the unique
attractor of the iterated function system {¢, : a € A}. If we consider the coding map 7 : (Zpn, X Zpm,)N —
[0,1)? defined as

w(E555)

where x = (xgl),x@)(xg”,xg2>)(x§1 ,X (2 )+, then the Bedford-McMullen carpet K can be expressed as
K = 7(AN). It is noteworthy that the latter definition naturally endows the carpet K withamap 7 : K — K

defined as

T(x) = (T, (1), Ty (2?)) 1= (mlx(l) (mod 1), mez® (mod 1)) .
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Let ¢ : N — (0,00) be a rate function and v > 0, and define the recurrent set W, (K, T, 1) with respect
to ¢ as:

|2 =T (20)] < p(n)

W, (K, T, ) = K
V(KT 4) {x € {|x(2) =17 (@) < ¥(n)?

for infinitely many n} . (1.2)

Note that for the rest of the discussion, we assume no monotonicity of ¥. Denote by dimy and dimp the
Hausdorff and box dimensions, respectively. The following notations are used throughout the discussions.

l(n) =— log,,,, P(n) and fo(n) = —log,,, P(n)? (1.3)
and
tin) =7;(n) and liminf tin) =7, fori=1,2. (1.4)
n n—o0o n
Denote
li(n) = [£;(n)] := min{k € N : k > £;(n)}. (1.5)

for i = 1,2 and n € N. It is noteworthy that if 0 <~ <log,, ma, then £;(n) > £2(n) and (1 (n) > ly(n) for
all n € N.
Our main result related to the Hausdorff dimension of the set W, (K, T, ) is as follows.

Theorem 1.1. Let W (K, T, 1) be defined in (1.2), 71 > 0, and 0 < v < log,, mao. Let M be the number
of columns containing at least one chosen rectangle and N; the number of rectangles chosen from the i-th
non-empty column. Suppose that dimg K = dimyg K, or equivalently, there exists an integer N > 1 such
that N; € {0, N} for alli (see [7] or [23]), we have dimy W, (K, T,v) = min{ti,t2}, where

71 log,,,., m1 log,,, N .
[ = - — 2 T if 1+ (1 —v)m <log,,, ma,

log,,,, M+log,,, N

) . logml M +

T if 1+ (1 —~)m > log,,, ma.
1 M )
O?I‘ln +log,,, N if 1+ 7 <log,,, ma,

1 M+l N
18, Mtlog, N if 14+ (1 —=~)m <log,, ma <1+,

if 14+ (1 =) > log,,, ma.

147
log,,,, M+(1+(1—v)71) log,,, N

1471

In particular, if v =1, this is reduced to the following form.
(1) Iflog,,, ma > 1+ 11, then

logml M + logm2 N logml M
1+7m ’ 1+7

dimg W, (K, T, ) = min { +log,,, N } :

(2) Iflog,, ma < 1+ 71, then

log,,, M +log,, N log,, M +log,, N

d. W K T _ . mi mo mq mi
1INy ’Y( ’ 7w) IIllIl{ 1+T2 ’ ].+T1 )

Remark 1.1. We note that Theorem 1.1 covers the cases of all nontrivial 7 for if 7 < 0, then W, (K, T, ) =

K. In fact, for the rest of the discussion, we further assume 0 < 71 < oo since the cases 71 = 0 and 7 = c©

could be inferred from the remaining cases by noting that W, (K, T,¢) C W, (K, T, ¢) if ¢ < ¢.
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Remark 1.2. The set W7 (K, T, 1) can be interpreted as a quantitative recurrent set defined in (1.1) with the
maximum norm of R2. Nevertheless, Theorem 1.1 implies that the dimension of the quantitative recurrent
set is invariant under all equivalent metrics, including the one induced by the Euclidean norm.

Remark 1.3. The homogeneity property (i.e., N; € {0, N} for all ) in Theorem 1.1 is imposed only for
the lower bound (derived in Section 3) and upper bound (derived in Section 4) to coincide. Nevertheless,
our arguments for the lower and upper bounds remain valid (with necessary modifications) without this
assumption. As a related issue, in Theorem 1.1, our study of W, (K, T, ) is limited to a restrictive class of
v so that 71 > 7 and that the homogeneity property could be exploited to deduce matching lower bound
and upper bound. We note that this is also the main difficulty we face if we were to further generalize the
theorem by having independent rate functions in the two coordinates.

1.3. Organization of the paper

In this paper, we will present a Hausdorff dimension formula of the recurrent set valid for the subfamily
of Bedford—McMullen carpets whose Hausdorff dimensions are equal to the box dimensions. The paper is
organized as follows. In Section 2, we present necessary notation and preliminaries. Section 3 and Section 4
are devoted to the proof of Theorem 1.1. Finally, in Section 5, we provide some examples to which the main
theorem is applicable.

2. Preliminaries

In this section, we introduce necessary notations and preliminaries. For convenience’s sake, the following

notations of the symbolic space are also introduced. For i = 1,2, let X7, = {u:u=(u,...,un),u; €
Ymi, § = 1,...,n}. Denote by |u| the length of u € Xy for i = 1,2. Firstly, for any I € N U {co} and
u € X7, , write (u)! for the word (u,--- ,u) (I times repeated concatenation of the word). More generally,

for any positive number I > 0, denote by (u)' the word (u)u’, where u’ is the prefix of u with length
L(1—1))|ul) and |I] = max{k € N : k < [}. Secondly, we identify the spaces (S, X Zp, )N and (ZN x ZN )
by setting

(V2P M 2 x5, x7) o~ @ P xPxY o x PR,

X2 X3 .o

which is a one-to-one correspondence. With this identification, we introduce the following notation of cylinder
set with different lengths in its coordinates:

[0, w®)] = {(zD, @) : x% —w® =12}, WO,w®@)exm xxrzl

ma

each of which is associated with a half-open half-closed rectangle

1 ni ng 2 no 2
I, w®)) (1 m) [ (% N m>'
i=1

We call I([(w™),w®)]) an ny-th level rectangle when ny = ny. In particular, we call I([(w("),w()]) an n;-th
( )

level approzimate square when ny = [log,,, m1 - ni]. For any x € (S, X Sy, )N, let x(Z> =x ( ) x

If AC S, X Sy, let

A =[x 1D @@y @ @y (D) @) ¢ qy,

For any u = (ugl)ug1> o ugll),uf)ug) . .u(nQ>) € A" let u®) = (ugi)uéi) . ..ugf)), 1=1,2.
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3. Proof of the lower bound

In this section, we will prove the lower bound of the Hausdorff dimension of W, (K, T,%), and to this
end, we are going to prove Lemma 3.1-3.3.

In the following, we outline our strategy of proof. To begin with, we note that it suffices to prove the
lower bound of Theorem 1.1 with an additional assumption that 0 < Z5(n) < f1(n) for all n. Indeed, if
Theorem 1.1 holds under the assumption, then for any 1 (n) one may choose ¢(n) = min{1,¢(n)} so that
dimyg W (K, T,%) > dimg W, (K, T,¢) yields the desired lower bound. Let p € [0,1]* be a probability
vector indexed by A. For every a € A, let

Dat) = Z po and AWM ={a® :a=(a® a®) ac A}
beA, b =all)

We take an increasing sequence of natural numbers n; such that

2! Zan < njy1 and zliglo T1(n;) =71, (3.1)
j=

and define the measure p (with respect to probability measure p) as follows. To begin with, write Wy = A™
and set

Wit1 = {wuvw’ e A+ cw e W;,u e AéQ(""),v € Aél("’)7é2("")7wl S An’”rl7(”"441(”"))7

() = (o0) 45 = ) |

Observe that by construction, a word w is in W; if and only if it can be written in the form of
W= WM VW Wi 1 W1 Vi1 Wi, (3:2)

where, by setting ng = 0, w; € Ani—(ni—1+hi(n-1) jg arbitrary, and u; € AZQ(”J'), vj € Abl(nj-1)=ba(n—1)
satisfy

f(nj)
M v, = (@1) oy Wy D)

22(%) (3'3)
@ = (m@) TN ORTINC) &(2)) s
for all 1 < j <. For convenience, denote
Lz = ‘wl uz‘ _ni+é2(nz)7
Rz = ‘WI V1‘ =n; + gl(nz)
Next, we inductively define p on cylinder sets of length n; + A (n;) for i € N as
wulw'] H Pey ‘WH”‘p vy ifw € Wi_q and w = w'uvw” € W,
plw] = =1 P gy (3.4)
0 otherwise.

It is readily checked by definition that
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1= Z pw'] and plw] = Z ulw'] for every w € Arithin,

wEAn1+H1(n1) w/eAni+1+é1(ni+1)

which extends p to an additive set function on the algebra generated by all cylinders sets and hence, by
Carathéodory extension theorem, to a Borel probability measure on AN. It then follows from this definition
that supp(uom~1) C W, (K, T,1). We note that our choice of measure is similar to the piecewise Bernoulli
measure considered in [4]. For convenience, we write

F(X’k) = N[(Xgl)cvxf?klong mflﬂ’ (35)

and for the rest of this section abuse the notation x; (similarly for xgl) and xl@)) to denote the random variable
that indicates the i-th letter of the elements in the sample space (X,,, X %, )N, which consequently renders
F(x,k) a random variable in this context. Under the circumstances, we recover in Lemma 3.2 an analog of
[4, Lemma 4.2]:

—log,,, F(x,k)

s s _logml F(X7 k) I T
liminf ———~ = hkrr_1>1£f E, — 5 p-a.e.,

k—o0 k

where [, denotes the mathematical expectation with respect to . It is noteworthy that the above limit
coincides with the lower local dimension function almost everywhere (see for example [19]), i.e.,

—1 F(x. k -1
i inf —18m R logpo mH(B(r(x), 7))
k—o0 k r—0 logr

j-a.e.

We then apply [11, Proposition 2.3] to conclude that

—log,, F(xk
dimy (W, (K, T,¢)) > sup {likm infE,, {MH 7
P —00

k

for which the lower limit on the right-hand side is calculated in Lemma 3.2 with the optimal value obtained
thereafter. For convenience, we introduce the following notations.

H(p) =Y —palog,, pa, (3.6)
acA
Hi(p)= Y =P 108, pav, (3.7)
aeA®)
and
Pa
Hs(p) = Z —palog,, ——. (3.8)
acA Pam)

Now, we begin to prove the lemmas.

Lemma 3.1. Let {X; : i € N} be independent random variables with zero means and M := sup; E,| X;|* < co.
Then, for alln,m € N and € > 0, p(|lm™* 31, X;| > €) < 3(%;)71]\/[674.

Proof. It is an immediate consequence of Markov’s inequality. 0O

Lemma 3.2. Let F(x,k) be as defined in (3.5) and suppose 0 < 11 < co. Then,

—log,,, F(x,k)

-1 F(x, k
lim inf Ogmli(x) =liminfE, [7} L-a.e. (3.9)
k—oo k

k—o0 k
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Proof. Recall that according to equation (3.2), one can express x in the following form:

X=WiUu3VvViwWauUgVoWg -~ .

We first prove the claim that for any € > 0,
1 F(x,k log,,. F(x,k
M( 08, F'(%, F) E, < 0g,,, F(x ))‘ > 6) O(k=2),

k k
where the O(k~2) may depend on p and € but not on &, and thus e throughout the discussion is treated as
a constant. Due to the assumption n; > R;_1, every k € N must fall in one of the following cases.
Case 1: n; < k and |klog,,, m1] < L;. For such k, we have

[wi | min{|w; |, klog,,, m1|—Ri—1}

log,,, F(x,k) 1 P(wy)
IT :k logm1 ”[E v+ ;logm1 p(&)l(}l) + ; 1ogml p(w‘*(;
7 (3.10)
max{k—R;,0}
+ Z IOgml p(le)El)
(=1 T
Observe that, by virtue of n; > R;_1,
1 R;_
’% log,, plwy - vi—1]| < 3 ! e 10g,,, pa| = 0(1). (3.11)

In addition, according to (3.4) the remaining terms are, respectively, summations over i.i.d. random variables

{1080, Py 1< £ < [mi] } and {logml Plede 1y <0< lwil}
Wi)g - D ) -
(W)
with finite fourth moments
E ‘lo ’4 < max |lo !4 and E, |lo P, < max |lo Pa '
p Emy p(&)él) > a(l)EA(U:pau)#O Em, Pa p Emy « )21) = acAipa#0 g Pac)
Therefore, Lemma 3.1, together with (3.11), yields
lo F(x,k log,,, F(x,k
I,L gm1 ( ) _ Ep g 1 ( ) > e — O(k—2)
k k
Case 2: k < n;y1 and L; < |klog,,, m1]|. We begin with a similar expression as above:
|w; | min{|v;|,|klog,,, mi1]—L;}
log,,, F(x,k) 1 N : Py
=1 =1 (vi)e
(3.12)
max{k—R;,0} max{klog,,, m1—R;,0} D )
Wit1)g
T ST S =1
=1 =1 (wit1)e

The argument for i.i.d. random variables proceeds as above except for the summation involving v;, which
are not necessary i.i.d. However, this issue could be resolved by considering the conditional measure i+ of
p on the cylinder set [w*], w* =wiu; ---w; € W;. Hence, with respect to any well-defined fiy-,
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p(Vz)
Z lOngl ‘

v ®
is a summation over independent random variables with uniformly bounded fourth moments

4 4
Pa
< max |lo
T a€A:p.#£0 B Pa1)
Applying Lemma 3.1 again yields that for every w* € W;,
P(v) IR )
Vi Vi *
e ([ S0, 2 <, (1 3, )
v = )
We note that the bound O(k~2) could be chosen uniform over w*, and thus it remains to show that

p(")z 1”1 p(ﬁ)e *
log —E, | - lo W

(1 (vo)e
Recall that equation (3.4) asserts p-almost surely,
£y (ny)

(yv;) D) = (m“’ ...ui71(1>vi71(1>1i(1>) e

p(ﬁ)z

Ep,

log,,, .

Py

> e> =0(k™?).

> e) =0(k™?).

which implies that if we associate each index £ € [1, |v;|] of v; with £ € [1, n,] satisfying ¢/ = L;+¢ (mod n;),
then

vi)y = (W;)y_p  whenever R;_q < {' < n,.
Yi)e Xl —Ri_1

Due to n; > R;_1, we again deduce that for every 1 <n < |vy],

IR Pey, 1 P,
E Zlogml D - E Z logml ﬁ + 0(1)5
=1 (vi)y Le(1,]vi]: (COMa
L' e(Ri—1,m4]

where o(1) is uniform due to a similar argument as (3.11). Thus, writing

% g

tne=#{j € [l,n] : € =j (mod n)} € HnﬁJ 7 FJ + 1} (1<e< [Wlil)),

we have

‘W‘LI
* paé pai.
W g tn.e E log,,,, +o(1), (3.13)
) k aca: Py Py
a® =(u;) ("

IR P,
E, <k ; logml

p(y)le)

which again is a summation of i.i.d. random variables and Lemma 3.1 applies. In summary, we have
lo F(x, k log,,. F(x,k
u( gmlk(x )—Ep( glk(x )>‘>e>:0(k_2).

To wrap up, we note the lemma follows from the Borel-Cantelli lemma applied to our claim withe — 0. O
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Table 1
Values of S;.

k; Case  liminf; , E, [w]
N 1 N/A
2 Hi(p) + log,,, m1 - Ha2(p)
L. 1 (1472)"" - Hi(p) + max{(1 + 72) "', log,,, m1} - Hz(p)
i 2 N/A
) 1 max{1l — 7y log,, m1, logmz m1} - Hi(p) + log,,, m1 - Ha(p)
n; log,, ma 5 N/A 2 2
Lilog, ma L max{l — (L4 72) "7, (1 +72) "'} Hi(p)log,,, m1 + (1 + 72) " log,,, m1 - Ha(p)
™ 2 N/A
R, 1 (14 71)"" - Hi(p) + min{(1 + m) "', log,,, m1} - Hz(p)
‘ 2 (1+T1)71'Hl(P)+(10gm2m1—(1+T1)717’2)'H2(P)
. . . - IOgml F(ka) .
Lemma 3.3. Let F(x,k) be defined in (3.5). Then liminfy o E, | —4——| = min{ty, 2}, where

if 1+ (1 —=~)n <log,, mo,

(1—(Q1—v)71 log,,, m1)-Hi(p)+log,,, m1-Hz(p)
t; = 14712
1 log,,,, m1-Hi (p)+log,,, m1-Ha(p)

+7 if 14 (1 =v)m1 > log,,, ma.
2D +log,,,, mi - Ha(p) if 1+ 7 < log,, ma,
ty = | AR if 1+ (1 =) <log,,, me <1+,
Hi (p)+log,,, m1-(1+(1—v)71)-Ha(p)

T if 1+ (1 —=~)7m1 > log,,, ma.

Proof. Recall that H(p) = Hq(p) + Ha(p). Calculating expectation of (3.10) and (3.12) respectively yields
that

Case 1: if n; < k < L;log,,, ma, then

E, [M} [(ni = Ri—y + max{k — R, 0}) H:(p)

1
k k
+(n; — Ri—1 + min{0, klog,,,, m1 — n,-})Hz(p)] +o(1);

Case 2: if L;log,, m2 <k < n;, then

[(n; — Ri—1 + max{k — R;,0})H1(p)

E log,,, F(x,k) 1
p k k
+(n; — Ri—1 + klog,,, m1 — L;)H2(p)] + o(1).

From these expressions, we observe that the interval (n;,n41] can be divided by {L;, R;, n;log,, ma,

log,,,, F(x,k):|

k b
by neglecting the o(1) terms, is a polynomial of k£ of the form ak~! + b and hence monotone. This
simplifies the calculation of the desired lower limit down to evaluating the minimum over the num-
bers {S1, S, Sy, 54, S5}, which are defined to be liminf, o E, |22 5] with &, taken as n, Li, Ry,
n;log,, maz, and L;log,, ma, respectively. These values could be straightforwardly calculated and are sum-

marized in Table 1. Since H;(p), Ha(p), 1,72 > 0, we observe the following order among these values.

L;log,,, m2} into at most five subintervals so that on each subinterval the function & — E, [

e 51 > 53 > S5. The inequality S; > S5 is clear by comparing the coefficients of Hy(p) and of Ha(p). As
for S3 > S5, it is done by comparing the coefficients as follows.
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1 ) L _ ) log,,, m1 > (1+7)"? if log,,, ma <1+ 11,
max{ — T1 108, TM1,108,,, ml} - 1.
1—mlog,,, mi < (1+4m71) if log,, ma > 1+,

log,,, m1 > min{(1+ Tl)_l, log,,, m1} and log,, my— (1+ 7'1)_17'2.

e Sy > 8, if ;1 > 75. Note that the coefficient of Hi(p) in Sy could be viewed as the maximum of two
linear functions of log,,, m1, which yields

max{l — (1+ 7‘2)_17'1 log,,,, m1, (1+ 72)_1 log,,, mi} < (1+ Tl)_l.

Under our assumption, this is less than the corresponding coefficient (1+73)~" in So. The order between
the coefficients of Ha(p) is clear.

Now we plug 72 = ylog,,, m1 - 71 into Sy and Ss to deduce

it if 1+ (1—=~v)n <log,,, ma,
log,,,, m1-Hi(p)+log,,, m1-Ha(p)

(1—=(1=v)71 log,,, m1)-Hi(p)+log,,, m1-Ha(p)
Sy =

if 1+ (1—=~)m > log,,, ma.

1472
) gy 1S g
S5 = { HalpltHar) if 14 (1 —v)7 <log,,, ma <1+,
Hi(p)+10g,,,, m1-(1+(1—7)71)-Ha(p)

= if 1+ (1—~)7m > log,,, ma.

The proof is then completed. O

Remark 3.1. The essential difference between the measure p constructed in this section and its counterpart
in [4] lies in the subwords u; and v; (1 < j < ). Specifically, these subwords satisfy (3.3) in our work,
while they fulfill a priori assumptions imposed on the shrinking target problem in [4]. The nuance urges
necessary modifications in the proof of constant lower limit (Lemma 3.2) and is reflected in the expression
(3.13). However, the subtlety is subsumed in E, [Ml
Bedford-McMullen carpet; therefore, it is barely visible beyon

and in the homogeneity assumption of the
the scope of the proof of Lemma 3.2.

Finally, we wrap up this section by noting that the lower bound of dimy W, (K,T,%) in Theorem 1.1
holds as a consequence of Lemma 3.2 and 3.3, for which we simply take p, = #—IA for all a € A so that
Hy(p) =log,,, M and Hs(p) = log,, N.

4. Proof of the upper bound

In this section, we give the rest of the proof of Theorem 1.1. We note that it suffices to prove the

case where lim,, o 7% exists, since for those 1(n) without this property, we may consider ¢(n) :=

max{®(n),m; "} so that dimyg W, (K, T, ) < dimg W, (K, T, ¢) and we may apply the aforementioned
result for the case where lim,, —% exists.

Note that the set W, (K, T,v) can be written as a limsup set

W, (K, T, ) = limsup W) (K, T, ),

n—oo

where

WK, T, 1) := {J} e K: {|x(1) _T:'l’ll(z(l)” <(n) }

|2® =T, (2@ < p(n)?

ma2
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We note that the set above can further be written as the following union:

WK, T,¢) = | Ju(w) = |J WK T,¢)NIw).

weA™ wEAN

For sufficiently large n, the set .J,,(w) is contained in the interior of a rectangle R (w) x R®)(w) of width
4p(n)m; " and height 4¢p(n)¥my ", since for any w(x) € J,, (w),

()@ =7 (@*) D] > [T (x(x) =T (w(5>) V| = [7() =T (x(x) )| (1)
> mim(x)® = m (™) D] = |7 ()@ = T (x(x)D)], '
|7(x)D) — T (w(x)D)| < b(n)ym;™ and |7(x)D) — T (7(x)M)| < 1b(n)Ymy ™. By Remark 1.1, we know that
0 <71 < oo, then there exists G; € N such that for any n > Gy, ¥(n) < 1,(732)" > 4. Now for any given
4 > 0, we can choose G large enough so that for any n > max{G,G1}, max{ﬁhp( ym; " dp(n)Tmy "} < 6.
For any n > 1, let

P1(n) = P(n) and ¢(n) = P(n)". (4.2)

For i = 1,2, we denote by B;, the smallest number of balls of diameter 4¢;(n)m; " (the sidelength of
the rectangles in R(Y)(w) x R (w) along the direction of the i-th axis) needed to cover W;(K,T,), the
s-dimensional Hausdorff measure has the following estimate:

oo

Hy(Wo(K,T,0) < > #Bin - (4i(n)m; ™)’

n=G

We now estimate the value of #B; ,,, i = 1, 2.

For i = 2, we need to estimate the number of balls By ,, of diameter 41(n)Ym5 " to cover W) (K, T,v) =
UweanJn(w). Since J,(w) is contained in the interior of a rectangle R (w) x R®) (w) of width 41 (n)m
and height 4¢)(n)¥m5 ™. To estimate the values, we consider two possible cases depending on the values of
(1 —~)n and log,,, mo — 1.

Case a-1: (1 — )71 > log,,, ma — 1. By the definition of 7, 41)(n)Ymy™ > 44(n)m;". For any n > Gy,
my" > 4(n)Ymy" by the fact that ¢(n) <1 and my < mao. It is clear that #B8s,, < (M N)™. Therefore,

oo

H3 (W, (K, T,0) < Y (MN)" (44 (n) my™)* (4.3)

n=G
oo
_ nh,
=C E my
n=G
where C := 4° is a constant and

hy, =log,, M +log,, N + s(n”'ylog,, 1(n)—log,, ma).

- : log$(n) i i s o nhy,
Since we assume lim,, oo ——=_-— exists, it is clear that Zn:G my

and that this is equivalent to the condition that

converges as long as lim, . h, < 0

log,,, M +log,, N log,,,, M +log,,, N
s> lim = .
w5 Tog, ma — n=1ylog,, $(n) T+

This, together with (4.3), yields that
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0 < MWy (K, T,9)) = lim H5(W,(K,T.¢)) < lim C Y mi™ =0,
n=G

. . . . log,,., M+log,, N
which implies that dimpy W (K, T, ¢) < —"2—"=—.

Case a-2: (1 — )71 < log,,, ma — 1. By the definition of 71, 4¢(n)Ymy™ < 4ep(n)m] ". Notice that just a
ball of diameter 4¢)(n)¥m; " is needed to cover J,(w) along the direction of the second axis. Now let us look
in the direction along the first axis. Let u > 0 be the unique integer such that m;* < 4i(n)m; "™ < mj“*!,
which implies there exist w', w"” € A“~! such that

Ta(w) € (I, (&) x R (w) UL, (&) x R®(w)) N K, (4.4)
where Iil_)l(w’) is the projection of the rectangle I,,_;(w') onto the first axis, Ifll_)l(w”) is that of I,,—1(w"),

and K is the Bedford-McMullen carpet. Since 49(n)¥my ™ < 49(n)mi ™, there exists a unique integer v > 0
such that

myTY < dp(n) my™ < mp T (4.5)
which yields that v <1 —n + nlog,, ms+ (1 —)log,,, ¥ (n). Then J,(w) can be covered by 2M**! balls
of diameter 4¢)(n)ms ", which follows from that M denotes the number of columns containing at least one
chosen rectangle. By (4.4), (4.5) and the definition of Bs .,

#Bo, <2MYTL . (#A)" =2M T (MN)".
The remaining argument is just the same as Case a-1. We therefore conclude that

71 log,,, m1
1 + T2

log,,, N

. <(1_ '
dimyg W, (K, T,9) < (1 Tt

)log,,, M +

For i = 1, we need to estimate the number of balls By ,, of diameter 4¢)(n)mi ™ to cover W, (K, T,¢) =
Uyean Jn(w). To estimate the values, we consider two possible cases depending on the values of log,, ma
and 1+ 7.

Case b-1: log,, m» > 1+ 71. By the definition of 71, 4¢»(n)m;™ > my ™. Now observe that a ball of
diameter 4¢(n)m; "™ will also cover other n-th level rectangles in (J ¢ 4n RM (w) x R? (w) along the second
axis. Let j = [log,,, ¥(n) — nlog,,, mi +n| — 2, then #By ,, < (MN)"N~J, which yields that

oo

H3(W, (K, T,9)) < > (MN)"N 7 (4p(n)ym; ™)*.
n=G

Such an argument also applies to the case ¢ = 1, from which we conclude that dimy W, (K, T, ) < log,,, N+
log,,, M

1+;'1 :
Case b-2: log,,, ma < 1+ 71. By the definition of 71, 49 (n)m; "™ < my".

Case b-2-1: (1 — )7y < log,,, ma — 1. By the definition of 71, 4¢(n)Ymy™ < 4¢)(n)my ™. It is clear that
#B1., < (MN)™. Therefore,

oo

Hy (W, (K, T,9)) < Y (MN)"(4(n)ymi™)°.
n=G

The remaining argument is just the same as the case when ¢ = 1. We therefore conclude that
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log,,, M +log,, N

i K, T <
dimpg W, (K, T,v) < i

Case b-2-2: (1 —v)7y > log,,, ma — 1. By the definition of 71, 4¢(n)Ymy™ > 4¢)(n)m ™. Let u > 0 be the

unique integer such that m™® < 4¢(n)Ymy" < ml_“'H, which implies there exist w', W’ € A*~! such that

Tu(w) € (LD () x RP (@)U LY, (") x R () N K, (4.6)

w_1(w") is the projection of the rectangle I,,_1(w') onto the first axis, Iiljl(w”) is that of I,,_1(w"),
and K is the Bedford-McMullen carpet. Since 4¢(n)Ym5 ™ > 44p(n)m] ", there exists a unique integer v > 0
such that

where I}

myY < dap(n)ymy™ < mpTU (4.7)

which yields that v < 1 —n+ nlog,,, m1 + (v — 1)log,,, ¥:(n). Then J,(w) can be covered by 2N**! balls
of diameter 4¢(n)m;". By (4.6), (4.7) and the definition of B ,,

#B1, < 2NV (#A)" = 2N T (MN)".

The remaining argument is just the same as Case a-1. We therefore conclude that

(1 + (1 - 7)7-1) IOgmz N + IOg'rnl M

i K,T <
dimyg W, (K, T,¢) < Tn

From the discussion above, we obtain the upper bound for Theorem 1.1.
5. Applications

In this section, we present some examples. Example 5.1 is a special case of Theorem 1.1 in which m; = M
and mo = N.

Example 5.1. Let T : [0,1]2 — [0,1]? be an integer diagonal matrix transformation of [0,1]%, i.e., T(x) =

(T (W), Ty (2P)) := (m12z™ (mod 1), mez® (mod 1)), with 2 < my < my. Suppose ¢ : NT — RF
be a real positive function. Let

W(T, ) :=={x €[0,1]*> : T"(z) € B(x,v¢(n)) for infinitely many n.}

Then,
. 2 1 .
] min § 15—, 17 +1} if log,,. mo > 147,
dimyg W (T, ) = ) ;2 1+;—c:gm1 o . "
min g s — 1o — } if log,,, m2 <1+,

where 7;, i = 1,2, is defined in (1.4).
The following example illustrates the case where K is a product of Cantor sets.
Example 5.2. Let C 1 denote the middle third Cantor set and C1 be the attractor of the iterated function

system {f1, f2, f3} on [0,1], where fi(z) = 1z, fo(z) = 2+ 1 and f3(z) =tz + 2. Define T : CixCi—
C% XC% as
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T(x)= (Tg(x(l)),T4(x(2))) = <3x(1) (mod 1),42z® (mod 1)) .
Suppose 1 : NT — R™ is a real positive function. Let

Wi (T, ) := {X €€ xCi: T"(x) € B(x,1(n)) for infinitely many n} .

Then,
. logs 2+log, 3 logs 2 .
dimng W (T ) = min ( =R, —|—log43} if logg4 > 1+,
my Wild, - . logz 2+log, 3 logz 241 if 1 4<1
min 1472 7147 I logzd<1l+m,

where 7;, i = 1,2, is defined in (1.4).
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This paper investigates the topological pressure of isotropic axial products of Markov
subshifts on the d-tree. We show that the quantity increases with dimension d. To achieve
this, we introduce the pattern distribution vectors and the associated transition matrices
and partially transplant the large deviation theory to tree-shifts. Additionally, we apply
our main result to a broader class of shift spaces, accompanied by numerical experiments

for verification.
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1. Introduction

This paper investigates the topological pressure of the axial product of a Markov
subshift on the d-tree, inspired by recent studies on the limiting entropy of the
axial product of N¢ [11, 12] and the asymptotic pressure of the axial product on
d-tree [15]. Before presenting the main results, the motivation behind the study is

outlined below.

*Corresponding author.
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Let A be a finite set with |A| = k and let Xy,...,X; € AY be one-sided
subshifts. The associated azial product of subshifts X1,..., X4 on N denoted by
®f:1 Xi=X1®---®XyC ANd, is defined as

d
QR Xi={ze A :VgeN Vie(l,... ,d}, x4z, € Xi}, (1.1)
i=1
where zy,7,e, € AY is the sequence obtained by shifting z by g and {ei,...,es}

denotes the standard basis of N?. Let 7(? be the rooted d-tree, which is the Cayley
graph of a free monoid generated by {f1,..., fa} with its identity element e rep-
resenting the root of the tree. The awial product of subshifts X1,...,Xq C AY on
T denoted by xfllei = X1 X --- X Xy, is similarly defined as

XU X, ={e e AT :vge TDVie{l,...,d}, (vysm)nez, € Xi}. (1.2)

An axial product ®f:1 X; (or x4, X;) is said to be isotropic if X; = X; for all
1 < i # j < d, and anisotropic if otherwise. Isotropic axial products of shifts
on N? were first introduced in [11], and many important physical systems, such
as the hard square model on N2 or Z?2, belong to this class. In the context of
tree-shifts, a notable subclass of isotropic axial products is the family of hom tree-
shifts,> where X; are one-sided Markov subshifts and identical. This family is widely
studied in the literature [1-3, 7, 13-15] and has attracted growing attention since
the subshifts defined on it exhibit rich and diverse phenomena in topological (cf. [2])
and statistical contexts (cf. [4, 5]).

One of the key quantities that characterize such symbolic dynamical systems is
topological entropy, which, in this context, measures the asymptotic growth in the
number of admissible patterns with finite supports in the following manner: for a
subshift X C A% (G = N? or Z%), its topological entropy is defined as

o logw([1,n)4 X))
UX) = i =

) (1.3)

where 7 : G x A9 — AT is the canonical projection onto F defined by (n(F,x)), =
x4, |F| indicates the number of elements in a set F', and the limit is known to
exist because N?/Z? is an amenable semigroup/group (cf. [9]) and {[1,n]?}52, is
a Folner sequence. Analogously, we define the topological entropy of a tree-shift

T C AT 6 be

(d) (d)

| (1.4
n—oo |A£Ld)|

where (@ = {f1, fo,- s fa}™, AW — Ui, Egd), and the existence of the limit (1.4)
was proved in [13]. For more on the existence of the limit for shifts defined
on a large class of trees, see [6]. It is important to note that despite similar

aSuch shifts are also called the associated tree shifts in [13, 14].
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definitions of topological entropy for these two types of systems, the resulting
quantities differ significantly in various ways. For instance, there are notable dif-
ferences (see [4]) in the structures of {h(T) : T is a Markov tree-shift on 7(®} and
{h(X) : X is a Markov shift on N%}.

The theme of this paper centers on the behavior of the topological entropy as the
dimension of the underlying lattice grows. This concept was introduced by Louidor
et al. [11], leading to the study of limiting entropy defined as

d
o s
h)(X) = Jim £ (@X) ,

where the limit exists since h(®f:1 X) is non-increasing in d. Meyerovitch and
Pavlov [12] later proved that this asymptotic quantity coincides with the indepen-
dence entropy (see the references for a definition). A similar investigation on the
limiting entropy of x%_, X was initiated by Petersen and Salama. In [14], they fo-
cused on X¢, the golden-mean® subshift and employed the method of site strip
approximation to prove that h(X(X;d) is strictly increasing in d [14, Theorem 3.7].

Recently, Petersen and Salama [15] extended the notion of limiting entropy to
topological pressure.® Under a similar setting to [8], they introduced the idea of
topological pressure to isotropic axial products on a broad class of trees called gen-
eralized Fibonacci trees.? In this paper, we focus on the cases where the underlying
lattices are d-trees. Under the circumstances, one may consider a physical system
of particles sitting on the d-tree so that the energy assigned to a particle of type
a € A comes solely from the influence of the ambient field logw, (w € R<,) and
the pairwise interaction log A, (A € RéOXA) with neighboring particle of type
b € A. Collectively, such information is embedded in a single matrix E € R;‘OXA
defined as E,p = wyaAqp. Under these assumptions, the configurations adhe_ring

to the pairwise interaction constraint A naturally form an isotropic axial product
X5 where

XE = {ﬂf S Z+ : EZ7L+171‘n > O,Vn € Z+}

and one can take the same route as in the study of thermodynamic formalism to
define the partition function |Z,(X 5% E)| on the finite subsystem A,, as

d
ZuX5LE) = > wae [] 11 Buos, e (1.5)

wen(AD X5 geald =1

and the topological pressure as

log |Z,(X 5% E

b A shift space with two symbols 0, 1 that preclude the existence of neighboring 1s.
¢They refer to it as asymptotic pressure.
dSee [15] for a definition.
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where the existence of the limit was proved in [15, Theorem 3.10], and P(X 5%, E) =
h(X 5% if E is a 0-1 matrix. Moreover, the authors showed under the assumption

Y Eap>0 and > E.p >0, (A)

a€A be A

that the topological pressure P (X ;d, E) converges asymptotically, as d — oo, to

logrg := logmax{ Z E.p:be A} , (1.7)
acA

generalizing the limiting entropy to limiting pressure. Building upon this, this pa-
per further establishes that P (X de , E) is increasing in d with the aid of pattern
distribution. Specifically, by letting I' 4 represent the set of all probability vectors
indexed by A and T 4 be the set of left stochastic matrices acting on I' 4, we success-
fully relate the topological pressure to the maximum P(*°)(d, E) of the following
optimization problem:

el d—1 . ; FE
- 72 :E : G+ pU) b,a
maximize E i+ Pe Pb,a log P(j) )
=0 acAbeA b,a

)

subject to p € Fi*, Pe Ti*, (Problem 1)

PU)=0 if B,y =0,

obtaining our main result.

Theorem 1.1. Suppose that the interaction matriz E satisfies (A). Then, the
following assertions hold:

(a) P)(d, E) is continuous and increasing in d on (1,00).
(b) PC)(d, E) = P(X3% E) for all d € N\{1}.
(¢c) Let p(E) be the spectral radius of E and rg be as in (1.7). We have
lim P)(d, E) =logp(E) and lim P (d,E) =logrg.  (1.8)
d—1+ d—o00
Heuristically speaking, the maximizing probability vectors p and stochastic ma-
trices P essentially capture the characteristics of a “typical configuration” in X Ed
as discussed in Sec. 3. Applying this theorem, the following corollary partially gen-
eralizes a result discussed in [16] regarding the monotone convergence of entropy
for subshifts on free groups.

Corollary 1.1. Let G9 be a free group with d generators, E = ET satisfy assump-
tion (A), and Yﬁgd) be a Markov shift space over G\¥). Then, the entropy h(Yéd)) is
increasing in d.

This follows from the fact that h(YE(d)) = h(XE(zd_l)), as is proved in [6, Propo-
sition 4.5].
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A few remarks could be made at this point.

(1) Assumption (A) is reasonable in that (a) by dropping all such b € A that
Y weca Eap = 0, we obtain a submatrix E’ of E with Xp/ = X, leading to
P(X3H E') = P(X;% E), and (b) similarly, by omitting such b € A that
ZbeA E,, =0, there exist a subset A" of A and its associated submatrix £’ of
E such that P(X 34 E') = P(X 5% E) for all d > 2. The equality follows from
an essentially identical argument to that for a one-sided Markov shift.

(2) From Theorem 1.1, if E is a binary matrix, then P(X;% E) = h(X3?) is
increasing in d, as opposed to h(®?:1 Xg), which is decreasing in d.

(3) Aside from its capability to demonstrate that P(X 2%, E) is increasing in d > 2,
the function d — P(*)(d, F) is also interesting in that it interpolates topological
pressure between tree-shifts X 5 and one-sided subshift Xz = X', given that
P(>®) (14, E) = log p(E) coincides with the topological pressure of the potential
t +— log I, +, defined for t € Xp.

The paper is organized as follows. Section 2 provides background on tree shifts
and introduces the key concept of pattern distribution, which is central to our ex-
position. Section 3 relates the topological pressure to the intermediate quantity
P(®)(d, E) and its finite approximation P*)(d, E) (maximum of (Problem 5)), for
which the discussions are summarized in Theorem 3.1. The proofs of Theorems 3.1
and 1.1 are postponed until Secs. 3.4.1 and 3.4.2, respectively. Finally, Sec. 4 con-
tains two examples with their P(°)(d, E) plotted for verification purposes (Figs. 1
and 2).

2. Preliminaries
2.1. Markov tree-shifts and topological pressure

To introduce the idea of pattern distribution, we should generalize topological en-

tropy and topological pressure in a way that instead of being confined to initial
(d) . -

n-subtree A, ~, we consider projections onto the set

A, = =0,

Bearing this in mind, we describe the set of blocks, in terms of the projection map,
as

Brum(X5%) = m(AW, X531 1= {(ty), ot € X5},
The weight of u € Bn;m(XEd) on Ag{%}n is then defined as

d
’LU[U|E£Ld)] H H E“gfi w,  ifn<m,
Zn:m[uy E] = geA<d) i=1

n:m—1

w [’U/|E£Ld) ] otherwise,

2550007-5



J.-C. Ban & Y.-L. Wu

where notation w is slightly abused to express the weight of a block u € B,.,,(X JLéd):

wlulgw] = T wu,.

gez{?

We then can introduce an analog of the partition function (1.5) defined as

|an(XEd,E)| = Z Zn:m[ua E]a
ueBn:m(X;d)

defined on A'Y), so that 1 Z0(X 54 E)| = | Zon (X 5%, E)|. Tt is noteworthy that we
suppress the notation w € R in all of the notations above since the limit (1.6) is
independent of the vector. For convenience, we usually further omit the dependency
on X gd, FE and d for the above notations as long as their meanings are clear from
the context.

Our conventions and notation for matrices and vectors are as follows. Recall
that I'4 is the set of all probability vectors indexed by A and Y 4 is the set of
left stochastic matrices acting on I' 4. The notation for vectors in I' 4 will be in a
lowercase sans serif font, such as p, q, while the matrices in T 4 will be denoted in
uppercase, such as P, Q. A left stochastic matrix P has each of its column summing
to 1, namely, > . 4, Pap = 1 for all b € A. The transpose of a matrix M is denoted
by MT, and for a vector v, its transpose is written as v”. The product of two
square matrices M and N (or the product of a matrix M and a vector v) of the
same dimension is denoted by M N (or Mwv). For conciseness, we denote Hle M; =
My M, - - - My, for any k square matrices of the same dimension. Finally, the standard
unit vector associated with the symbol a is denoted by e,, and both the all-one
vector and the all-one matrix are denoted by 1.

The spaces I' 4 and T 4 in this paper are implicitly endowed with the variational
distance defined as follows.

Definition 2.1. Let p,q € 'y and P,Q € T 4. The variational distance between
two vectors is given by

S

and the variational distance between two matrices is defined as

V(P7 Q) = rbneaj‘;dv((Pa,b)aeAv (Qa,b)aeA)~

dy(p,q) = max
SCA

1
=5 D Ipa —adl

acA

Additionally, for any pairs (p, P) and (q, Q), their variational distance is defined as
do,v ((p, P), (4, Q)) = max{dy(p,q),dv (P, Q)}.

For convenience, the product spaces I'"y, Y7 and I'”j x Y7} are assumed through-
out to be equipped with the maximum metrics, which, with a slight abuse of nota-
tion, are also denoted by d,, dy and d, v, respectively.
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Proposition 2.1. Suppose p,q € I'4 and P,Q,R € YT 4. Then, the following hold:

d,(Pp,Qp) < dv(P,Q).
d,(Pp, Pq) < dy(p,q).
° dv(PR,QR),dv(RP, RQ) < dv(P,Q).

Proof. It is clear that

1
dy(Pp, Qp) = 5 >

acA

> Pasbb — QasPy

be A

= % Z Py Z |Pa,b - Qa,b‘ < dV(P7Q)7

beA acA
that
1
d,(Pp,Pq) = Z > Paspr = Payas| =5 > [pe —asl Y Pap < du(p,q)
aeA bec A be A acA
and that the last inequality is a consequence of the former. O

As part of our convention, every sequence g, p, Q, P has initial index 0 unless
mentioned otherwise. Furthermore, for q = (q(®,q™M,...,q®) € FZH and Q =
Q@ QW ... Q") ¢ TZH, we write

- = -
T =", q* .. q®) and Q=(Q",Q*"V,....Q).

2.2. Pattern distribution

The primary goal of this subsection is to introduce the distribution vectors and the

transition matrices, which, in essence, capture the frequency of symbol occurrence

in a block, and to prepare necessary combinatorial estimates for later discussions.
For t € ng, the distribution vector of t on level n is defined as

2 ge=(@ Xaltg)
Tn(t) — ( ges ’_‘(d c F.A (21)
| | acA
and D, (X Ed) denotes the set of all distribution vectors on level n, i.e.
Dy (X5 = {ma(t) : t € X3} (2.2)

Additionally, by writing o(g) the set of all children of g, the transition matriz of t
from level n to n + 1 is defined as

D@, D Xa(th)

geay) t,=b £«h€o(g) .

— i) lo(g)] >0,
< 2gest® o (9)]

Ea,b
EaEA Ecab

M (t)ab = 9e=i s =0 (2.3)

otherwise
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and S, (X 5%) stands for the set of all transition matrices:
Su(X5%) = {ma(t) : 1 € X34 (2.4)
For the sake of convenience, we similarly generalize the notations:
Tnm(t) = (Tn (@), (1)) and Dy (X5%) = {Tpm () 1 t € X577,
M (8) = (0 (8), - n—1(1)) and - Spim(XEY) = {10 (t) 1 t € X5}

and we denote by Wi,.., (X 5%) the set of all compatible pairs (q, Q) € Dy (X 5%) x
Sn;m(ng), that is,

Wn:m(ng) = {(Tn:m (), Mm(t)) : t € X;d}
={(9,Q) € Dp(X5) x Sp(X 54 : D = Qq}.

Finally, the sets of blocks with given distribution vectors and transition matrices
are defined as

B (X5%0) = {(tg) jep 1 € X5 (1) = a},

Bnm(ngv q7 Q) = {(tg)geA(,ffin : t € nganim(t) = qvnnm(t) = Q}

and the partition functions with given distribution vectors and transition matrices
are defined as

‘an(XEdaquﬂ = Z Zn:m[uaEL
ueBnm(ngaq)
|Zn:m(X§d7E;qu)| = Z Zn:m[ua E]

UEBrim (X 5%4,Q)

For conciseness, we suppress the notation X ;d and d whenever no ambiguity should
occur. It turns out that, by a standard argument in large deviation theory, the size
of these sets merely has a sub-exponential growth rate with respect to |Ay,.., |, as is
shown in the following proposition.

Proposition 2.2. For any n < m,

)

m " |A | (m—n+1)-|.A|
1 < |Dpml < =l +1 < /4
< 10wl <TI0 404 < (20 1)
)2(7’r1.17,+1)-|.z4|2

1 JANS—
1 < |Sml =+ DAIGAFD < M 1
- | : | - H(l | ) <\m=a 1 +

=n

In addition, ima,, | —oo(m —n)/|Anim| = 0.

Proof. The inequalities essentially follow from a simple fact: given any k£ € N, the

size of the set Iy ¢ := {(%)1<i<e : a; € Zy., Zle a; = k} is no more than (k + 1)*.
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For the set D,.,, the first inequality is trivial, and the second follows from
that D; C Iz, and that |Dy.p| <TI0, |D;|. The third is a consequence of the
inequality of arithmetic and geometric means.

For the set S,,..,, the first inequality is again trivial. For the second inequality,
the set of vectors Ay = {(3_ ez, 4, =5 [0(9))vea : t € X%} is contained in the set
|Zi41| - 11z, ,,1,14)- Consequently,

S| < > 11 max{|Is . je(a)lall 1}

(deii,tg:b lo(g))bea€N; DEA

2
< > (1Ziga| + DM

(Xgez;.ty=019(@)beachi
< (|Ziqa| + 1)MAIGAFD,

The rest of the argument follows a similar line of reasoning.
Finally, the limit of the ratio holds true as a consequence of the exponential
growth of |Z,]. O

3. Topological Pressure and Pattern Distribution

This section explains the relationship between topological pressure and pattern dis-
tribution, laying the groundwork for the proof of Theorem 1.1. Before diving into
the exposition, we first outline the general idea. The core concept behind distri-
bution vectors and transition matrices is simple: any two blocks u,v € By (q, Q)
have the same weight. Thus, by keeping track of |By.»(q,Q)|, we gain a clearer
understanding of the partition function. The road map of our approach is as below.

Step 1. Applying Lemma 2.2, we establish

log | Z, (XX E log | Zpnar( X252 E:
lim Og| ( E > )| — lim lim mex Og| : +k( E > 7q7Q)|

n— 00 |A’$’Ld)| k—00n—00 (q,Q)EWn.n+k |A£Ld2’],+k|

Step 2. Instead of solving the maximization problem on the right-hand side, we
relate it to a more tractable optimization problem (Problem 5), whose maximum
P®)(d, E) satisfies

! Znn XXd E:
lim lim max 08 | Znn+k (X5, E;q,Q)|

k—00n—00 (q,Q) EWp.n+k ‘Agld;_i_“

= lim P®(d, E).

k—o00

Step 3. Determine P*)(d, E) for d € (1,00).

Step 4. Prove that P(*)(d, E) = limy_,o, P®)(d, E) and show that the function,
defined for d € (1, 00), is continuous and increasing.

Our argument is deeply inspired by the combinatorial proof of Cramér’s theorem
in large deviation theory (see, for example, [10, Chap. 2]), allowing us to apply the
well-established techniques therein.
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3.1. Step 1

This subsection studies the partition function as a function of distribution vectors
and transition matrices. Noting that B,,.,, is a disjoint union of B,,..,(q,Q) ((q,Q) €
Whp.m), we may bound the partition function by

q€Dn:m 9€Dn:m
Therefore, for any unbounded increasing sequence (A, ., )ien, i.e. a sequence sat-

isfying that |A,,.m,
Proposition 2.2 that

< |Aniimas, | and that lim; o0 [Ap, ., | = 00, it follows from

log|Z,, .m, log | Z,, .m,
lim inf 98 Znemed g 1981 Znem: (4 QL (3.2)
oo |Apyim, i—=00 q€Dn;:m; | Angim,
: 0g | Zn,mi| . 10g | Zn,;:m; (a4, Q)|
limsup ——— = limsup max e . 3.3
i~>oop |An1m1 i%oopqunlﬂmi |An1m1 ( )

Following from a similar argument to [13, Theorem 2.1], the upper and lower limits
are known to coincide in the following two essential cases.

Lemma 3.1. Let E satisfy assumption (A) and (An,.m,;)ien be an unbounded
increasing sequence. Then,

o If m; —n; =k for all i, then (3.2) equals (3.3).
o Iflim;_, o m; —n; = 00, then both (3.2) and (3.3) coincide with P.

/1Anim,
To prove the first claim, we may assume without loss of generality that m; =

Proof. For short, we denote a; = log |Z,,.m,

n; + k = i + k, since the remaining cases follow naturally from this special case
since n; — o0o. Under this assumption, it is not hard to see from the definition
that

\Zivrivkrt] < | Ziivk]® and  |Ajprigrir] =d - [Apigs| foralli.  (3.4)

Hence, a; is decreasing and in particular, convergent.
For the second claim, it is readily checked, following from (3.4), that

log | Zm, —n,
limsupai<limsupM:P

1—00 11— 00 |Aml—nz

and thus it remains to prove liminf; .., a; = P. To this end, we show a reversed
inequality of (3.4):

max  [Ziirn(q, Q)| > max  [Zow(a,Q)?  for all i,
(qu)EWz‘:i+k| +4(@ Q) (Q7Q)€W0:k| 0:(9, Q)

immediately yielding

liminfa, > lim inf 281 Zmi=n (% Q)|

i—00 T i—oo |Am%,nI

=P.
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To prove inequality, assume (q,Q) € Wy, is a maximizer of the right-hand side
and u9) € Wy..(q, Q), g € Z;. Under the circumstances, q(*) = e, for some a € A,
implying that ul = q for all g € Z;. Due to assumption (A), there exist b € A1
with Ep, ,p, > 0 for 0 < ¢ < i and b; = a, and thus a block v € Wi.i1x(q,Q)
defined as

by if g e =y for £ <1,

v W) ifg=gy", ¢ €5
As a result,
| Ziivk(a, Q)] = Z Z[v, E] > H Z Z[u@, E]
vEWii1£(a,Q) 9EE: w9 EWo.1(q,Q)
= | Zox(a, Q"
proving the desired result. 0O

An immediate consequence of the lemma above is

108 | Zn:n+1(a)] (3.5)

P = lim lim max ,

k—oon—00 q€EWp.nik |An:n+k|
which leads to the investigation of the following optimization problem:
log | Zn:n+k(a, Q)|

)

[Anntr] (Problem 2)
subject to  (q,Q) € Whntk-

maximize

3.2. Step 2

Solving the original optimization problem (Problem 2) is challenging due to its
combinatorial nature. Thus, we take the following steps to transform the problem
into a regular optimization problem without changing the limiting behavior of the
maximum:

(1) Rephrase the objective function.
(2) Extend the feasible domain to a convex set of Euclidean space.

To achieve it, we first approximate the objective function using Stirling’s approx-
imation (Problem 2). Before we demonstrate this, we first define the “Kullback—
Leibler divergence” vector. Let Q € T4 and M be a non-negative matrix of the
same dimension and Qg = 0 if M, = 0. We define such a vector as

Qa
DxL(QIM)p ==Y Qalog ﬁ,
acA “

where Olog% is interpreted as 0. We should stress that M is not necessarily a
stochastic matrix, and so Dkr,(Q||M) need not be non-negative.

2550007-11



J.-C. Ban & Y.-L. Wu

Proposition 3.1. Let (q,Q) € Q.. Then,

log |Zn:m(q7 Q)| log ’Zn:n(q(o)ﬂ ! “—‘n+]+1| j T (5
= — il it} (Q(J)HE) q)

logAn;ml)
L0 ( .
‘Anm|

Proof. Recall that Stirling’s approximation gives

=0

In(n!) =nlogn —n+ O(lnn).

A combinatorial argument shows that

mnl |Zntjt1] 'qz(,j)
- (0)
| Znm (2, Q) = [Zn:n(q'))] H H = (j)‘Q(j)
j=0 beA Zntjt1l - ap a,b
|_n |- q(J) QEL]),
H Ef +iH1 an
acA
where (bhb; bk) = #‘bkl is the multinomial coefficient, which according to

Stirling’s approximation can be expressed as

a
log <b1,b2,.. > faz log— + O(loga).

Essentially, the multinomial coefficient 1n the expression of |Z,.,(q,Q)| simply

counts the blocks which have |=,4,41] - q ) type b particles on level n + j that

(9)
dy

produce |4 41| -9 Q(]) type a partlcles on level n + j + 1. Therefore,

1 an ) 1 Zn ©) et En j
08| Zn:m(a, Q) _ 1og|Zn(a™)] | 3 Entjtl

|Anm| B ‘Anm| =0 |Anm|

Do) 10y [ Qe log|Znj+1
<D | =D e log o Bl

beA acA ab —nti+l

log|Z,, (@) "N~ Entisl b (Ui p)q0

et = bk AN VA (Q(J)”E) q\)

log |An:m|>
o (teltun
|Anm|
where the last equality follows from the concavity of z — —xlogz. O
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As a corollary of the proposition above, we transform (Problem 2) into the
following;:

maximize 28 |A n(q™))] _ Z |A +J+1|DKL(Q(J)||E)Tq(J)’
| n:n+k| =0 ’ n:n+k| (Problem 3)

subject to  (q,Q) € Wh.ntk-

The trickiest part of (Problem 3) lies in the first term involving | Z,.,(q(*))|, for
which, to the authors’ knowledge, no good estimate is available. Nevertheless, our
main interest lies in the case kK — oo, where the term converges uniformly (with
respect to q) to zero and hence could be safely dropped. Thus, we shall continue
our discussion by rephrasing the problem, by writing p = <E and P = 6, as

k—1
d—1 , A
maximize — Z WDKL(P(])HE)TP(]H),
=0 - (Problem 4)

SllbjeCt to (p7 P) S Ei nn+k ‘= {(?7 6) : (q> Q) S Wn:n+k}-

We remark that the bottom-up convention of (Problem 4) turns out to be more
convenient for our later discussion.

In what follows, we will further show that, as n — oo, the maximum of
(Problem 4) converges to that with the feasible domain replaced by

Q= {(p,P) € TH x Tk . Pfj}, =0if B, = 0,pW) = PWpU+ 0 < j < k},

which is a set containing Wn;n+k for all n. It is noteworthy that 2, is a compact
set on which the objective function is continuous, guaranteeing a maximizer for
the problem defined on W,,.,,4+r. Given these, our aforementioned aim could be
reached if we were able to show that Wi.x4r, as n — 00, is asymptotically dense
in Q. Unfortunately, it is rarely the case, since for (q, Q) € Wi.k+n, q,(f) = ( forces
Qg’)b = %, whereas no such constraint is seen in €. However, it is obvious
that the rcifgxirflum is the same with or without the constraint, and thus we may
further impose the following restrictions.

Definition 3.1. Let F be the restriction matrix. A pair (q,Q) € 'y x Y 4 is called
typical if the following hold:

L4 Qa,b =0if Ea7b =0.
L4 Qa,b = Ea,b . (ZaeA Eab)_l if gy = 0.

Furthermore, for any fixed P € Tfj’l, the objective function is just an affine
function of p(®) € I'4. Therefore, we can assume such maximizer, denoted by
(p,P) € Qu, has its last vector p(*) taking the form of p*) = e, (a € A) and
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lies in
0, = {(p,P) € (T x {ea}ac) x Th : p = PUIplI*1),
(PW pU+DY is typical,0 < j < k}.

We then show in the following lemma that the set anHC is asymptotically dense
in Q) as n tends to infinity.

Lemma 3.2. Let (q/,Q) € D,, x Y 4 be typical. Then, there exists ((q',Q'q"), Q") €
Wiin+1 such that

Qap — Q. for all a,b € A.

| < =
"7 Enalag

Moreover, Q" can be chosen so as to satisfy that Qa,b/ =014f Qqp = 0.

Proof. This is a consequence of the fact that ((q’,Q'q’), Q") € W11 if and only
if Q € T4 and that the following hold:

r Ca,b . e .
e Q,,= I for some integer ¢, if qj # 0;

° Qil,b = Ea,b . (ZaeA Eab)_l if qp = 0.

It is not hard to see that these criteria, together with the additional prop-
erties stated in the lemma, can always be satisfied simultaneously by some
QeT A- O

Proposition 3.2. lim,,_, SUD (p P)eq], dv,V(Wm% (p,P)) =0.
(5 ? /
Proof. Let € >0 and (q,Q) = (p, P) € Q}, be fixed, and denote
¢ = min min q{(f), min Q((f)b .
i,a:qg')>0 i,a,b:QS’,>b>O ’

We take n sufficiently large such that

; k|A|o 1
§:= max (|Zp4it1lq?)t satisfying kAl < min{ ,e} .
i,a:q% >0 ¢

|

o
We then construct a pair (q', Q") € Wy.ptr such that d, v((q', Q'),(q,Q)) < €

through the following process. To begin with, take q(o)/ = q» ¢ D, and
choose Q" as in Lemma 3.2 to define ' = Q©'q©®" € D,,.;. Now suppose
((q(i),)ogigj, (Q(i),)ogigj_l) is found and q(j)/ = 0 if and only if q(j) = O, then
(@', QW) € D,1j x T4 is typical, so we again choose QY as in Lemma 3.2
and set q(j+1)/ = Q(j)/q(j)/ € Dy jy1. Otherwise, the process terminates. We claim
that the process terminates only after step k. To see this, we make use of the
following properties, which are proved in the next paragraph, for the well-defined
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(@D osics QD )ogizy—1): for all 0 < i < j — 1:

(a) EL’) = 0 if and only if qg) =0 and d,(q (i)/,q(i)) < il Alo.
(b) Q( 2"~ 0if and only if Qa p = 0 and dV(Q(i)/a QW) < |AJs.

If the listed properties hold and if we suppose toward a contradiction that
j < k, then we see that q©)) = (QU=D'qU—D"), = 0 if and only if q¥) =
(QU=1ql=1), = 0, and thus the process should proceed, which is a contradic-
tion. Now that ((q¥), QW q®"), QW) € Dpijinsjsr for all 0 < j < k, which
implies (q,Q) € Witk and dv,v(Wn;n-s-k, (p,P)) < k|A|d < € as desired.

We prove the aforementioned claim by induction on i. When i = 0, since q(9) =
q(o)/, property (a) is automatic. For (b), if qéo) =0, then

/
QS?[Z = (0) a b Z Ec b

a€A

If qgo) > 0, then by Lemma 3.2,

Qab—Q(O) >< 6>O

|~—n+1 ‘q

In addition, we may apply Lemma 3.2 again to deduce dV(Q(O)/, Q) < |AJ6.

For the induction step, we assume the hypotheses hold for i — 1 < 5 — 1. To
prove (a) for the index 4, note that q®" = QUi=1'q(=1)" = 0 if and only if (i~ =
QU=Dq=Y = 0 is straightforward from the induction hypotheses, and a simple
calculation shows that

N/ . . ! . / . .
dv(q(’) ’q(Z)) _ dU(Q(z—l) q(z—l) ’Q(z—l)q(z—1)>
< dy(QUY QU 4 d, (g1’ g D) < i].Als.

N/
For (b), we note that if qt(f) >0,

@)’ (%)
—_ i)\ — - i da” —da
(|':'i+1|q<(z) ) t= \:i+1|q((1) 1- 7)
q”

. . -1
—_ i dy q(l)laq(z)
< <:i+1|q((1) (1 - %
Jda
- W) il Als \\
< |Eialag” |1 - T) < 26.

We apply Lemma 3.2 for the last time to obtain dy (Q®', Q@) < |4|5. Furthermore,
Qa y = Qél)b if qi?b =0, and if qf;;)b # 0, then

—1

N/ . . .
QY > QY —av(Q®', Q1) > ¢ ~ [ AJ6 > 0.
Our proof by induction is therefore completed. O
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As the last step of this subsection, we would like to once again reformulate the
problem (Problem 4) to eliminate its dependence on k in the objective function. We
note that the function Dk, (PU)||E)Tpl+1) in (Problem 4) is uniformly bounded for
all j, k and PY) | pU+D) Furthermore, its associated coefficient (d—1)/(d’+t! —di=F)
admits a limit (d — 1)/d’*! and the ratio between the two coefficients is uniform
for all j:

d—1 d—1 1 )
G @ik @t 1 g1
As a consequence, we arrive at the following optimization problem:
—d-1
maximize —Z s DKL(P(J)||E)Tp(J+1)7
J=0 (Problem 5)

subject to  (p,P) € Q.

whose maximum, denoted P¥)(d, E), converges, due to Proposition 3.2 and the
arguments above, to the topological pressure:

P(X; U E) = Jim P®(d, E).

It is noteworthy that the optimization problem above is closely related
to (Problem 1), whose the maximum P(°®)(d, E) is well-defined since its feasible

domain is compact with respect to the metric doy defined as

o0 2 d-1 L o
v (e, P), (0, P) = 3~ duv ((p),PY)), (p9), PUY))
j=0

and the objective function is continuous on the feasible domain. Our goal is thus to
demonstrate that P*)(d, E) — P(>)(d, E), which, as a function of d € (1,00), can
be shown to be continuous and increasing using uniform convergence of P*)(d, E)
on compact subintervals. However, the proof for this requires knowledge about the
solutions of (Problem 5) and is on hold for the time being.

3.3. Step 3

As pointed out in the last subsection, the objective function of (Problem 5) is affine
in p*), and thus p = e, for some a € A can be assumed since I'4 is the convex hull
of {es}aca. The problem simplifies to the following:

=1 k—1
maximize — Z I DKL(P(J)HE)T H POp,

Jj=0 l=j+1

(3.6)
subject to p=-e, PeTk,

PU)=0 if B,y =0, 0<j <k

We denote by Fi(p,P;1/d, E) the objective function of (3.6) and by Fu(p,P;
1/d, E) the objective function of (Problem 1), and we find a maximizer as follows.
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For conciseness, we suppress F and 1/d if doing so should not occasion any
confusion.

Proposition 3.3. The optimization problem (3.6) admits an optimal transition
PO (i =0,...,k — 1) independent of p that is defined as

git1

A0

e d—1 "a Ea b )
0 prES R Zf Ea,b > 0,
Pa,b = Zc:Ec,b>0 € d-1e Ecab
0 otherwise,

. d—1 iy (i—1)
A0 — — log Z ed=T N ' Eyq fori=1,... k.
b:Eb’a>0

Moreover, the mazimum of Fy(p,P) is )\(k)Tp,

Proof. The idea of proving the optimality is as follows. We construct a sequence P,
independent of p and k, such that given any i =0,...,k—1and Q©,... Q-1 ¢
T 4, Z = P maximizes the function

Fk;Q(i+1)

Z

Q(k—1)

Fiy(p,P©,...,PO7D,Z,QUFD, .. Q).

To find P, we should also introduce an auxiliary sequence A(¥) in our construction.
By writing A(?) = 0 € R4, we note that Fi.q .. qu-1 is an entropy maximization
problem in each column of Z and thus admits a maximizer (independent of p, Q
and k) such that

d A(())
ed—1"a E b E b .
& = & if E., >0,

0 4 A E
Pt(z,g: Zc:Ec,b>061171 Ec,b ZCEA &b

0 otherwise.

Now if we suppose a maximizer P~ satisfying our hypothesis is found, we let

, d—1 . A .
A = = Dy POV B) + p—DT )\~
=1 [ = T 4
— *ZW II P“| Dxu(PY|E) (3.7)
=0 1=j+1
and express Fi.qa+1, Q-1 as
Fk;Q(iﬁ»l)’”.’Q(k—l)(z)
=l A i—1 k—1
-3 e 11 e 2( T @)
§=0 l=j+1 (=i+1
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d—
PRSI DKL (ZllE)* H Q“p - Z Qi1 DKL QB H Q¥
l=i+1 j=i+1 {=j+1
_(y@T7z_9— 0
- (- ) I e
l=i+1
el k-1
B Z di+1 D, (QV]| )" H Q“p,
Jj=i+1 l=j+1

(3.8)

which also results in a classical entropy maximization problem in each column of
Z, and an optimal solution independent of p, Q and k is

i+l NO

e d—1 a E
i) d1+1a fz) if Eop >0,
Pa,b = ZC E. > >0 € d=1 "¢ Ecvb (3'9)
0 otherwise.

In this manner, we successfully construct the desired sequence and prove the opti-
mality. Moreover, if we plug (3.9) into (3.7), we deduce the recursive relation of \,
and the proof is complete. O

AT /(d—1)A® d/(d—1)A© _ 1

Remark 3.1. In Proposition 3.3, the vector e satisfies e
and the relation

dH'l (i) (i—1) .
e =T (ET =AY for i > 1,

which is essentially a generalization of the formula used in [6, Algorithm 1] for the
computation of entropy.

3.4. Step 4
3.4.1. Convergence of P*)(d, E)

We first prove the following theorem regarding the convergence of the optimization
problems, preparing us for the proof of Theorem 1.1. The maximizer P* satisfies
the following properties.

Theorem 3.1. Let d € (1,00), E satisfy assumption (A),
Ao ={a € A:3n €N such that (E"),,, > 0}
and

L=min{n e N: (E")4,q > 0,YVa € As}.

2550007-18



On the topological pressure of axial product on trees

Then, the maximizer found in Proposition 3.3 satisfies the following properties:

(a) For every p € T4 and k > 1, Fy(p,PO*=D") = )\(k)Tp takes values in [(1 —
d=®)a, (1 —d=%)B], where

a = log mbinz E.,p and [ =log m?XZE%b.

(b) Ifa,b € A with (E%)4p > 0, then for all j >0 and k > 1,

Rricl g g 1
Fk+i(eb7 P(O:k-i—z—l) ) _ Z W oy > Fk(ea, P(]:]—i—k—l) ) .
=0 =0

d—1
e
where v = logming, ,~0 Eq . In particular, for all a € A and all 0 <1i < L,

a,b

Ln+i—1

. )k d—1
FLn—i—i(eaa P(O.Ln—i—z—l) ) _

—_— . /7
(41
£=0 d

s mon-negative and increasing.
(¢c) There exists p* € I‘i* such that (p*,P*) is a maximizer of (Problem 1). In
particular,

P (d, E) = Foo(p*, P*)

. _ *
= max lim FLn(ea,P(O'L" D )
a€Ay N—00

= lim max Fk(ea,P(O:k_l)*)
k—o00 a€ Ao

= lim P®(d, E).
k—o0

Proof. (a) We show by induction that the map A(*) L AG+D) in Proposition 3.3
satisfies that

freo-ofoA), e[1—d*Ya, (1 —d ¥ 1] forall k>0,
which follows from the monotonicity of f;: fi(\) > fi(\”) if X' > X’. When i = 0,

0@ =T T10g Y Brae[(0-d Mo, (1 a7

b:Ebya>O

Now if the hypothesis holds for £ — 1, then

d - 1 gk .(k'+1
filfii o0 oA € Sglog 3o BT By,
b:Eb1a>O
<(1-d*hHp
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and a similar argument also applies to the lower bound fi(fx—10---0 fo(/\(o)))a >
(1 — d=*~1)a. The first item then holds by induction.
(b) For each a,b € A, one can choose a sequence (&¢),>0 as follows:

(f@)gzo = (fg’b’i)gz() such that fo =a, fi = b, Egb Eo41 > 0, VY > 0. (310)
Then, we take transition matrices P#+9" such that P(kH)/&,EHI = 1. Under the

circumstances, we have (Hi:& P(’”j)/)a’beb = e,. Therefore, according to (3.6),

k+i—1

)k d—1
F(eq, PUITE=17) ¢ T )
=k
k— k+4i— 1d 1
Z de+1 DKL P(]H) |B)" H P €t Z a7
= 0 =j+L+1

< Fiopiley, (PUHR=D" plthithti=1’y)
< Fipi(ey, PORHZDT),

This finishes the proof.

(¢) We start by noting that the existence of optimizer (p’,P’) is guaranteed by
compactness of the feasible domain and continuity of the objective function. Next,
by recursively replacing P’ by P* according to Proposition 3.3, the compactness
again asserts that there exists a maximizer of the form (p*, P*) (and thus the first
equality).

The third equality and the existence of the limits therein follow from (b). Pre-
cisely, for each a € A and each 0 < i < L, the following relations:

lim max - = sup max - = max sup- = max lim -
n>0a€Aq n>0a€A a€Ax >0 a€ A N—00

coincide on the sequence
= d—-1
Frnyi(eq, POFH=DT) 4 3" prEEe
¢=Ln+i
To finish the proof of this part, we note the following fact due to assumption (A):

For each a € A and k > |A|, there exists b € A, such that (E¥),; > 0.
(3.11)

Immediately this yields that

lim max Fr,1(eq, P(O:L"“_l)*) = lim max Fr,(eq, P(O:L”_l)*) for all 4,

n—00 a€ Ao n—00 a€ A

justifying the existence of the limits and their coincidence.
To prove the second equality, for each a € A, and each k € Z,, there exists
an extension (p(a, k),P(a, k)) € Fi* X Ti* of ((Hf;zl PO e, )k_, POF=DT) (using
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the sequence (£5°*"), in (3.10)) such that

oo
. Ln—1)* . h—1)* d—1
s fm, Flo(ea PE0) = apope lim s (e, PED) 40 G

< max limsup Foo(p(aa k)a P(CL, k)) S FOO(p*a P*)7

a€As koo
For the other inequality, we note that due to the affinity of p — Fj,(p, POF=1D"),
Foo(p®,P?) = lim Fi(pOR)" pO:A=1"y < liminfmaj(Fk(ea,P(O’k_l)*). (3.12)
—o0

k—oo a€

As a result, due to (3.11), we may apply (b) to deduce

lim max Fj(e,, P(O:k_l)*)
k—o0o a€As

k—1

x d—1
— 1 (0:k=1)"y _ .
= 2 el P N
t=k—|A|
> lim sup max Fj,_| 4/ (€q, P(O:kflA‘fl)*) > Foo(p*, P¥). (3.13)

k—oo a€A

Combining the inequalities above and the third equality proves the second equality.

Finally, we note that the last equality, together with the existence of the
limit, also follows from (3.12) and (3.13), given that P®*)(d, E) = max,c4 Fi(eq,
pO:k—1)%), O

3.4.2. Proof of Theorem 1.1

Let 8 and v be the constants defined in Theorem 3.1, which are independent of d.
We show that P(*) converges to P(>) in a strong sense.

Proof. (a) For our convenience, we denote qi(d) = d=% — d=*~1 throughout the
rest of the discussion. In addition, we denote by P*(d) the optimal matrices given
in Proposition 3.3 with the associated A*) denoted by A®)*(d).

Our proof of continuity and increasing property relies heavily on the uniform
convergence of )\(L"“)*(d)a: for every a € Ay and every 0 < ¢ < L—1, the function
AD™(d)g = limy 00 AE"TD7(d),, which is well-defined for d € (1,00) according
to Theorem 3.1(b) is continuous with the convergence uniform on every compact
subinterval of I C (1,00). To begin with, we note A*)"(d) is obviously a contin-
uously differentiable function from its definition in Proposition 3.3. To prove the
uniform convergence on compact subinterval, we verify that it is an equicontinuous
sequence by computing the derivative of A*)”(d):

* _ - )*
()\(k) )/(d) = (qx(d) 1Og(ETe‘Ik(d) 1y (k-1 (d))>/

/ T qi(d)"TAF=D " (a) q(d)
q,(d) log(E" e )+ (ETear (@~ AF=D7(a))

2550007-21



J.-C. Ban & Y.-L. Wu

! d * )\(kfl)* ! d . .
ETdiag <_cik((d))2)‘(k_l) (d)+(qk(d))() o0k () TTAETD ()

= g} (d) Dxer, PV (@)[| B) + PE=D(d) " (AF=D7) ()

T
1

— k—1
=Y a7 =G+ na | I PO@ ] DO @)E)
=0 (=j+1

(3.14)
and note that the derivative is uniformly bounded on the interval I:
(ETY (@] < sup Y 1 = G+ DA™ 2(1] + 1) < oc
€155

The equicontinuity then follows from the estimate and the mean value theorem.
Now that the functions, when restricted to I, are clearly uniformly bounded, we
apply the Arzela-Ascoli theorem to obtain uniform convergence.

For the continuity of P(OO)(d, E), we apply our claim to the function

)\(Ln+i)* d)y = Frooiles P(O:Ln+i—1)* ).
a%lii (d) a%lii Ln+i(€a; (d))

to deduce uniform convergence on compact subinterval, which, together with The-
orem 3.1(c), yields the desired result.

To prove that P(°)(d, E) is increasing in d, we first associate with each a € Ay,
an open set I, such that

AED (@), > ALY (d),, forallbe A

and that U, 1, is dense in (1, 00). This follows inductively from the fact that for any
continuous functions fi, fo : U C R™ — R defined on some open set U,

{r eU: fi(z)> folx)} U{z € U: fa(x) > f1(x)}
Uint({x € U : fo(x) = fi(x)})

is dense in U. We then consider an alternative form of (3.14):

T
Ln—1 j Ln—1
XY@ = 3 Y@ el | [ PO@) | DY @))
j=1 i=1 =41
T
Ln—1 Ln—1
= a2 | II PP (@] Dxu(PY(a)lIE)
Jj=0 b=j+1
Ln—1 ) ) d72
_ _ Z d—z—lFLn_i(emP(z:Ln—l) (d),d, E) + : d71/\t(an) (d),
=1
(3.15)
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where the last equality follows from swapping the order of summation. If we further
express d~2- (1 —d=1)71 =372 d~""!, then the above becomes

Ln—1
(eI NI Y (d) = — Z A~ Frn—i(eq, PEE" D7 (d); d, B) — ANEW7(d),]
i=1
4 Z d_i_l)\(Ln)*(d)a,
i=Ln
Ln—1 4 ) 0 ]
> Z dfzfl[)\(Ln) (d)ai)\(Lnfz) (d)a]Jr Z dfzfl)\(Ln) (d)m

i=Ln

where the last inequality follows again from Theorem 3.1(b) and the last function,
due to our claim, converges uniformly on every compact subinterval to the following
function:

Z g AV @; - A,

which is non-negative for all x € I,. By the mean value theorem, this provides the
following bound for [d’,d"] C I,:

PN E) — P(d,E) > limsup inf (eTAEMTY(d) - (d" — d') = 0.
n—oo de€[d’,d"]
The proof is thus finished by noting that (J,. 4 I. is open and dense in (1,00) and
P(®)(d, E) is continuous.

(b) Tt follows essentially from Theorem 3.1(c) that P(®)(d,E) =
limy_s00 P*)(d, E), where the limit is known to converge to P(ng, E) as discussed
in Sec. 3.2.

(c) On the one hand, Theorem 3.1(a) guarantees limg_,o, P(*)(d, F) < . On
the other hand, Theorem 3.1(b) together with assumption (A) implies, by taking
k=1, 7 =0 and letting ¢ — oo, that

lim P*)(d, E) = lim lim max Fi 1 (e, PO 4 E)

d—o00 d—oo i—00 beA

T d—ooi—oo acA

> lim lim max F}(e,, p0:0)*. :d,E) + Z(dik—d’kfl) y
=1

lim (1 —d H+d -y =5
d—oo

For limg_,1, P(*)(d, E), we plug the Parry measure

P(z) . Eb,awa

G0 p(E)wy
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into (Problem 5) to deduce limg_,;, P(>)(d, E) > logp(E). To prove the other
inequality, for every € > 0 we first construct a new interaction matrix

p(E)+e 0
1 E

E' =

Since P(>®)(d,E) < P(™)(d,E') for and d > 1 according to (Problem 1), it
is sufficient to show that limg_,;, P(>)(d, E') < logp(E') = logp(E) + €. Let
v and w be the left and right eigenvector, respectively, associated with p(E’)
such that wfv = 1. According to the spectral decomposition of E’, we know
lim,, 00 p(E')"™(E’)" = vw’ is non-negative, and thus we can assume without
loss of generality that v = p(E’)~'E’v is a positive probability vector. We see from
Remark 3.1 that for the system defined by E’, there exists Cy = maxge 4 v17% > 1
such that

,UTeddkjll A(F) _ UT((EI)Tedd'fkl)\Uc*l))d

< Cy- T (E) ety

k (k—
= Oy p(E )T ed=r>""")d, (3.16)
Indeed, we note that for all non-negative numbers z,,
ZaEA/ ’Ua$g /Ua$d 1—d

1< =924 — % <max —2 = maxv
T (Xpes Vaa)? T acA vdad  acar @

This provides a uniform bound for limg 1, P(°)(d, E'), and the claim is proved
by estimating the pressure using (3.16) and letting d — 14+. More specifically,

k . _ k
vTeddff AR C;—&-d—i—----i—d’“ lp(E/)d+d2+--»+d’“ (vTeﬁ,\“”)d

_ oldtedE T o dbd? o 4-d”
=0y p(E")

and thus limg_,14 P (d, E) < log(p(E) + €). O

4. Experiments

In this section, we present two examples related to Theorem 1.1. Consider the
golden-mean tree-shifts X, éd with

o]

We claim that the function P(>)(d, E) can be approximated by P*)(d, E) with a
crude estimate of error

¢
)
T S P E) - PO, B) < 1= .
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Topological entropy of golden-mean tree-shifts
0.31

0.29

0.27

0.25

Topological entropy h

0.23

0.21

0 0.2 0.4 0.6 0.8 1

Reciprocal of dimension 1/d

Fig. 1. Topological entropy of golden-mean tree-shifts.

Topological pressure of golden-mean tree-shifts
0.49

0.48

0.47

0.46

0.45

Topological pressure P

0.44

0.43

0 0.2 0.4 0.6 0.8 1

Reciprocal of dimension 1/d

Fig. 2. Topological pressure of golden-mean tree-shifts.

Indeed, the first inequality follows from Theorem 3.1(b), and the second fol-
lows, by comparing (Problem 5) and (Problem 1), from the fact that each term
in (Problem 1) admits an upper bound 753111 Dy (PU|E)pU+D < 53111 B. The fig-
ure of the topological entropy is given in Fig. 1. For the purpose of demonstration
of Theorem 1.1 for general interaction matrices, we include Fig. 2 to show the
increasing property of pressure when

2 2
1 0

Both of the figures turn out to be consistent with Theorem 1.1 in the sense
that both functions are continuous, limg_ ., P (d,G) = log,,2 ~ 0.3010,
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limg_, o PO°)(d, E) = log; 3 ~ 0.4771, limg_,1 4 P (d, G) = log; 15 ~ 0.2090
and limg_,14 P (d, E) = log,,(1 4+ v/3) ~ 0.4365.
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1 | INTRODUCTION

This paper presents a version of Cramér’s theorem for finite-state Markov chains indexed by d-
trees, accompanied by a number of folklore theorems and an exploration of their connections to
dimension theory.

Let A be a state space that is at most countable. Recall that a classical Markov chain is an .A-
valued stochastic process (X,,), ey satisfying the Markov property: Foranyn € Nand a, b € A, the
finite-dimensional distributions of the process satisfy

I]:D(Xn = le}’l—l = a,Xn_Z, e ,Xo) = [FD(Xn = bIXn—l = a) = Mﬂ,b
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with the transition probabilities {M, ab - @b E A} independent of . In this context, the transition
probabilities satisfy »), 4 M, = 1 for all a € A, forming a stochastic matrix M = (M ;) pec s
known as the transition matrix. Additionally, the law of the initial state X, can be represented
as a probability vector 7 = (77,) e 4 = (P(Xy = a)),e 4, referred to as the initial distribution. For
example, a lattice random walk can be modeled as a Markov chain whose state space .A consists
of all nodes in the lattice and X, is the position at time n with the transition probability M,
specifying the probability to move from position a to b. Extending this paradigm, Benjamini and
Peres in [5] introduced the concept of generalized Markov chains as .A-valued processes (X ) er
indexed by some generalized “time” T'. In this framework, T is a rooted tree, that is, a locally finite,
connected acyclic graph that features a distinguished vertex ¢ called root. For ¢, h € T, we write
g < hif g lies on the (unique) path from the root € to 4. We denote by § the parent of g with § < ¢,
and define g A h as the farthest vertex on both paths from € to & and from € to ¢. A tree-indexed
Markov chain is then defined as follows.

Definition 1.1. Let A denote the state space, T a rooted tree, M € a stochastic matrix, and

RAXA
>0
me Rfo a probability vector. A Markov chain indexed by T with transition matrix M and initial
distribution 7 is an .4-valued stochastic process (X g) ger satisfying PX,=a)=mn,forallae A

and the Markov property: For all a,b € A,
P(X, =blX; =a,X,forg Nh < §) =P(X, =b|X; =a)= My, @

Notably, the underlying probability space (Q, F, P) of a T-indexed Markov chain can be real-
ized using a standard Borel space. Specifically, by defining Q = AT, F as the Borel o-algebra, and
X,(t) =t,, the Markov property together with the assumption of initial distribution uniquely
determines a Borel probability measure (denoted also by P by a slight abuse of notation). This
measure, referred to as a Markov measure, is supported within

Tu=iteAl: Mtz;»tq =1forallg € T\ {e}}, @

where M is the incidence matrix associated with M, a matrix satisfying M, , = 0 or 1 depending
onM,, =0or>0, respectively. In particular, when T = Z_, the measure P reduces to a classical
Markov measure and the space 7y, to a Markov subshift, making them special cases of the broader
framework. Motivated by this observation, the present study examines and compares tree-indexed
and conventional Markov chains through the lenses of large deviation theory and dimension the-
ory, and our focus is on the class of finite-state Markov chains indexed by rooted d-trees (d > 2),
each corresponding to the Cayley graph of the free semigroup generated by = = {1, 2,...,d}:

H
I
'CS

[e9)
i=tgul e g g €T Vi<,
i=1

i=0

with £% = {¢} being part of our convention.

Despite their introduction in [5] in a general form, special cases of tree-indexed Markov chains
had appeared in earlier studies, typically as special cases of i.i.d. tree-indexed processes. For exam-
ple, first-passage percolation on trees (cf. [21]) is modeled by tree-indexed i.i.d. random variables
where each variable represents the “passage time” to traverse between vertices in T, and the pri-
mary focus is on the asymptotic passage time to reach a vertex from the root. For developments
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in this area, see, for example, [6] and see [14] for a multifractal analysis of first-passage percola-
tion. Further discussion on tree-indexed i.i.d. variables and some related fields can be found in [6,
Section 1] and [7].

Beyond the i.i.d. setting, the tree-indexed Markov chains, as explored in [6], are closely related
to tree-indexed random walks on groups or general countable graphs, where the rooted tree plays
the role of “generalized time” as illustrated in the previous paragraph. This approach addresses a
key challenge in the analysis of random walks on large groups or graphs, where a single sample
path visits only a relatively small portion of the space and thus provides limited information.
With the abundance of sample paths offered by the generalized time, tree-indexed random walks
provide a more comprehensive view of their underlying structure.

Another frequently explored aspect of nonconventional Markov chains is their entropy, which
motivates the first part of the present work. This line of research originates from the study of sta-
tistical mechanics on trees, as initiated in [27] and [30]. For related studies, see also [9, 10, 13, 15].
Continuing in this direction, the article focuses on both the typical and large deviation behav-
ior of configurations. Specifically, typical behavior is characterized by an ergodic theorem (also
known as the Shannon-McMillan-Breiman theorem or the law of large numbers, depending on
the context), while large deviation behavior is addressed through a Cramér’s theorem. This focus is
influenced by [8] and its successors, where the researchers examined the entropy of the stationary
random fields on both rooted and unrooted d-trees. Subsequent works by the same authors [35,
36], building upon Pemantle’s combinatorial approach [22], established a Shannon-McMillan-
Breiman theorem with convergence in probability for ergodic random fields on homogeneous
trees. Further developments can be found in [17, 29, 31, 33, 34] and references therein, with
noteworthy contributions regarding deviation inequalities provided by [23, 28, 32].

Broadly speaking, the previously mentioned studies center on the asymptotic behavior of the
following empirical average over the initial n-subtrees A, := U?ZOZ":

1
Y= Y, logAy x,, 3)
g€A,\{e}
where A € ng““ is the weight matrix and | - | denotes the cardinality of a set, with |Z"| = d"

i +1— . . . .o . . .
and |A,| = Y1, T = dnTl, in particular. As it turns out, the empirical averages Y, exhibit an

asymptotically periodic stdructure whose period is closely linked to that of the initial state. Recall
that the period of a state a in a Markov chain is defined as p = gcd{n € N : (M"), , > 0}, with
p = oo if no such n exists. Recall also that a nonnegative matrix A € R“;OXA is irreducible if for all
a,b € A, there exists n € N'such that (A"), , > 0, and is said to be primitive if the condition holds
for all large n. A Markov chain is said to be irreducible (respectively, ergodic) if it has an irreducible
(respectively, primitive) transition matrix. As readily checked facts, all states in an irreducible
Markov chain share a common period, which is referred to as the period of the Markov chain,
and the period of an ergodic Markov chain is 1. In summary, the works listed in the previous para-
graph successfully recover several classical theorems for ergodic Markov chains, but leave open
the question of how the results extend explicitly to more general systems, in which the behavior
of Y, differs significantly from its conventional counterpart. Particularly, unlike classical Markov
chains, almost sure convergence for (3) cannot be guaranteed even for irreducible Markov chains
(see Example 3.12). In light of this, the conditional averages (an +jlXe = a,y) (n € N) with ini-
tial state a, of finite period p will be studied in place of Y,, throughout the work. Agreeing with
this philosophy, our first result is an analog of Cramér’s theorem, which is presented after the

introduction of necessary definitions and notations below.



40f39 | BAN ET AL.

Recall that given a positive real sequence (g,,),cy tending to zero and a lower semicontinuous
functionI : R — [0, o0], a sequence of real-valued random variables (X,,),cy is said to satisfy the
large deviation principle with speed (¢,,),,cy and rate I if for all Borel set S C R,

sup —I(a) < “Elio?f g, logP(X, € S) < limsupe, logP(X,, € S) < sup —I(x).

ae$ n—oo aes

For matrices A, B € R4 (and similarly R4) and r > 0, we denote by A © B 1= (Ay pByp)apen
the Hadamard product of A and B, and by A®" := (A7 Dapea the element-wise power of A

whenever well defined. With these notations, we define the operator W, ,. : IRA - RA by
W, (0 = (A0 4)

Theorem 1.2 (Cramér). Let T be a rooted d-tree, (X ;) 1 be a finite-state Markov chain with transi-

tion matrix M, and (Y ,,),,cn be the empirical average with respect to the weight A € ng“‘t asin (3).

If ay € A is a state of finite period p, then (Y, j|1X. = ag)nen satisfy the large deviation principle
with speed (|A ;. ;1™ )yen and rate

Aj(@) = sup[ua — A; (W],
UER

where, with 1 € R4 denoting the all-one vector,

log(¥ppaor )P (1))q,

|Apn+j|

A; (,u) = lim

n—oo0

A few comments about the theorem should be mentioned. First of all, we should emphasize
that assuming the initial state has finite period involves no loss generality in the characterization
of Y,,. Precisely, we observe that the random tree

T ={g € T : X, has infinite period for all h < g, h # g}

isalmost surely a subtree of A 4|, and its leaf vertices T ={h €T : hi ¢ T,Vi € Z}are associated
only with states of finite period. This allows us to pass Theorem 1.2 to (Y,|X, g € 0T). Second, a
key challenge in proving Theorem 1.2 lies in the uncertainty of differentiability of A;, and hence
more sophisticated arguments, such as Gértner-Ellis theorem, do not apply. This forces us to
resort to a combinatorial reasoning. Finally, results on large deviations of tree-indexed Markov
chains are also considered in [11] for trees generated by a Galton-Watson process with a positive
probability of producing zero offspring, which differs from our setting.

Despite its tediousness, an advantage of our combinatorial approach lies in that it almost
immediately gives the following version of ergodic theorem for irreducible Markov chains.

Theorem 1.3. Under the assumptions of Theorem 1.2, if the Markov chain is irreducible of period
D, then for any state a, € A,

p-1 .
. d’! i+1—j
Jim (¥ s j1Xe = ao) = Z -1 4 ¢ Z Ty J)Ma,b logd,,  Peas,
i=0 Z d a,beA
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where (1), are the unique left probability eigenvectors of MP satisfying ) = 7(+DM and 7'[30) >
0 ifand only ifi = 0 (mod p).

This confirms the cyclic structure of convergence of Y,, and complements the state-of-the-art
results by extending the limit theorems from primitive transition matrices to irreducible ones.
This periodic pointwise convergence will be utilized in the subsequent sections.

The second part of the article is motivated by another intriguing aspect of the tree-indexed
Markov chains: the “size” of the outcome space of labeled trees Ty (recall (2)). This outcome
space, also known as a Markov hom tree-shift, represents a special family of symbolic systems
introduced by Aubrun and Béal [1] that can be viewed as a generalization of the one-sided Markov
subshifts, considering that the latter could be defined using the former with the underlying
tree T = Z, . Building upon this concept, Petersen and Salama [24, 25] introduced the topolog-
ical entropy for such spaces as an analog to topological entropy for traditional shift spaces to
investigate their complexity. Results therein were later generalized to asymptotic pressure for a
broad class of systems [26]. Notably, the topological entropy could also be interpreted as the box-
counting dimension under a proper metric (see (19)). Motivated by this observation, the present
paper aims to investigate the Hausdorff dimension under the specified metric and relate such a
quantity to the eigenvalues of certain nonlinear transfer operators: Drawing inspiration from the
classical thermodynamic formalisms, the candidates of transfer operator L, : [R{“;O - IRP.“;O for

- P AxA .
r=(rg,ry,,rp_1) € R, and A € RZ** are defined as
La,(x)= \PAJV1 olPA,rp,z ooW, (%), (5)

with each ¥ ;. (x) defined in (4). The Hausdorff dimension is then related to the eigenvalues of
the nonlinear operator, as is seen in the following theorem.

Theorem 1.4. Let Ty be a Markov hom tree-shift with an irreducible incidence matrix M of period
p. Then,

-1

p-1 ¢
dirnH 7"M = rlel}iind <Z H ri_1> ’ IOg p*([’M,r)7 (6)
P,

=0 i=0

p—1
Rpa = {re(O,d]P : rizl},
i=0

pu(Lyg,) = inffa >0 @ Ly, (W) = a-u € R4\ {0}}.

where

In particular, if M is a primitive matrix, then p = 1, Ly;, = M forr € R, 4 = {1}, and dimy Ty =
log p..(M) = log p(M), where p(M) is the spectral radius of M.

It is noteworthy that the theorem formally generalizes the classical thermodynamic for-
malisms. Specifically, when d = 1, the set R, simplifies to = {(1,1,...,1)}, leading formally
to the conclusion that dimy 73y = p~! log p(MP) = log (M), a known result for irreducible
Markov subshifts.
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At this stage, two main concerns arise regarding Theorem 1.4: the existence of nonnegative
eigenvectors and the attainment of mmreR . To address the former issue, the proof of the the-
orem is deferred to Section 4.1, where a brlef overview of nonlinear Perron-Frobenius theory is
provided to establish the required existence. The latter issue is discussed in Lemma 4.4, which
forms the cornerstone in the proof of Theorem 1.4. Notably, the proposed formula of the Haus-
dorff dimension can be further adapted to serve as an upper bound for any Markov hom tree-shifts,
leading to the following corollary.

Corollary 1.5. Let Ty; be a Markov hom tree-shift. Then, dimy Ty < log o(M). In particular, for
any irreducible M, the equality holds if and only if M has uniform row sums.

To provide an overview of our proof strategy, it is worth mentioning that the upper bound of the
Hausdorff dimension is derived via constructing efficient covers of Ty,, while the lower bound is
obtained by applying the classical mass distribution principle to the “optimal” Markov measure.
Hence, the main contributions of this work lie not only in providing a formula for Hausdorff
dimension but also in establishing an analog of the variational principle for the tree-shifts.

The organization of the paper is as follows. In Section 2, we introduce preliminary definitions
and establish the general conventions. Section 3 is devoted to the proofs of Theorems 1.2 and
1.3. Section 4 presents the proposed variational formula for Hausdorff dimensions (Theorem 1.4),
which involves a recapitulation of the nonlinear Perron-Frobenius theory (Section 4.1), followed
by necessary lemmas on duality (Section 4.2) and lower and upper bounds for Hausdorff dimen-
sions (Sections 4.3 and 4.4). Section 4.5 concludes with a discussion of a general upper bound for
the Hausdorff dimension and an illustrative example validating our dimension formula. Finally,
the paper concludes with a brief discussion in Section 5.

2 | PRELIMINARIES

Welet T, %, A, and so on, be as defined and use the alias E,, = " to avoid possible confusion.
We will consistently denote the transition matrix as M and its incidence matrix as M. To simplify
our discussion, two assumptions will be made throughout unless otherwise mentioned. The first
one is rather fundamental, which states as follows:

2y My, >0foralla € A. (A0)

By assuming so, we avoid “nonessential” states in our discussion, as any a failing the criterion
would appear in neither 734 nor the Markov chain, and can be easily excluded by restricting to a
subset A" = A \ {a} of the state space without actually altering the systems. The second assump-
tion owes to our exclusive attention to states of finite period as in Theorem 1.2, and it requires the
following:

There exists a, € A such that every a € A admits n € N satisfying (M")ao,a > 0. (A1)

Though such a, might not be unique, the choice will not affect our discussion and will henceforth
be fixed. Notably, this assumption becomes transparent if the incidence matrix M is irreducible, as
itis automatically satisfied under the circumstances. It plays a role only when M is not irreducible,
in which case states are pruned if they would not be seen given the initial state a,,, simplifying
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discussion of Theorem 1.2. We should also mention that such requirement will only be dropped in
Section 4.5 when deriving an upper bound of Hausdorff dimensions for general Markov hom tree-
shift. By writing [k] = {0, 1, ..., k — 1} for k € N, the assumption (Al) naturally induces a collection
P(M) ={A; : j € [p]} of subsets of A such that

a€A,; if and only if (M”)ao’a > 0 for some n = j (mod p), @)

where we set A;, , = A, foralli € Z. Although technical, P(M) is essential for characterizing the
cyclic structure of convergence in Theorems 1.2 and 1.3. In particular, (M) forms a partition of
A if M is irreducible.

Some frequently used symbols are borrowed from the work of the first and the third authors
[3]. We let T 4 be the set of all probability vectors indexed by A, and Y 4 be the set of stochastic
matrices acting on I' ;; explicitly, this means that given any p € I'y and any P € Y 4, p, as a row
vector, can always be multiplied by P from the right so that their product pP is still a probability
vector. For conciseness, A is suppressed from I' ; and Y 4, unless other index sets are involved.
We define the variational distances d, and dy, on I and Y, respectively, as

1
dy(p.q) = 5 Y |pa — dq| and dy(P,Q) = max d,((Pg pJbe 4> (Qup)ben)-

aesS

Associated with the metrics is a sup metric d,, ;,((p, P), (g, Q)) on the product space I' X Y defined
as

dU,V((p’ P)’ (CI, Q)) = maX{dU(P’ q)’ dV(P’ Q)}

For a labeled tree t € AT, the nth-level distribution of t is denoted as

{g €&, : ly= a}|
7,(t) = < — ) €T,
" |‘:‘n| acA

In addition, the nth-level transition of t is written as

< {gE€EE 41 tz=a.t,=b}|
{9€E 41 :t5=a}l
7)n(t)a,b =
Ma,b
Yeea Mcp

) if |{g € Epyq @ £ =a}| >0,

otherwise.

For simplicity, we write the distributions of ¢ from level n to level m (n < m) by 7,.,,(t) =
(t,,(8), ..., T, (1)), associated with which we put

Dy = {Th:m(0) 1 t € T}

to be the set of all admissible distributions. Likewise, the transitions of ¢t from level n to level m
are denoted by 1),,.,,,_1(t) = ,,(0), ..., 1,1 (1)) and

Spim = {nn:m—l(t) ‘te TM}
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is the set of all admissible transitions. Also, let

Woim = {(Tn:m(t)! nn:m—l(t)) D LE Ty}

be the collective admissible sets of distributions and transitions. In a similar fashion,
we may extend the definition of a subtree A, to a subgraph consisting of vertices from
level n to level m:

—_—m =
An:m - Uizn‘zﬁ

so the set of admissible blocks by prescribed distributions q = (q(), ...,q"*=") and transitions
Q = (QO,...,QIm="=D) js defined as

Bn:m(q’ Q) = {tlAn:m € Abnm 1t € TM’Tm:n(t) = q’nn:m—l(t) =Q}.

In particular, the set of all admissible blocks B,,.,, is written as the union of B,,.,,,(q, Q):

By:m = U(q,Q)eWn:mBn:m((L Q).

For simplicity, “n :” is suppressed in the notation of D,.,,, S,.;m>» Wy:m»> and B,,.,, if n =0.
Notably, for (q, Q) € W,,.,,, it is necessary that (a) gtV = g?Q®, and (b) szi,)b =0ifM,, =0
for every a,b € A and all 0 < i < m — n. For brevity, We write Q(i) < M whenever (b) is satis-
fied and write Q) ~ M when both Q) < M and M < Q. For convenience’s sake, we denote

by (p,P) = (4, Q) the reversed sequence of (q,Q), (i.e., (p?,...,p""™) = ("™, ..., q@) and
(PO, .., pn=m=1)y = (Qn-m=1) @)} and consider the following set of all extended reversed
sequences:
Z :={(p,P) € T%+ x YZ+ : p¥ = p+Dp® and PO < M for alli € .}, (8)
together with which we assign
Ci={xeRL :x,=0ifag A} 9)
and

Z={p.Pez:pVec; forallicz,} (10)

Additionally, for any sequence of probability vectors (and similarly for stochastic matrices), say
p € T'Z+, we write

pED) = (p® ptD | p), 0<igj< .
Finally, the convention of matrices and vectors is manifested as follows. Matrices are typed in

uppercase while vectors are in lowercase, and stochastic matrices and probability vectors are in
sans serif font, such as P, Q, p, and g. In particular, {e, : a € A} is the standard basis of RA.
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TABLE 1 Summary of notation.

generating set of the semigroup

T free semigroup generated by X

B, alias of X"

A, UisoEi

A state space

M incidence matrix

T Markov hom tree-shift associated with M
[k] {0,1,...,k — 1}

g parentofg € T

a, label satisfying (A1)

p period of state a,

P(M) {4, j elpl

r,r set of probability vectors indexed by .A
Y, Y set of stochastic matrix indexed by .A
p,q vectorsin I 4

M,P,Q matrices in Y 4

Tn(0s T ()
QRO

distribution vectors associated with t € Ty,

transition matrices associated with ¢ € Ty

dy, dy, d, variational distances

D,...D, set of feasible distributions by Ty

Spim>Sn set of feasible transitions by Ty

Wom W, set of collectively feasible distributions and transitions by 7Ty
B,.m» By, feasible patterns of Ty,

Bn:m(q! Q)’ Bn(q’ Q)
(®.P)=(9,Q

feasible patterns of 7,; with distributions q and transitions Q

reversed sequence of (g, Q)

Z,Z; feasible set of extended reversed sequences
¢; vectors supported on A;

Dy (P||A) relative entropy of P and A

AQ®B Hadamard product of A and B

A©" matrix or vector A raised to power r
Xg)ger Markov chain indexed by T

Except for probability vectors in T, every vector in the article is by default a column vector. In
addition, for any P € Y and any nonnegative matrix A € RAXA satisfying P < A, we define their
“Kullback-Leibler divergence” as

where Olog — is interpreted as 0 for A, > 0. Also, when functions, such as division /, expo-

Dy (PllA), 1= ) P blog<

beA

nential functlon e, and logarithm log, are acting on matrices or vectors, the actions are by default
entrywise unless stated otherwise. The notations are summarized in Table 1.
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3 | LARGE DEVIATIONS OF MARKOV CHAINS ON d-TREES

The aim of this section is to carry out the proof of Theorem 1.2, which states the large deviation
principle for the conditional sample mean.

To illustrate our proof strategy, we present a heuristic proof of the following version of Cramér’s
theorem (see, for instance, [12, Theorem 2.1.24] for a similar version).

Theorem 3.1 (Cramér’s theorem). Let (X;);cy be a sequence of i.i.d. random variables taking values
on a finite subset of R, say {a;, a,, ..., a; }. Then,

%mp(% 2> a> ~ sup e~ AGo] fora > E[X,],

where
A(w) = log E[e*X1] = log Z p;j- eH% with (Pj)];:1 =(PX, = aj))I;:1

By virtue of Stirling’s approximation, one can reformulate the probability in terms of an
optimization problem:

k n
=sup{%log[@<2tjaj = ,3) tt= % ;)(aj(Xi)} +0(n"'logn)
—sup{Zt log Zt }+0(1),

where y, denotes the characteristic function of the state a and the first equality holds since the

set
1 n
Ln = {(tj)ljzl : tj = E ZXaj(Xi)}
i=1

has its cardinality bounded from above by ( kf 1), and the second from the fact that L, is asymp-
totically dense in the simplex of probability vectors. The theorem is ultimately proved by deriving
the rate function sup, e [ua — A(u)], as a dual problem, utilizing standard techniques from opti-
mization theory. Inspired by this argument, the authors analogously reproduced the necessary
approximations and estimations in [3], based upon which the method of types (see, e.g., [12,
Chapter 2.1.1]) can be adapted for Theorem 1.2.

To prove Theorem 1.2, our starting point would be an observation asserting that the topological
space I'/+ x YZ+ is metrizable, and that a natural choice of the metric would be induced by the
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variational distance on I'?+ x YZ+, which is defined as

4=, (3P, (6 Q) = ¥ I g, (00, PD), (¢7,QD)  (d eN\{1). (11)

di+1
i=0

We note that the product topology is compatible with this metric, rendering I'“+ X Y%+ a compact
metric space. For the scope of this article, the following two families of functions on Z are of
interest. For 0 < n < m < oo and A € Ry satisfying M < A, define ., Gp.py © Z = R (With
parameter A) by

m
d
Faim(p, P A) = = 3 - — L@+ (PO))0),
i=n

m
d-—
gn:m(p’ P;A) = Z qin+1 p(l+1)(P(l) © log A)1,

i=n

where, as previously, A © B denotes the Hadamard product of matrices A and B, the logarithm
is applied entrywise, and 0log0 = 0. For conciseness, we suppress “n :” when n = 0 and “m
when m = co. The functions 7 and ¢ turn out to be continuous, as shown in the following
lemma.

Lemma 3.2. Suppose A € [RAXA satisfying M < A. The functions F(-;A), G(-;A) : Z > R are
uniformly convergent and thus continuous.

Proof. Indeed, it is because the functions (p,P) + pU*tPYDy; (P||4) and (p,P) - pi+D(P® ©
log A)1 are continuous and uniformly bounded over Z. O

The continuity and compactness are crucial to the rest of our discussion. In particular, they
guarantee that for « € R and all n € N U {co}, the domains

ZMW(a; A) ={(p,P) € Z : G,(p,P; A) = a}and Z;")(oc;A) =ZMW(a; A) N Z;

are compact, of which we omit the superscript “(n)” if n = oo
Our next step is to discuss combinatorial approximations of the empirical distribution of
patterns, which are manifested in the following series of lemmas.

Lemma 3.3 Proposition 2.2, [3]. Forany n < m,

5

(m—n+1)-|A|
m-n+1 >

m—1 |A |
1< Dyl < H(|:|+1>'A'<<¢+1
1=n

m—1

A
= [Al(|A]+1) |n.m
1< ISuml < [T C=1+1) <<—m_n+1+1

3

>2(m—n+1)-|A|2
i=n

where A, = U™ E; has cardinality " =
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The lemma indicates that the growth of admissible distributions and transitions is subexpo-
nential with respect to A,,.,,, which is markedly smaller than the exponential growth rate of the
cardinality of the set B,,.,,. The next two lemmas, on the other hand, demonstrate that the set
W, . is, in some sense, asymptotically dense in Z, and Stirling’s approximations can be applied
as in our heuristic proof of Cramér’s theorem. Indeed, if we define

W) = {(p, P) € (I* x {egtaca) X YF 1 PO < M, piHD) = p@p®),

() _ _Map o (i+1) _ ;
Pa,b = —ZCEAMC,b if P, Oforalli e [k]},

we have the following lemmas.

Lemma 3.4 [3, Proposition 3.2]. Let dl’f v be any product metric on the space rk+1 % YK, say, for
example,

k o OIO) M o
d, v ((p,P),(q,Q)) : maX{ggiaédu(p .9, ggglgdv(P ,Q )}-

Then, limn_,oosup(p’P)eW;( dllj,V(Wn:er’ (p,P))=0.

Notably, given any (p, P) € Z, the values of F,,(p, P; A) and G,(p, P; A) are completely indepen-
(i+1)

dent of Pg’)b whenever p,

= 0, which renders the corresponding condition in the definition of
W, transparent.

Lemma 3.5. Forany (q,Q) € W, and any (p, P) € Z satisfying (p©°-, PO:n=D) = (q, Q),

o log|A, |
™ 2 logAug,ug =(1—-d" Y- F,p,P;A) + O< A In )
"' ueB,(9,.Q) geA,\{e} "

where the implicit constant in the big O notation is independent of (q, Q) and (p, P).

Proof. The equality follows from [3, Proposition 3.1] together with the observation that
d—1 /ﬂ — 1 _ d_n_] D
dn—i+1 |An| :

Similar to the classical arguments using the method of types, the theory of convex optimization
plays a key role. In the present work, we resort to Sion’s minimax theorem (see, e.g., [18] for a
proof). To apply it, we need to verify a priori the concavity/convexity of the objective function,
and this is the moment when the following lemma is apropos. Throughout the discussion, the
convexity of a vector-valued function is defined in an entrywise sense, as stated below.

Definition 3.6. Let VV be a convex subset of a vector space. An extended vector-valued function
(faea : V = (RU{xooP is said to be convex if each f, is convex over the domain V.



HAUSDORFF DIMENSION OF IRREDUCIBLE MARKOV HOM TREE-SHIFTS 13 of 39

Lemma 3.7. LetV be a convex set in a vector space. Suppose that

*E:V-> R;‘(;‘A satisfies E(x) ~ M for all x € V and log E (entrywise logarithm) is convex,
e 1:V = RAisconvex, and
* q:V > Ry, isaffine

IfE or q is constant, then the following map is convex:
x = q(x) log(E(x)e?™ ™ 4(),
where exponentiation and logarithm are both applied entrywise.

Proof. If E(x) = E is constant, then for nonnegative a, o satisfying & + a’ = 1, we have
Max+a’ x') Max+a'x) aq(x)+a,q(xl)
(q(ax + o(/x/)) log <Ee q(cxx+a’x’)> = log <Ee aq(x)+a’ q(x") >

aq(x) a0, ) A aq(x)+a’ q(x")
< log < Eeaqx)+a’q(x") q(x) * ag(x)+a’q(x") q(x') >

A\ ¥4 A\ @96
<log (Eeq(X>> + log <Eeq(x’)>

=aq(x) log(Eeq(x)_l’l(x)) +a’q(x") 10g(EeQ(X’)‘ll(x’))’

where the first inequality results from convexity and the second from Holder’s inequality.
Similarly, if, without loss of generality, g(x) = 1 is constant, then

10g <E(ocx + a/x/)e/l(ocx+oz’x’)> — 10g (elogE(ax+o¢’x’)e/1(o¢x+o¢’x’))

< IOg <eoc10gE(x)+oc’ 10gE(x’)eoc/1(x)+a’/1(x’))
<alog (E(x)el(x)> +a’log <E(x’ )e’l(x,)>,
by Hélder’s inequality. O

Lemma 3.8. Suppose that assumption (Al) holds. Then, for all sufficiently large n, € N,
minge 4 (MP"), , > 0. In addition, for every q € Cy N T, there exists (p, P) € Z, such that pPro) =
eq, and that p© = q.

Proof. The existence of n, satisfying min,¢ 4 (MP"), , > 0 follows from (Al) and that a, has
finite period p. To verify the additional properties are also satisfied, we first construct, for every
a € Ay, asequence (b“’i)i€Z+ satisfying that b0 = a, that b%P" = q,, and that Myq+1 pai = 1 for
alli € 7. Additionally, we assume that for every i = 0, 1, ..., pn, the condition p%i = pa'si implies
(b%)5; = (b¥) ;. To achieve this, if b%! = b¥"! but (b)) 5, # (b¥) ), then (b%) , can be
replaced by (b%/) j>1, and the replacement continues until the property is satisfied for all ba1,
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a € A,. Iterating process for i = 1,..., pn,, the property is further satisfied by b%! for i and all a.
The lemma is then concluded by choosing

0) _ (i+1) _ @ :

p@=qandp* = Y p (i€z)),
ba.i:paitl=p
and
Pg,) if (i+1) 0

o _ )Y tPp >0 -

Pb b =9 ° iez,)
’ Mb,b’ th .
T oM. otherwise. =

Lemma 3.9. Suppose that assumption (A1) holds. Let A € [R{fg(“‘l satisfy M < A and define E(u) =
M © ACH for every u € R. Then, the following hold.

(1) Let (A(”)(u))nez+ be a sequence of R*-valued functions iteratively defined by

(n+1) d—1 U206\ i 70
A ) ZW log [ E(w)e a1 with A (u) = 0. (12)

Then, u — A™(u) is convex foralln € z,.
(2) Foralla € Aandn €N,

D), = max  F(p,P;E(w),
(pP)EZ pM=e¢,

inf [—ua + A7 (u),] = sup F,(p, P; M).
MER (P,P)GZ(”)(a;A),p(")=ea

(3) Letn, € N be a constant given in Lemma 3.8. Then, there exists an absolute constant C > 0 such
that foralln € N,

AT (), — max A™(w),| < Cd"(Jul + 1).
0 aeA,

(4) Let A, A}‘f be as defined in Theorem 1.2. Then, A; is well defined and convex, satisfying

Ai(p) = F(p, P; E()).
n (gg;j (p, P; E(w))

Also, A}’f is convex and lower semicontinuous, satisfying

—A;f(oc) = sup F(p,P;M).
(p.P)EZ;(x;A)

In particular, (A;f)‘l[o, o) = [y, @, ] is a nonempty compact interval.

Proof. The minimax theorem forms the backbone of the proof.

(1) The convexity is secured by Lemma 3.7.
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(2) The first equality is given in [3, Proposition 11]. To prove the second, note that

sup {"n(P, P;M) : G,(p,P;A) = a, p™ = ea}

(p.P)EZ;
"—1d 1 n—i—1
= i —ua — e-- (n—2) 0)
_P(O'SE?eYn ;IGI#R l ke ; dit1 ea< fI I1 P )DKL(P ||E)],
: & g
vi,PO<M

where [ P® = pp(i+D) ... p(m) jg set to identity matrix if m < n. By fixing P("~1 and
p(, we may apply the minimax theorem to swap “suppoey poy<m’ and “inf ,cp” and simplify
the expression:

sup {T’n(p, P;M) @ G,(p,P;A) = o, p™ = ea}
(p.P)EZ;

n—1
= sup inf l—/xcx + ea<H P(”_f)>/1(1)(/x)

(1 n— l)eYn 1/.(6 /=1
vi,PO<M

n—i—1
- z gitl a( IT P(n_f)>DKL(P(i)||E)]-
=1

We then proceed, by applying the minimax theorem recursively, to swap supp)cy pi) <y 30d
inf . as before to derive the second equality.
(3) The proof relies on the following estimate: For any 8 € IR>0,

Y da 1og

acA

max
qeT

<log|Al + mgtx [ log B,l,

which yields an absolute constant C > 0 such that |Dg; (PY[|E(w)| < C - (Ju| +1) and
that, in particular, F,.,,(p, P; M) = F,,.,,(p, P; E(0)) < Cd™". Now given any a € A, express
AW, = F,(p,P; M) for some (p,P) € Z, satisfying p" = e,. We then apply Lemma 3.8 to
find some (p’, P') € Z,, such that (p/ ™, p/©:n=Dy = (p(0:m) p0:n-1)) and p(n+pro) = eq,- This
implies

APy, > AW + A7 Py (B P M) 2 AP ), — €7

For the other inequality, supposing A"*P"0)(u), = Fy py (P, P; M) for some (p, P) € Z,, with
p(tPm) = e, yields

max ﬂ.(") 2 Fu(p, PsM) + g p, (P, PsM) — Cd ™" = /122+pn0) —Ccd™.

Combining the above proves the proposed bound.
(4) The existence of the limit in A; as well as the proposed equality is justified by (3), while its
convexity follows from (1).
For A%, we note that its convexity and lower semicontinuity are consequences of the Leg-
endre transform of A j (see, e.g., [12, Lemma 2.2.5 (a)]). We proceed to prove the first identity.
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Note that by definition,

sup {F(p,P;M) : G(p,P;A) =a} = sup inf [—pa+A;(w)] < —Aj(),  (13)
(PPIEZ; (p.Pez; HER

which is also known as the weak duality in the context of optimization theory. Hence, it
remains to prove the other inequality. For simplicity, we write

ROE sup  Fu(p.P:M) and fi@)= sup  F(p,P;M),
(p,P)er(ot;A),p(”)=ea0 (p.P)EZ;(a;A)

and take n; to be an integer as in Lemma 3.8.
First, we claim that there is a compact interval @ # [aj,a] C [ay, ;] such that

2
SUP(p,p)ez;(a;4) F(p,P;M) > —x ifand only if a € [oc{, oc;]. The nonemptiness and compact-

ness of the domain of f; follows from the compactness of Z; and the continuity of 7 and G.
Based on the observation, if

a) :=G(p',P;A) <G, P A) =: o

are the extreme points of the domain of f; with (p’,P’), (p”,P"") € Z;, then for all n € N there
exist, by Lemma 3.8, approximations (q’,Q"), (¢, Q") € Z; such that
((ql)(p(n+n0)+j+1:oo)’ (Ql)(p(n+n0)+jioo)) — ((q/l)(p(n+n0)+j+lioo)’ (Q/l)(p(n+n0)+jtoo))’
((ql)(O:pn+j), (QI)(O:pn+j—1)) — ((pl)(O:pn+j), (P!)(O:pn+j—1)),
((qll)(O:pn+j),(QH)(O:pn+j—1)) — ((pll)(inn+j)’ (PN)(Otpn+j—1)),

which, in turn, implies that for all sufficiently large n,
F(d, QM) < OC; +Cd™P < oc; —_cdPri <« F(q",Q"; M).

Since it is not hard to construct a continuous curve y : [0,1] — Z; connecting (¢’,Q") and
(q",Q") € Z,, it follows from the intermediate value theorem that

Zj(a; A) # @ forall o € [a] + cd i ol — cdPr],

proving the claim when n — oo.
Next, we show that (13) holds for all a ¢ [, a,], or equivalently, [oc{,oc;] = [ay, o]
Suppose a > a’, (similar for a < a!), so the uniform convergence of G, (p,P;A) implies

f;P ")) () = —oo for all sufficiently large . Therefore, by (2) and (3),

e = PO+ N e [ (p(n+ng)+)) ]
0 = f; (er) L‘éﬁ pa + 4 O (g,

> inf [—,uo:o + max AP (), — cd=PHI(|u| + 1)] (14)
HER acA,

> inf —A*(a) = 2cd=PrHD),
o o —al<2cd—en+d) Y
Since the estimate holds for all a > oc{ and all large n, A;f is convex, and A;.‘(oc;) < oo is finite,

we deduce that A;f(oc) =oo forall a > oc;, that is, o, = oc;.
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Finally, it remains to show that (13) holds for « € [a;, a,]. The case a € (a, @,) is proved
similarly as above. Let § > 0. By uniform convergence of G,,, f;.p ") () < oo for all sufficiently
large n. It follows from (3) that for all large n,

sup f](O(,) f(P(”H'"O)"'J)( ) cd- (p(n+ngy)+j)

a o —al<§

= inf [—ua + AR () Cd—(P(”+no)+j)]

MER L

> inf |—uo + max [A@"H)(M)a —2Cd™ P (|| + 1)]] (15)
HeR | a€A,

> inf »—,uoc +A(p) — 3Cd_(P"+j)|,u|] —3cd=(Pn+)
MER L

> inf —Aj(a) - 3cd=nth),

al:|a! —a|<3Cd—(Pr+))

Since f; and —A;f are continuous on (ay, a,), the equality (13) is proved by first lettingn — oo
and then § — 0. If ¢ € {a;, a,}, the discussion is divided into the following two cases. If ¢; =
a,, then f(a;) = 0 as max, pyez, F(p, P; M) has maximum O by nonnegativity of Kullback-
Leibler divergence, and 0 = f;(a;) > —A;f(al) > A;f(O) = 0.Ifa; < a,,itsuffices to show that
fjis continuous at &; and a,, since under the circumstances both f; and —A}‘.‘ are continuous
at [or;, @, ] and therefore coincide. This follows similarly from the intermediate value theorem
as before. O

Proof of Theorem 1.2. For conciseness, we prove only the case j = 0. Observing that the ratio

dn 1+1 / ||Zl| — d~""1 js uniform for 0 < i € n, we write
n—1
F =il Fou(p, P; M)
Fulp.PiM) 1= = 3, LD (PO = P
i=0 |A | —dn
Ga(p,P; A) nzj Eni] VPO @ log A)1 = G,(p,P; A)
b ; :— O =1 " 7
P & 1A, g T

Notably, the sample mean Yp,, =§n(p,P;A) if the Markov chain X =(Xg)geT satisfies

(To:n (X)), Mg 1 (X)) = (p07, PO:72=1)) \which follows from a combinatorial argument: In level i
(0 < i < pn), there exist |&;|7;(X), = |&;]| p(" ) vertices associated with state a, which are respon-
sible for (d - |2]7;(X)g) - 1:(X)ap = |1Bip1 |p(" ’)P(’?b_ =1 transitions from state a to b between level
iandi+ 1.

Similar to the heuristic proof of Theorem 3.1, we first infer from Lemmas 3.3 and 3.5 that

e=a0>

= sup{ log[P’( Gpn(p, P; A) = oc) :plen) = €,
|Apn|

aeS

log P(an €S

|Apn|
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log |A | >

(p©:pm) pO:pn=1)y — (TO:pn(X)7n0:pn—1(X))} + O< 7

prl

= Su]é) {fn(P, P;M) : P(pn) = eao»(P(OZPn)» P(O:pn—l)) = (TOZPn(X)’ no:pn—l(X))’
ae

log|A,,] > 6

G,(p,P;A) = oc} +O< A

prl

To prove the upper bound of the theorem, we consider the closed (1/k)-neighborhood S, = {a’ €
R : inf,cq |a’ — a| < 1/k} of S. Taking advantage of the uniform convergence and the uniform
boundedness of 7,, and G,,, we can bound (16), for sufficiently large n, from above by

sup {F(p,P; M) : (p,P) € Zy(a; A)} + o(1),

aEeSy

which, by Lemma 3.9 (4), coincides further with

sup inf [—pa + Ag()] + o(D).

aEeSy H

The desired inequality is obtained by first letting n — oo and then k — oco. For the lower bound,
we analogously take S, = {a’ € R : inf ¢ |&’ — a| > 1/k}. By Lemma 3.4 and the equicontinuity
of F,, and G,,, one derives the following uniform lower bound for (16):

{ F(p,P; M)

su
S\ 1=dprt

aEeSy,

L (p.P) € ZM((1 — d~P" o A),p™) = eao} +0(1),

Letting n — oo, the lower limit of the above (possibly —oo) is further bounded from below by

sup {F(p,P;M) : (p,P) € Zy(a; A)},

AESky

or, equivalently by Lemma 3.9 (4),

sup  inf [—ua + Ag(W)]

AES)yy #

The proof is concluded by letting k — oo. |

Asaspecial case, the following corollary simplifies the expression of Theorem 1.2 when focusing
on intervals.

Corollary 3.10. Suppose that X, Y, and A;f(oc) are as in Theorem 1.2. Then,

1
Apn+j |

lim lim
g—0+ n—>oo |

logP(an+j e(a—¢ea+e)lX, = a0> = —A}‘(oc).

Proof. 1t is a consequence of Theorem 1.2 with the existence of the limit justified by continuity
A}‘f (o), a consequence of convexity and lower semicontinuity. O

Proof of Theorem 1.3. For simplicity, we only give the proof of the case j = 0.
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To begin, we note that the existence and uniqueness of (7(),., is a consequence of the
Perron-Frobenius theorem (see, e.g., [16, Theorems 8.2.8 and 8.4.4]). Precisely, according to the
characterization (7), we can express M as a superdiagonal block matrix M = (M; j)og; j<p-1 With

AiXA; . . . . o
each M, ; € [R>(;X ’, and MP is a diagonal block matrix whose diagonal elements are primitive
matrices. The existence and uniqueness follows immediately from the cited theorem.

We first show that any maximizer (p, P) of max, p)ez, F(p, P; M) satisfies

G(p,P; A) = G(p*,P*; A) 17)
where
(P*,P*) = (@0, 7V, ., 7P D)2+ (M)?+) € Z,,.
Notably, (p*, P*) is indeed a maximizer: For every (q, Q) € Z,,
Dy QPIM) >0 and Dy (QP[IM) = 0iff Q¥ = M, (18)

from which the maximality follows. To demonstrate (17), we apply (18) to derive that for any
optimal solution (p, P),

pPN+D — p(PN+D+DNTP for all i > 0,1 > 0.

Recall that MP? is a diagonal block matrix whose diagonal elements are primitive. The Perron-
Frobenius theorem guarantees that

p(PN+D = im pPN+i+PmprPr — 7 (D)

n—oo

(prti) i ) is positive if and only if a € A_; and n,i > 0, once again we can apply (18)

to derive P(p nH) =M, if (a,b) € A_;_; X A_;, and the claim is thus proved. Equivalently, by
Lemma 3. 9 our claim implies —Ag(a) admlts a unique maximum point

Since py

p—-1 i
d L .
o= OC* = g(p*, P*’A) Z 1, 2 7[((11+1)Ma’b IOgAa,by
i=0 Xp_od™" abea

at which —Aj attains its maximum 0.

The rest of the proof is an application of the Borel-Cantelli lemma. Observe that &(¢) =
SUP|q—q+|5e —Ag (@) < 0 for all € > 0 due to the uniqueness of a*. This secures the existence of
N e Nsuch thatforalln > N

P([¥n -

A
= ao) < 5©1pnl

Summing over n, we obtain

o)
Z P('an—oc*| >

0]
=)< el <o
n=N
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rate function —A*(«)

0.0F
701 -
S
Z
I —0.2}
—0.3}F
0.0 0.1 0.2 0.3 0.4

FIGURE 1 Rate function Ag.

which, by the Borel-Cantelli lemma, implies

[P’(limsup{|an —a'| >e}|X, = a0> =0.
n—oo
This completes the proof since ¢ > 0 is arbitrary. O

Example 3.11. Letd = 2 and A, M be matrices defined as

11 1 1
M=]2 2 and A= .
1 0 2 0

Since M is primitive, Theorem 1.2 ensures that the averages

Y, - Z gMgplogA,, P-as.
a,beA

and satisfy the large deviation principle with rate Aj(a). Numerically, —Aj(a) is computed and
depicted in Figure 1. We note that —Aj(a) is finite if and only if « € [0, % log 2], where % log2 ~
0.4621. Furthermore, the maximum point is o = % log2 =~ 0.2310.

In the following, we present yet another example of irreducible M in order to (a) demonstrate
the upper and lower limit of the conditional sample mean might differ, and (b) compare the

conditional sample mean, unconditional sample mean, and their expectations.

Example 3.12. We consider d = 2 and

1=
N =
[—

_ |1
971_[8

hS

Il

Il
S O wim
S O win
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rate function

0.0} —— .
—0.2}
—0.4F
—0.6F

------ —45(0)

~Ai()

~A*()

L L L L L I
—0.7 —0.6 —0.5 —0.4 —0.3 —0.2

FIGURE 2 Rate function NG, AL, and A*.

for which the conditional sample mean associated with A, := {0}and on A, := {1, 2} are plotted
in Figure 2, respectively. To address (a), let a; and af be the maximum points of Aj and A7,
respectively. Theorem 1.2 then guarantees that almost surely

and af :=limsupY, = a

e o
a” :=liminfY, =« o

n—oo 1 n— oo

Regarding (b), the rate function A* of the unconditional sample mean is
A(a) = max{A}’f(oc) i 4 # 0} = max{Aj(a), Aj(a)},

which attains its maximum at ¢ and a;. For the expectation of sample mean, we deduce by the
dominated convergence theorem that

e . .
B~ = llgglf E(Y,) = min 2 MO po
Jj=0a€A;
1
Bt :=limsupE(Y,) = max Z LAk

0<i< i+j
n—oo SIS j=0aeAj

Notably, a~ < 8~ < 8+ < a™, as opposed to the case when M is primitive and the four numbers
coincide. This indicates that the conditional sample mean provides more information than the
unconditional one or the expectation. In fact, in some extreme cases, say

0 1 1
VN Y |1 1 1
A=M= % 0 0,71'_[2 ! 4],
3 0 0
we observe that
_ 1 2 _ 1
a~ = =log2, at =Zlog2, =Bt =Z1log2,
3 108 3 108 B~ =8 5 log
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and that for every t € Ty (= suppP), the sample mean can be explicitly calculated as
Y,(0) € {a” +0(1),a* +0(1)}.

Nevertheless, it is interesting yet unsurprising that not a single labeled tree t € 7y admits asample
mean approaching 8t = §~.

4 | HAUSDORFF DIMENSIONS OF IRREDUCIBLE MARKOV HOM
TREE-SHIFTS

The section is dedicated to presenting the Hausdorff dimension formula for Markov hom tree-
shifts 7y € AT when M is an irreducible matrix. We begin by considering the following metric
on AT:

D(x,y) = o~ SupllAnlixla, =yla,} (19)

Notably, this metric coincides with the canonical metric when T = Z_ is degenerate and the
choice is due to the its intimate relation with topological entropy of tree-shifts, which was consid-
ered by Petersen and Salama [24, 25] as a natural generalization of its counterpart for one-sided
subshifts. See also [26] for related results for asymptotic pressure of tree-shifts, a generalized form
of the topological entropy. Specifically, the topological entropy of a Markov hom tree-shift 7y, is
defined by

log B, (7;
heop(Tha) 1= lim sup & /BTl

n—co A, ’

where the sequence actually converges as established in the aforementioned work. Using this def-
inition and the existence of the limit, we observe the following equalities regarding box-counting
dimensions:

— ) log NV, (Tm)

dimpTy = llrrris::p—# =d - hyop(Tm),
. . log N(Ty)

dim, 7y := liminf —v = hyop(Ta)s

where W,.(Ty,) denotes the minimal number of closed r-balls needed to cover the set Ty. It is

worth mentioning that the multiplicative difference by d arises from the fact that closed r-balls
n+1_1

B,(t) are aliases of the same set for all r € [e™|2n], e~14n-11) = [e_ddT , e_%), causing N, (Ty)
to remain constant over the interval. As a natural follow-up question, it would be interesting to
determine the packing and Hausdorff dimensions of the Markov hom tree-shifts, where the for-
mer is a known to coincide with dimy7;; when M is irreducible (see Appendix B) and the latter
is our primary focus of this section. As mentioned in the introduction, this goal is achieved by
finding a nonlinear transfer operator to link the Hausdorff dimension of 7y, to the eigenvalue of
the operator.
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4.1 | Nonlinear Perron-Frobenius theory

The nonlinear Perron-Frobenius theory, as its name suggests, studies the eigenspace of a class
of (not necessarily linear) mappings and reproduces several classical results regarding nonnega-
tive primitive/irreducible matrix transformations. In this work, we will consider such an analysis
under the framework of [19], of which the setting can be described as follows. Let f : R“;O — IR;‘O
be a continuous function. It is said to be order-preserving if f(x) < f(y) for every x < y, and it is
called homogeneous if f(ax) = af(x) for all « € R, where the comparison of two vectors via
< is taken entrywise. In addition, we say that f is multiplicatively convex if log o f o exp is a con-
vex function on IR;“O (see Definition 3.6), where log and exp are applied entrywise as explained in
Section 2. Within this framework, we establish that the operator Ly, (recall (5)) possesses all the
aforementioned characteristics and that its eigenspace can be characterized as follows. We note

that throughout the section, ||-]| denotes the 1-norm.

Proposition 4.1. Suppose M, Ly, and r € R, ; be as in Theorem 14. Then, the following
properties hold.

€] Ly R“;O - IR;‘O is continuous, order-preserving, homogeneous, analytic on Rfo, and multi-
plicatively convex.

(2) Suppose Ly, maps C' = {x € [R“:O 1 x, =0ifa & A'}into itself for some A’ C A. Then, there
exists an eigenvector v € C’ associated with eigenvalue p(Lyy ,|¢1) such that

1
lim sup | £§M(w)” /n < p(Lyg,ler) forallw € €'

n—0o0

In particular, if M is irreducible, for each A ; € P(M), there exists a unique (up to scaling) eigen-
vectorvY) € ¢ ;» whose associated eigenvalue p Aj(EM,,) satisfying the stated property on C;, and
v > 0 forall Aj.
(3) IfMisirreducible, then for every x € Cj+ i={x€C; 1 x,>0ifa € A} thereexists0 <6 < 1
such that
. 1/n
FNE NG

lim sup - -
125, GOl [

n—oo

s

where vY) € ijr is the unique eigenvector as in (2).

Proof.

(1) The first four conditions follow from a routine check of definition, while the multiplicative
convexity follows from Lemma 3.7 applied to Whrs (s > 0). which extends naturally to Ly =
lI‘M,rp_lo olPM,ro'

(2) According to [19, Corollary 5.4.2], Ly, admits an eigenvector v € C’ such that Ly, (v) =
p(Lyrrler) - v, while [19, Theorem 5.3.1] asserts that lim sup,,_, ||[,M,,(w)||1/" < p(Lygyler)
for allw € C’. We observe that for any x € Rfo, W s(x)g > Oifand only if (Mx), > 0. Recur-
sively applying this property, one deduces that Ly ,(x), > 0 if and only if (MPXx), > 0. Now
if M is irreducible, P(M) is a partition and M, , > O ifand only (a,b) € A; X A4 fqr some
J € [p]- Notably, Ly, maps C; to C;, each of which hence admits an eigenvector v ec T
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(

Moreover, v,/ D> 0forallae A; as every state a plays the role of g, in (Al). By denoting

the natural inclusion as¢; : C; > R>O,we have thatt OEM,OL maps R ’ into R f and the

derivative of i OL’,MJ,OL ; at i 1(U(J)) is primitive. Therefore, by [19, Corollary 6.5.8], Lj_l(v(f))
is unique up to scaling, and thus so is v/,

(3) We note that all the properties of £y, in (1) are inherited by Lj_1 oLy ot;. Hence, the existence
of 0 follows as a consequence of [20, Theorem 4.7]. O

4.2 | Some lemmas

For conciseness, we suppress, unless mentioned otherwise, M from F,,.,,(p, P; M) for the rest of
the paper. We first state a number of technical lemmas, whose proofs are postponed until the
appendix. These lemmas establish the desired minimax properties, bridging the upper bound of
the Hausdorff dimension obtained through efficient covering with the lower bound obtained via
the mass distribution principle, as discussed in the coming subsections.

Lemma 4.2. The following minimax property holds.

p-1 p-1
max min s (p,P) = min max s (p,P). (20)
(PP)EZy: sel"[p] mFm:co(P SET ] (pP)EZy: — mFm:co(P
p-periodic p-periodic

The proof of Lemma 4.2 is presented in Appendix A.1.

Remark 4.3. We should note that P(M) is a partition if M is irreducible. Under the circumstances,
if (p, P) is a p-periodic optimizer in Lemma 4.2, then so is (p, P*), where

P*S) P*(O) P(J) forall (a,b) € A_;_; X A_;andi € [p].
Therefore, the value of (A.1) remains unchanged even with every appearance of “max pcyr ”
(p)
pPeCy
replaced by “max (ppez,:
P is 1-periodic
p is p-periodic

For convenience, we introduce the following sequence before we present our quintessential
lemma.

-1
N+ - ) - ifn=o;
-1
N+ %) if plnand 0 < n < pN; @1

0 otherwise.

Lemma 4.4. Suppose that M is irreducible and p 4 (Lyy ) is as in Proposition 4.1. The following
minimax properties hold.

=0 i=

p-1 ¢ -1
min ( Y [[r") -logea,(Em,) (22)
FGRP,d i=0



HAUSDORFF DIMENSION OF IRREDUCIBLE MARKOV HOM TREE-SHIFTS 25 of 39

p—1 pN-1

= lim min max t* P 273
T Noo selp) (pP)EZ, £ Z Z n,N Frim:oo(PsP) (23)
= min S P 24
SE€Lp) pP)eZo Z‘ m:oo(PP) e

Pisl perlodlc -

p is p-periodic

p—1

= max min ) $,Fm P P). (25)

(pP)EZy:  s€Tp) 2
P is 1-periodic
p is p-periodic

Furthermore, any maximizer (p*, P*) of (25) can be chosen such that P©) is irreducible and p(o)* is
the unique left eigenvector of (PO™P in Co-

The proof of Lemma 4.4 is presented in Appendix A.2.

Remark 4.5. 1t can be seen, for example, from the cyclic symmetry of s in (24) that

-1

p-1 ¢
i —1 -1
Jain (ZB g r; ) 0gp 4, (L)

is actually independent of j and therefore further coincides with

-1
rg;gz(j(ZHr > log p, (L),

0 i=0

where p, is defined in Theorem 1.4.
As a consequence of Lemma 4.4, we have the following corollary.

Corollary 4.6. There exists a Markov measure P associated with an irreducible transition matrix
M and an initial distribution 7 such that it is supported in Ty and that, almost surely,

log P([X |5 ]) -

S TW R (Z [+ > “logp(Em) 29

where [u] denotes the cylinder set associated with the block u, namely, given u € B, (Ty;),

[ul :={t €Ty : t, =u,Vg €A} 27

g —3
Proof. It straightforwardly follows from Lemma 4.4 and Theorem 1.3 by choosing A = M. More
precisely, we may (uniquely) choose the initial distribution as in Lemma 4.4 so that the ini-
tial distribution of a state a is positive if and only if a € A,. The proof is then concluded by
Theorem 1.3. U
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4.3 | Lower bound when M is irreducible

Suppose that 7y is a tree-shift with an irreducible incidence matrix M and that P is the Markov
measure in Corollary 4.6. The lower bound is obtained by applying the mass distribution principle:

Due to (26), for every § < minreRPd(Zﬁ;(l) Hzf’ r7)71 - log p,(Lyy,), We have

i=0"i

P((X],, 1)

limsup ———
=

n—oo

=0 almost surely.

Hence, by Egorov’s theorem, there exists a subset S C Ty; with P(S) > 0 and a constant C such
that

P([t]5,]) < Ce™®%nl foralln e Nt € S.
Consequently, supposing that S is a cover of S consisting of disjoint cylinder sets, we have

2, (diam([uD)’ > 7 3 P([u]) > CT'P(S) > 0.

[ules [ules

Therefore, the Hausdorff measure H%(S) > C~'P(S) > 0 is bounded from below and dimy; Ty =
dimy S > &, implying dimy, Ty > minseprd(Zﬁ;(l) -, rH™1 - log o, (Ly,)-

4.4 | Upper bound when M is irreducible

The upper bound of the Hausdorff dimension is proved by constructing suitable covers. As will be
seen shortly, the study of the operator Ly, is motivated by the following naive covering strategy
for the space 7y;. For convenience, we denote the collection of all k-cylinder sets by C;, : = {[¢| An] :
t € Tyt

Suppose n+N >n>0 (N €N). We define a cover S, 5 agreeing with the following
philosophy.

(a) The cover S, y consists of cylinder sets in U";'g Cy.
(b) A cylinder set [¢| Ak] is contained in S,  if

log By (z(£), (1)) min log |B,,,(7(£), n(£))|
|Ag | T ngmsn+N A

(28)

Condition (a) is based on the belief that the Hausdorff dimension is approached by the interme-
diate dimension (see [4]) and condition (b) is imposed in the hope that the upper bound of the
Hausdorff dimension is minimized. Precisely, if we denote

log |B,,(q,
a,N -= max min M’ (29)
’ (,QEW . yASMSN+N |A,]
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and assume a > limsupy_,, limsup,,_, , a, v, then the cover S, y gives the following upper
bound for the a-Hausdorff measure of Tyy:

n+N

H(Typ) < hm suphm sup Z Z (diam([u]))*

n70 k=n [u]eCinS, N

n+N

= lim suplim sup 2 2 2 o~ alBk

N=oo M= oy (qQEW iy Ul €C NS,y
u€EB (q(O k) Q(O k— 1))

n+N
< lim suplim sup 2 [W e~ (@)1l

N—-oo h—oo =,

Now that Lemma 3.3 asserts

|An+N|

—+1
n+N+1

s

3(n+N+1)-| A2
|Wn+N| < |Dn+N||Sn+N| < < >

we deduce that Ty is s-Hausdorff null:
n+N

H3(Typ) < hm sup lim sup Z e

n—oo k

log |A, |
(om0 (F) el _
- ’

=n
which implies dimy Ty < «

In practice, obtaining an asymptotic estimate for «,, y is facilitated by the following simplifica-
tion. For each n, N € N, decompose W, ,; into subsets

Won? 1= 1@Q) € Wy : 4@ € Cj_,_y} for j € [p].

Since it is a finite partition, we may assume, by a proper choice of a,, in assumption (Al), that the
maximum of a,,  is attained in W,,, (@ for infinitely many n, N € N, resulting in

lim suplimsup a, ; = limsuplimsup  max .
N-oo n—-oo N—oow n—o (q,QEW, yOnsmsn+N [A,

Utilizing Lemma 3.4, we deduce that for each n, N € N,

B,(Tm3 9> . B,(Tm3 9>
max min | m(Tm: 9, Q)| < min max | m(Tws 4 Q)
(QQEW,,, yOnSm<n+N (A, n<mM<nAN (g QeW,,, n© [A,
N
< min | max SuFm:nen(®@.P)| +0,(1),

€l | PEZy 1=
where o0,(1), according to Lemmas 3.3 and 3.5, is a number independent of N that vanishes as
n — oo. Consequently, by Lemma 4.4 and Remark 4.5,

N

limsuplimsup a,, y <limsup min max SmFm:oo(P> P)
N—ooo n—oo N-ooo SEN] (p, P)EZO 0
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p—-1 pPN-1

<limsup min max Zs Z t N Frim:oo(PsP)
N-oo SGF[p] (p,P)EZ) m=0 " n=0 N o

=0 i=0

p-1 ¢ -1
— mi -1
" reRpy <2 [~ > logp. (L),
implying that the upper bound coincides with the lower bound.

4.5 | Upper bound for general T,
In this subsection, we derive an upper bound for 7,; without assumption (Al).

Proof of Corollary 1.5. Let t; , be defined as in (21) with p = 1. Let «,, 5 be as in (29) so that, as
shown in Section 4.4, dimy; 7y < limsupy_, , limsup,,_, o, @, y and

N
limsuplimsupa, ; < limsup min | max SmFm:c0(Ps P)
N-oo n—oo Nooco SE€IN | (p.P)EZ m=0
N

<limsup max tr F .. (p,P).
Nosco (P’P)Ezmzzo m,N’" m:oo P

Similar to Lemma 3.9, the last expression above admits a rearranged form as (A.4), which can be
solved similarly to (A.6) (with q; y = (N + ﬁ) for 0 < i < N). Explicitly, this yields

N

. . 1
lim sup max t Fm (P, P) < limsup ————lo <maX(MN1]) ) = log p(M),
N—»oop (p,P)ez me0 mN" m: P N—>oop N + (ﬁ & aeA a gpP

proving the proposed inequality. When M is irreducible, it follows from [2, Theorem 2.1] that the
entropy satisfies that

dim Ty = hyop(Tm) > log p(M) > dimy; Ty, (30)

in which the first equality holds if and only if }, , M, is identical for every a € A. Under
the circumstances, one can simply calculate h;,,(Ty) = log o(M) with p(M) = ¥, 4 M, for

-1 4 —
every a € A and guess the spectral radius of the transfer operator Ly, to be p(M)Zgzo Iizo7; 1,
the eigenvalue associated with every eigenvectors ), 4,8 € Cj, j € [p]. Plugging it into the
proposed formula (6) yields that the equalities in (30) hold simultaneously. O

Here, we provide an example to illustrate our formula.
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0.4

0.35

-1
FIGURE 3 Spectral radius (Zg;; -, ri‘l(s)) 10g p 4 (Lo r5)-

Example 4.7. Let Ty, be a Markov hom tree-shift over the 3-tree associated with the incidence
matrix M, where

011
0 0 1 0 0
1 1 0
01
M= 0 0
1
0
0 0 0
L 1 a

We compute the Hausdorff dimension numerically by determining the eigenvalues and eigen-
vectors of the corresponding transfer operator, as prescribed by Proposition 4.1. This is achieved
through an iterative process, and the logarithm of the eigenvalue is plotted in Figure 3. Numer-
ical results suggest that the optimal scaling vector s is approximately (0.312,0.588,0.010) with
log p,. (L)) ~ 0.3027, which is strictly less than the logarithm of the spectral radius of
log o(MT) = 0.3208 and is consistent with Corollary 1.5.

5 | DISCUSSION

Inspired by the classical large deviation principle for Markov chains, this article analogously
establishes the large deviation principle for irreducible Markov chains indexed by rooted d-trees.
Building on the belief of its potential for providing a better conception of the tree-shifts as well
as further applications, the expositions in this paper showcase the capability of the method of
types argument, which not only provides a theorem regarding almost sure convergence but also
aids the determination of Hausdorff dimension of the set Markov hom tree-shift. Despite these
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accomplishments, our work is not intended to be an in-depth investigation but rather a starting
point for further exploration. Indeed, several questions still remain unanswered in this work,
which we list as follows:

* Is the rate function A*(a) in Theorem 1.2 continuously differentiable if M is irreducible?

* If M is irreducible, can the optimal Ly;, in Theorem 1.3 be determined? Can the optimal
Markov measure in Lemma 4.4 be determined?

* What is the Hausdorff dimension for general 7,; without the assumption of M being
irreducible?

We hope this paper will inspire further research in this direction, advancing our understanding
of tree-indexed Markov chains and tree-shifts.

APPENDIX A: PROOFS OF AUXILIARY LEMMAS

A.1 | Proofof Lemma 4.2

Due to the continuity of the objective function, it suffices to show the equality with inf sy in

place of all appearances of minser[ | in (20). Under the circumstances, we first rephrase, by virtue
of periodicity, the left-hand side of (20) as

14
p-1 Z_ Sm+id p—i—1 p-1
ma}g inf |- Z m—lp p(P)( H P(p_f)>DKL(P(l)||M) + <p(p) H plp—2) _ P(p)),u
ng?e{c ;el"[p] =03 gm /=1 7=1
m=1

(A1)
where s,,; are simply aliases of 5; for i =0, ..., p — 1, respectively. For brevity, we denote by
F(p'P), P, s, u) the objective function above.

As always, the expression on the left of (20) is by definition no larger than the right, so
it suffices to show the other inequality. The proof essentially exploits the following sequence
of functions (A®(s, u))P~ _0, whose convexity is guaranteed in Lemma 3.7. We let g;(s) =
(XP _ d™ (XL | 5,4:d™), and define

i ifi=0
A6+D s, 1) = M e 1
(5. 4) q;(s) log(Me%(®) Oy fi=1,2,..,p—1.

One can now apply the minimax theorem to P and (s, u), since the objective function is concave
in the former variable and convex in the latter. Swapping maxpe) and inf ) turns (A.1) into

p

p—1 2_1 m+id p—i—1 '

max  inf n= p(P) H PP=9) ) Dy (PD]|M)

p:p—Deyp ser[p] = p po
PPEC)  yerA > d

p-1
+ p(p)< p(P—f)>/1(1)(s’,u) —pPp|,
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Recursively using the convexity of 1) and applying the minimax theorem, one will move all max
in (A.1) to the right of inf while retaining equality. In particular,

max inf F(p(P) P,s,u) = inf max F(p(P) P, s, u)

PeYP sel“[p] sel"[ ] PeYP
pPec, peRA peRA pPec,
> inf max F(p(p), P,s, 1)
sef‘ PeYP
(e} )
MGR’A p eCO

~1 o(p—
p(P)=p(P) H§=1 p(p—?)

p—-1

= inf max F(p(p), P,s,0) = min max Sy F(ps P),
Sef‘[p] PeY? SGF[p] (p P)EZO m=0
pPec, p-periodic

—1 o(p—
pP)=p(P) H?:l p(p=2)

which agrees with the right-hand side of (20) (with inf sy in place of minser[p] .) The lemma is
hence proved.

A2 | Proofof Lemma 4.4
For the sake of simplicity, we denote by Fy(p,P,s) the objective function of (23) throughout
the subsection.

A.21 | Auxiliary lemmas

We first prove the following two auxiliary lemmas.
Lemma A.1. Supposes € I'[,,

q;(s) = Pz—:l Sizj dP —dP7t and r(s) = <q0(s) 9:(s) qp—l(s)>
: 4 j —_ 1 ’ 9 sesy .
J

= 4/ dP q1(5)” gx(s) qo(s)
Then, s — q(s) is a bijection between I'; ) and {q € I'jp; : qo dg; < - <dP7'q,_; <d? qO}, and
q(s) — r(s) is a bijection between {q € Lipp 1 qo < dq1 - < dPT 1qp_1 < dpqo} and R,

Proof. We note that g; is a bijection between I',) and {q e Lip) 1 Qo <dgy <+ < dl"lqp_1 <
dPq,}. Indeed, s — g;(s) is an invertible linear transformation whose inverse can be found by
Gaussian elimination, and every element in the latter set admits a preimage in the former. It
remains to show that q(s) — r(s) maps {g € I',) : qo <dg; <+ < dlﬁ"lqp_1 < dPq,} bijectively
into R, 4. It is not hard to see that such a map is well defined and R, ; is its image. The injec-
tivity follows from the constraint that Zp o 4i(s) = 1, while bijectivity follows by notlng that its

inverse can be explicitly calculated as g,(s) = (Zizo H e r>1(s))tand g;(s) = H e r>1(s)go(s)
forl1 <i<p. l

Lemma A.2. Foreverys,s' € F[p] and every N € N

max Fy(p,P,s) — max FN(p,P s <2-log| Al -dy(s,s"). (A2)
(p,P)EZ, (p,P)EZ,

roof. It1is a consequence of the unitform boundedness 0 < . ,P)<lo .
P Iti q f the uniform boundedness 0 < 7,,. ., (p,P) < log | A| O
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A.2.2 | Proofsetup
Denote s,,; = 5; fori € Z, and set

Losy 1\ “lap_grt
l—] . . .
jgo _f(N + _dP—1> - fo<i<p;
_Jp .
qi,N(s) =17k Sl;j( 1 ) dp—gpr-1 . . )
fri N+ 33 o fp<i<pN;
d~0=PN*g, v 1(5) if pN < i.

1
dpP-1

Multiplying by (N + ) and taking the limit N — oo, we obtain a sequence (g;(s));cn:

_ . 1
q;(s) = ]\ITI_IEO(N + m) - q; N(9),

from which we define a p-tuple r(s) that is previously studied in Lemma A.1:

r(s) = _qp(s) ’€p+1(5),m’az_p—1(s) . (A3)
qp+1(s) qp+2(s) qp(S)

Our discussions rely heavily on the following alternative expression of the objective function
Fy:

[Se]
Fy(p,P,s) = = ) qin(9)p DD (PO M), (A.4)
i=0
Based on this expression, we consider the following finite approximation:
m—1
Fnm(p,P,s) :=— qi,N(S)P(l+1)DKL(P(l)| M),
i=0
which, by Lemma A.2, admits the following error bound.

(d = 1Dgpn-1,8(8)
d

max Fy(p,P,s) — max F ,P,9)| <
N(P ) (P.PEZ, N,pN(p ) N

log |A|. (A.5)
(p.P)EZ, 8

Similar to Lemma 3.9 (or, originally, [3, Proposition 3.3]), the maximum of FN’pN(p, P, s) can be
determined as

max F (p,P,s) = max (PN)A(PN)N | (A.6)
ez, NPNP SN e ey

where
ADN(5)
AON(5) = g and AG+ON = J TN (s)log (Me e > if g n(s) # 0,

0 otherwise.
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AN (5)
Notably, for 0 < i < pN, the above can be expressed, by taking v(i)(s) =¢ %NO® gg

_ ) .
: . aw (V(s)) ifg;n(0) #0,
v@(s) = 1and vi*D(s) =4 Minw® ’ (A7)
1 otherwise,

which is independent of N. In particular, this implies that the iteration satisfies
YPHI(5) = ‘PM,rl_(S)(v(p“_l)(s)) fori=0,..,p(N—1)—1,
which, in turn, yields
VPN(s) = LTI P(s)). (A8)

A.2.3 | Proof of the lemma
Proof of Lemma 4.4. We first prove (23)<(22). For every ¢ > 0, choose r* € R, ; such that

» p-1 ¢
(Z Hr* 1) logpAo(ﬁM ) < 1nf (Z Hri_l) logpAO(llM,r) + ¢,
£=0 i=0 £=01=0

so that, by Lemma A.1, we can find some s* € Lip) satisfying r* = r(s*). Combining (A.5), (A.7),
(A.8), we have

limsup max Fy(p,P,s*) =limsup  max p(PNIA(PNIN ()

N-ooo (PPEZ, Nooco plPN)=e,:aeA,
7.6 (A.9)
= lim sup ——— 9p log (max llN ! (V(P)(s))>
Now N+ o

which, by Proposition 4.1 (2), is bounded from above by

p-1 ¢

-1
qp(s)logp 4 (L) = (Z H”;k_1> log p 4, (L)

=0 i=0

-1

p-1 ¢
< inf Z H rt | logpu, (Lmy) + 6
r€Rpa \ 20120

where the equality in the first line results from the following:

2p—-1
Z qi(s")=1landqp,; = r;k_l_l ri"_lr;_lap.
i=p
To prove (23)>(22), we note that one can, by compactness of Z, X I';,,; and continuity of Fy;,
always find a sequence s(N) such that

max F (p,P,s(N)) = min max Fy(p,P,s),
Pz, NP el Pz, VT
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which, as a consequence of Lemma A.2, further admits a convergent subsequence s(N;) € I'[
whose limit s* satisfies

liminf min max Fy(p,P,s) = lim max F ,P,s A.10
N—-oo s€l'p (p,P)EZ, N(p ) i—oo (p,P)EZ, N(P ) ( )

We henceforth fix r* = r(s*), A0J = 1D:i(s*), and v® = v (s*) as given in (A.3), (A.6), and
(A.7), respectively. Recall that, as argued in Proposition 4.1 (2), (Lypp+(X)g)ae A, depends only

on (X, )ge 4, Therefore, by choosing eigenvector v satisfying (vflo))a[e 4, S (Vflp >)ae 10> We derive
the following by the order-preserving property of Ly ,.:

0,5
li F Pis") = lim —F——1 £N-1(®)
fm s, P s = i 5l e 52047

qp(S) N o p-1 ¢ X -1
-1 0 _ —
> lim —log (arréggf) Ly, )) = ( > I ) log p 4, (Lage)-

=0 i=0

Particularly, the argument here also justifies that “min” in (22) is attained: For the very same r*,
we see from the part (23)<(22) that for any s € Lipps

-1

-1 7
(ZHr?‘_l> logpAo(EM’r*) < lim m1n max Fy. (p,P,s")
£=0 i=0

i—oo s'€l ) (p,PIEZ,

< h}?fip r’Ig)aX Fn(p,P,5) < <20111 ri(s)” > -log pAO(EM,r)
as desired.

We now prove (23)<(24). To begin with, we fix onward s* to be a minimizer of (24) and hence
also r* = r(s*), AJ = 10 (s*), and v = vD(s*) as given in (A.3), (A.6), and (A.7), respectively.
In view of (A.5), it suffices to prove the inequality holds with Fy(p,P,s*) in (23) replaced by
F N,pN(p, P, s*). Under the circumstances, for all N € N, we can choose, as in [3, Proposition 3.3],
a maximizer (p*, P*) of Fy ,n(p, P, s¥) satisfying the following: For all 0 < i < pN,

vl(j)
TN S
0 otherwise,

iftMyp,=1La€ A_;_;

We should note that this expression is independent of N. Furthermore, without loss of general-
ity, we may assume pPN) = e, for all N by passing to subsequence and changing our choice of
ay € A, if necessary. Next, we construct a periodic pair (q*, Q*) in the feasible domain of (24).
Suppose v) € C;f, Jj € [p], are normalized eigenvectors given in Proposition 4.1 (b), which we

again extend periodically by setting v) = vU+P) for all j € Z. Notably, due to the uniqueness of
the eigenvectors, the following holds for all j € Z:

U™ = By )/ 1Py, -
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Our 1-periodic Q* € Y%+ is then defined by

Q)
M, 0 .
) — =5 ffae A._q;
Q*s)b = Q*g);, = ZC:CEAj—l M, v U (A11)
0 otherwise.

As Q*(i) = Q*(O) are irreducible, each of the matrix is, by the Perron-Frobenius theorem, associ-
ated with a unique probability vector g*® € I'n ijr satisfying q*@ = q**YQ® foralli € Z,. To
establish the aforementioned inequality, we need the following uniform estimate for the distance
between (p*, P*) and (q*, Q*): There exists C > 0 and 0 < 6 < 1, independent of N, such that the
following holds for alln € Z,:

SupaeA,i,l dv((P*g’)b)beAa (Q*E;,)b)beA) < C@i,
d,(p*®@, g*®) < C(6' + 6PN,

Ip* Dy (POIIM) — q* T IDye (QVIIM)] < C(6° + 0PN,

The first estimate results from Proposition 4.1 (3). For the second, note that

PN—i

du(p*(i)’q*(i)> - dv<ea0 H P*(PN—f),q*(i))

=1

PN—i pN—i .
< dv<ea0 H p*(pN—f),eao H Q*(pN—f)> +dv<ea0(Q*(0))pN_l,q*(l)>
¢=1

=1

i )
gc.6_+c’.9’PN_l,
1-6

where the first term in the last line follows from the first estimate and the second from the Perron-
Frobenius theorem. Finally, the last estimate is a consequence of the former together with the
observation x — X log x is Lipschitz on any compact subinterval of (0,1). To complete the proof,
note that g; 5 (s*) = O(1/N), and thus,

pN-1

|Fn pn(@, Q%,8%) = Fy ,n(p*, P*,5%)] < Z gin(s)CE + 6PN > 0as N — oo.
i=0

The proof of the remaining inequalities is rather straightforward: (23)>(24) follows from
definition, while (24)>(25) is the weak duality.
To prove the irreducibility of optimal transition matrix, we first note that if M’ < M, then Lyy ,

still maps C; into C;, and thus, p 4 (L ) in Proposition 4.1 (2) are still well defined. We then sup-
pose that (p*, P*, s*) is an optimizer of (25), r* is a minimizer of (22), and v©® & C, is an eigenvector
of Lyg y+. Now, if P((f) , =0yet My ,» = 1 for some a’,b’ € A, we denote the incidence matrix of
5 a’.b a’,
P@ as M’ and write

a’,b’

Z(') ={(p,P) € 2, : PO —oforallie Z.}.

a’ b’
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We can then reproduce (22)>(23) as before:

-1 p-1  pN-1

p-1 ¢
rei%fd(z Hri_1> -logp 4, (L) > limsup min  max Z Z ty NS nam (P, P)-
P\ £=0i=0

N-oo €L (p.P)EZ]) 4

Additionally, we note that (23)>(24)>(25) follows naturally by definition. These altogether imply
that

-1
p
nf <Z I~ > 1ogp 4, (Lo )

0 i=0

p-1
> max min S F Py P) = Zs (p*,P¥)
- (p.P)EZy:  s€Ty =0 m’m:co m’” m:oo
P is 1-periodic
p is p-periodic

-1
= rg}zigd <Z H r > -logp 4, (L)

0 i=0

(A12)

However, since M is irreducible, there exists n such that E'l\la, L), <p A, (Lwr 'y, O for all

a € A,. As a consequence of the Collatz-Wielandt formula [19, Theorem 5.6. 1] we deduce that

l/l’l M’ r*(v(o )a
PAO(ﬁM' ) = PAO(ﬁM/ r*) smax | ———— < PAO(EM,r*)-

= aed, U(O)
a
This implies
p-1 ¢ -1 p-1 ¢ -1
i%f <Z Hri—1> logp 4, (L) < (z Hrlfk_1> -logp 4, (L p+)
"Rpd \ 720 i=0 £=0 =0

-1

p-1 7 -
<<Z H r:‘_1> 1ngA0(£M r*) - mln <Z H i > ' 1ogpA0(£M’r)’
=0 i=0

0 i=0

contradicting (A.12). Hence, P* ~ M is irreducible. In this case, the only feasible p© is the left
eigenvector of (P©)P in C,. O

APPENDIX B: PACKING DIMENSION OF 7,; WHEN M IS IRREDUCIBLE

When the incidence matrix M is irreducible, the packing dimension satisfies dimp Ty =
dimgTyy =d - hiop(Tm), @ result that, to the best of our knowledge, has not been explicitly
addressed in the literature. For completeness, we provide a proof below.

Proposition B.1. Suppose that M is an irreducible incidence matrix. Then, dimp Ty = MBTM =

d- htop(TM)-

Proof. Since dimp Ty < dimpTy, by definition and dimpTyy =d - hop(Tm) as discussed in
Section 4, it remains to show dimp Ty > d - hyop,(Ty)-
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‘We recall that when M is irreducible, there exists a € A such that

log|{u € By(Tw) : e = a}|
lim

n— oo |A

| = hyop(Tap), (B.1)
pn

where p is the common period of the states. This result appears as early as in [24, Proposition 3.1]
and follows also as a consequence of [3, Theorem 3.1]. We henceforth fix a, in assumption (A1) to
be one satisfying (B.1). The remainder of the argument is based on the mass distribution principle
and is somewhat similar to Section 4.3.

Due to irreducibility, there exists n, € N and a collection B = {(b“”')ogispno: a € A} of admis-
sible paths from a to a, by incidence matrix M, namely, b*° = a, b®P" = a,, and My, pai+1 = 1
for all i. Choose increasing sequences (N, Jxens (N ken © N with each term divisible by p such
that lim; _, ]jkﬂ/ﬁk = oo and that

We iteratively define a measure P over cylinder sets Cﬁk (k € z,) that concentrates on
configurations with states a, on the boundary:

P(U{[u]eCﬁk : ug=aO,VgeEﬁk}> =1. (B.2)

To begin, define P by P([a,]) = 1. Suppose that P is defined for Cﬁk and satisfies (B.2), extend it
to a measure over Cﬁk : by first distributing uniform mass to each admissible configuration in
+

[u] € Cﬁkﬂ

-1

P(ul) = P(lulsg )

{v eBﬁk:ﬂkJrl 1V, =0ay, Vg € aﬁk}

—dNk
VEB —:vza} s
(vt 0=

and then giving all its mass to the (unique) configuration w € Cﬁ whose paths from level N
k+1

(B.3)
= (il

—k+1
to N4, are of the form of b%':

Nk+1

P([w if (w eBV¢y €eEy ,¢" €Es
P([w]) _ ([ |Aﬂk+l ]) ( g)g./gggg” g Iik+1 g
0 otherwise.

In this manner, the resultant P satisfies (B.2) for configurations in C—k This definition

uniquely extends P to a probability measure supported in 7. In addition, combmmg (B.3) with
limy, oo Ny 4 /N x = oo and (B.1), we have almost surely,

i logP(B,(X)) . log P([X1,, D
imsup ————= =1i p—m—mm

=d-h,,,(Ty)-
n—oo log r n—oo |An_1| top( M)

To conclude the proof, we apply the mass distribution principle to P. Note that U?? /C; is a count-
able collection of sets and that for two cylinder sets, either they are disjoint or one is contained in
the other. Hence, givenany § < d - hy,,(7y), any countable partition (S;);cy of supp(P), and every
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¢ > 0, one can find for each S; a disjoint countable e-cover S; (and hence an e-packing) satisfying
r® <P(B,(t)) forall B,(t) € S,

where B,(t) denotes the closed r-ball centered at ¢. This implies that the packing premeasure
Pg (S;) is bounded from below by P(S;):

PS> D = ) P@B1) > P(S),

B.(DES; BL(DES;

and therefore,

(6]

PR ACHESE

i=1
As a result, the packing measure P?(supp(P)) is at least 1. This proves dimp 74 > dimp supp(P) >
d - hyop(Tap)- O
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Abstract

We prove a van der Corput lemma for non-atomic self-similar measures . As an
application, we show that the correlations of all finite orders of (z™ mod 1),,>1
converge to the Poissonian model for p-a.e. x, assuming = > 1. We also complete
a recent result of Algom, Rodriguez Hertz, and Wang (obtained simultaneously by
Baker and Banaji), showing that any self-conformal measure with respect to a non-
affine real analytic IFS has polynomial Fourier decay.

1 Introduction
1.1 Avan der Corput lemma for fractal measures

A fundamental result in harmonic analysis is the van der Corput Lemma:
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A. Algom et al.

Proposition /37, Proposition 2 in Chapter 8] Let g be a real-valued smooth function
on an interval J C R. Suppose |¢\"¥) (z)| > 1 for all = € J, where k > 1 is an inte-
ger. If k = 1 and ¢’ is monotonic, or if k > 1, then

/ eQwiAg(z)dx
J

The purpose of this paper is to prove variants of this result when the underlying
measure in (1) is a self-similar measure, while assuming as little as possible about the
smoothness of the phase function g. We will then apply this to study the fine statistics
of sequences of the form (2™ mod 1),,>1 where x is drawn according to such a mea-
sure, and to study the Fourier decay problem for self-conformal measures.

Self-similar measures are defined as follows: Let ® = {f1, ..., f,} be a finite set
of real non-singular contracting similarity maps of a compact interval J C R. That
is, for every i we can write f;(z) = r; - © +t; where r; € (—1,1) \ {0} and ¢; € R,
and f;(J) C J. We will refer to ® as a self-similar IFS (Iterated Function System).
It is well known that there exists a unique compact set ) # K = K¢ C J such that

< ck)F% for A > 0,wherecy > OisindependentofA. (1)

The set K is called a self-similar set, and the attractor of the IFS ®. We always
assume that there exist ¢ # j such that the fixed point of f; is not equal to the fixed
point of f;. This ensures that X is infinite.

Next, let p = (p1, ..., pn) be a strictly positive probability vector, that is, p; > 0
forall iand ), p; = 1. It is well known that there exists a unique Borel probability
measure /. such that

= Z p; - fipy,  where f;u is the push-forward of u via f;. ()
i=1

The measure y is called a self-similar measure, and is supported on K. Our assump-

tions that K is infinite and that p; > 0 for every i are known to imply that x is non-

atomic. In particular, all self-similar measures in this paper are non-atomic. It is a

standard fact that the Lebesgue measure on any bounded interval is a self-similar

measure, but there are many self-similar measures that are not absolutely continuous.
We can now state one of the main results of this paper:

Theorem 1.1 Let p be a non-atomic self-similar measure supported on an inter-
val J CR. Let g € C*(J) for some integer k > 2 be such that for some cy > 0,

maxg<j<i |g¥ (x)| > co for all x € J. Then there exist constants T = 7(1, k) and
C = C(g) > 0 such that

@ Springer
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/ 627rig(:c)>\du(x)
J

<CXTT for A>0. 3)

In fact, we will prove a more general result, where the phase g is only required to
be C**7(R) and non-flat in an appropriate sense; see Theorem 1.6 in Section 1.4 for
more details.

The exponent 7 as in Theorem 1.1 depends on the geometry of i, and is uniform
across all g satisfying its assumptions (see Section 1.5 for comments on quantitative
aspects of the proof). Some special cases of Theorem 1.1 had been established in the
past: Kaufman [22] proved, among other things, that if g is any C? diffeomorphism
on [0, 1] such that ¢g” > 0, then (3) holds for the Cantor-Lebesgue measure on the
middle-thirds Cantor set. This was later extended to all self-similar measures with a
uniform contraction ratio by Mosquera-Shmerkin [31]. Since the work of Mosquera-
Shmerkin it remained an open problem as to whether the result holds for a// non-
atomic self-similar measures (with no further assumptions). Theorem 1.1 settles this
problem, while also relaxing the assumptions on the phase function. Finally, Algom,
Rodriguez Hertz, and Wang [5, 7] recently proved logarithmic decay for C177(R)
phases under certain Diophantine assumptions on the IFS. No such assumptions are
required for our corresponding result, Theorem 1.6 below. See Section 1.4 for more
details.

We also remark that, simultaneously and independently of our work, Baker and
Banaji [10] obtained similar results but with a different method, and a somewhat
different range of applications. Baker and Banaji rely on a disintegration technique
for self-similar measures as in [4], and apply this to study Fourier decay for certain
smooth images of fractal measures on the so-called fibered IFSs. Their technique
applies in higher dimensions and to infinite IFSs. In contrast, we rely on an applica-
tion of Tsujii’s large deviations estimate [40] (see Section 1.5), and apply this to study

the fine statistics of sequences of the form (2" mod 1)n21 (Section 1.2). However,

both results can be applied to show that any non-atomic self-conformal measure with
respect to a non-affine real analytic IFS has polynomial Fourier decay, a result first
stated in the recent work of Algom, Rodriguez Hertz, and Wang [6, Corollary 1.2].
See Section 1.3 for more details.

1.2 Applications to higher order correlations of sequences modulo 1

A sequence (x,,),>1 taking values in [0, 1) is called uniformly distributed or equidis-
tributed if for any sub-interval J C [0, 1),

1
lim Nﬁ{l <n<N:x,€J}=|J|, where |J| := the Lebesgue measure of J.

N—o0

A real valued sequence (z,)n>1 is called uniformly distributed modulo one if the
sequence of fractional parts ({z,,}),>1 C [0, 1) is uniformly distributed in [0, 1).
This notion concerns the proportion of the fractional parts of the sequence in a fixed
interval. The fine-scale statistics of sequences modulo one, which describe the behav-
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iour of a sequence on the scale of mean gap 1/N, has attracted growing attention
in recent years. Two of the most important fine-scale statistics are the k-level cor-
relations and the distribution of level spacings (also called nearest-neighbour gaps),
which are defined as follows.

For every integer N > 1 and k > 2 let U, = U, (IN) denote the set of distinct
integral k-tuples taking values in {1, ..., N}. That is,

U, ={u= (u1,...,ux): u; €{1,...,N}, u; #u; forall i # j}.
For each u € U}, and real valued sequence (z,,),>1 consider the difference vector
AW (20)n>1) = (Tuy = Tugs - -+ s Ty, — Tuy) € RFTL

Given f:RF~! — R with compact support, the k-level correlation function is
defined to be

Re(f, @)zt N) o= 30 3 FINA@ o) +D) (g

ueUy lezk-1
If
lim Ry(f, (xn)n>1,N) :/ fx)dx, Vf € CSO(Rk_l) 5)
N—o0 RE—1

then we say that the k-level correlation of ({xn})n>1 is Poissonian. This notion
alludes to the fact that such behaviour is consistent with the almost sure behaviour of
a Poisson process with intensity one.

We now define the distribution of level spacings or nearest-neighbour gaps of the
sequence ({x,,})n>1, that is, the gaps between consecutive elements of ({zy})n>1.
For each N > 1, we reorder the sequence {z,, })_, and label them as

0 S 91,]\/ S 927]\7 S s S 9]\/7]\7 S 1, and set 907]\7 = 9]\/7]\] -1 (mod 1).
Suppose that for every s > 0 the limit as N — oo of the function

1
G(Sa{xn}nZhN) = Nﬁ{l <n< N : N(Qn,N - en—l,N) < 3}

exists. Then the limit function G(s) is called the asymptotic distribution function of
the level spacings of ({x,,}),>1. We say that the level spacings are Poissonian if
G(s) = 1 — e *, which agrees with the distribution of the waiting time of a Poisson
process with intensity one. We refer the reader to [2] for more exposition on why and
how these notions are used to capture pseudo-randomness properties of sequences.
Recently, Aistleitner and Baker [1] proved that ({a@"}),,>1 has Poissonian pair
correlations for almost every oo > 1. This refined a classical Theorem of Koksma
that such sequences are equidistributed (almost surely), since it is well known that a
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sequence with Poissonian pair correlations is always equidistributed [3, 20, 29]. Aist-
leitner and Baker [1] further conjectured that typically such sequences should have
Poissonian k-level correlations. Very recently, Aistleitner, Baker, Technau, and Yesha
[2] proved this conjecture, and thus obtained that the level spacings of {a" },>; are
Poissonian for a.e. o > 1; here we use the well-known fact that if the k-level cor-
relation of a sequence is Poissonian for all £ > 2, then the level spacings are also
Poissonian [24, Appendix A].

The results cited in the previous paragraph hold for « distributed according to
the Lebesgue measure. The next theorem generalizes them to the setting where « is
distributed according to an arbitrary non-atomic self-similar measure.

Theorem 1.2 Let i be a non-atomic self-similar measure on R such that p-a.e. x is
larger than 1. Let £ € R\ {0}. Then for p-almost every x the k-level correlation of
({&€x™})n>1 is Poissonian for all k > 2. In particular, the level spacings are also
Poissonian, and the sequence ({x"}),> 1 is uniformly distributed.

Baker [9] recently proved that for some self-similar measures, ({z"}),,>1 is uni-
formly distributed almost surely. For example, this was shown for appropriate trans-
lates of the Cantor-Lebesgue measure on the middle-thirds Cantor set. Baker further
conjectured [9, Conjecture 1.1] that this should hold for all self-similar measures
supported on [1, 00). Theorem 1.2 proves this conjecture. Also, as the Lebesgue mea-
sure restricted on any interval is a self-similar measure, Theorem 1.2 generalizes the
results of [2] discussed above; moreover, our methods also yield an alternative proof
of the Lebesgue case treated in that paper.

Let us now say a brief word about the relation between Theorem 1.1, which
concerns Fourier decay of smooth images of a non-atomic self-similar measure
1, and Theorem 1.2, which studies the fine-scale statistics of sequences of the form
({#"})n>1 where x ~ u. The idea is that, by virtue of Poisson summation and an
observation of Technau and Yesha [39, Proposition 7.1] (see also Proposition 4.8
below), the limit of the k-level correlations in (5) exists if: for some 7 > 0 that is
independent of the f € C&(RF~1) we have

Lo (s emmeen] o wyon

lezi1\(0} = P2

In Theorem 4.1 we will prove super-polynomial decay of the ;-means of individual
oscillatory integrals that arise from the sum above. This can be recast as providing
a uniform van der Corput estimate for phases arising from a certain family of poly-
nomials (see Definition 4.2); whence the relation with Theorem 1.1. These estimates
rely on a non-trivial adaptation of the proof of our main technical result, Theorem
1.6, that is discussed in Section 1.4.
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1.3 Applications to fourier decay of self-conformal measures with respect to real
analytic IFSs

An important special case of Theorem 1.1 is when the phase g is real analytic and
not affine. By virtue of Lemma 2.7 proved below, Theorem 1.1 applies to such phase
functions, and we thus obtain the following notable corollary:

Corollary 1.3 Let v be a non-atomic self-similar measure supported on an interval
J CR, and let g € C¥(J) be a non-affine real analytic function. Then there exist
7> 0 and C > 0 such that

/627rig(z))\dlu(m) <C |)\|_T ,as ‘/\l — 0. (6)
J

Corollary 1.3 has important applications regarding the Fourier decay problem for
self-conformal measures: Let ® be a C“(J) IFS; This simply means that all the maps
in @ are real analytic strict contractions on the interval J. A great deal of attention has
been given to the study of the rate at which the Fourier transform of self-conformal
measures with respect to such IFSs (i.e., measures that satisfy (2) with respect to
the IFS) decays. They arise naturally, e.g., as (finitely many) inverse branches of the
Gauss map in number theory [21] and as Furstenberg measures for some SL(2,R)
cocycles [8, 42], and are closely related to Patterson-Sullivan measures on limit sets
of some Schottky groups [12, 27, 32], among others.

Combining Corollary 1.3 with very recent results of Algom, Rodriguez Hertz,
and Wang [6], we can show that all such measures have polynomial Fourier decay,
as long as ® is not entirely made up of affine maps. Denoting by 7()) the Fourier
transform of a Borel probability measure v, we have:

Theorem 1.4 Let ¢ be a C¥(R) IFS. If ¢ contains a non-affine map then every non-
atomic self-conformal measure v admits some T > 0 such that

1
v(A) =0 <|)\|7—) as |A| = oo.

This result was first announced in the work of Algom, Rodriguez Hertz, and Wang
[6, Corollary 1.2]. The last part of its proof in [6, Section 6] required the estimate
(6) that was announced in [6, Theorem 6.5]. Thus, with (6) we complete the proof of
Theorem 1.4. Also, recall from our discussion at the end of Section 1.1 that Baker and
Banaji [10] obtained Theorem 1.4 simultaneously and independently of our work.
See also the related work of Baker-Sahlsten [11] regarding the non-linearizable case.

We emphasize that except for the existence of a non-affine map, no further condi-
tions are imposed on the IFS. Thus, Theorem 1.4 extends the recent work of Sahl-
sten-Stevens [35, Theorem 1.1] by removing their total non-linearity and separation
assumptions. Other related significant works include those of Li [25, 26] about Fur-
stenberg measures, Bourgain-Dyatlov [12] about Patterson-Sullivan measures, Baker
and Sahlsten [11] about totally non-linear C? IFSs, and our previous works [5, 7].
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See the recent survey [34] for more discussion about the recent breakthroughs on the
Fourier decay problem.

Finally, we remark that the only concrete examples of polynomial Fourier decay
in the fully self-similar setting were given by Dai-Feng-Wang [17] and Streck [38]
for some homogeneous IFSs. It is known, though, that most self-similar IFSs should
satisfy this property; see Solomyak [36]. For more recent results on Fourier decay
for self-similar measures we refer to [7, 13, 14, 16, 17, 28, 31, 33, 36, 38, 41] and
references therein.

1.4 Main technical theorem: van der Corput for phases with non-flat derivatives

In this Section we will state and discuss our main technical result, Theorem 1.6. It
implies Theorem 1.1, and thus Corollary 1.3, as special cases. The results regarding
fine statistics of sequences, Theorem 1.2, follow from Theorem 4.1, which requires
delicate fine-tuning of the proof of Theorem 1.6 for certain exponential functions.

We first formulate the following definition. For a given bounded set A C R let
N.-(A) denote the minimal number of balls of diameter r needed to cover 4.

Definition 1.5 Let 0 < 6 < 1. A function h : R — R is called §-non-flat on an inter-
val J C R if:

For all € > 0 there exists ng = ng(€) > 1 such that for all n > ny and every
bounded subset A C J we have

Ny-sn(A) > 27 = diam(h(A)) > 27"

The idea is that the range of a d-non-flat function on a set of positive dimension
can not be too small. Note that by definition, non-singular affine functions on R are
I-non-flat, and for any 0 < §; < d2 < 1, d2-non-flatness implies d;-non-flatness. In
addition, in [18, prior to Theorem 6.2], de Melo and van Strien discuss a related
notion of non-flatness of a C! function: By their definition, a function h € C1(.J) is
non-flat at a point ¢ € .J if there is a C?(R, J) diffeomorphism ¢ such that ¢(0) = ¢
and h o ¢ is a polynomial (that we assume is non-trivial). It follows from the results
in Sect. 2.3 that, locally, if /4 is non-flat in the sense of de Melo and van Strien then it
is non-flat in the sense of Definition 1.5.
We can now state our main technical result.

Theorem 1.6 Let i be a non-atomic self-similar measure supported on a closed inter-
val J CR. Let g € C1T%(J) for some 0 < o < 1. Suppose that g’ is 5-non-flat on
J, where 0 < & < 1. Then there exist constants T = 7(p, 9, ) and C = C(g) > 0
such that

'/eQﬂig(“:)’\d,u(x) <CXT for A>0.
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By Lemma 2.6 if g€ C*(J) with k> 1 and there is some cy > 0 with
maxi<;j<k |9 (x)] > co for all = € J, then it is 2—1,€—non—ﬂat. Thus, Theorem 1.6
implies Theorem 1.1 as a special case. Finally, consider a non-flat h € C*+2(J).
Definition 1.5 suggests that the optimal non-flatness exponent should roughly corre-
spond to the Holder exponent of A~ (which might only be defined locally on A(J)).
Based on this heuristic, we believe a function g € C*(.J) as above should, in fact, be
%—non—ﬂat. While this potential improvement is not essential for the purposes of the
present paper, it may play a role in obtaining effective estimates on 7, as discussed at

the end of the next section.

1.5 Outline of method

In this section we sketch the proof of Theorem 1.1. We work under the stronger
assumption that the phase g satisfies ¢’ > 0 on the interval; the general case, as well
as our other main results, is proved via subtle optimizations of this method. So, let
be a non-atomic self-similar measure supported on, say, [0, 1], and let g € C?([0, 1])
be a diffeomorphism such that g’ > 0. We show that there exists some « > 0 such
that for A > 0

1
/ e27rig(z))\dlu($)

0

=0 (A7)

First, we recall the main ingredients in the approach of Kaufman [22] and Mosquera-
Shmerkin [31], in the special case where the IFS is homogeneous; that is, all the maps
in® = {f1, ..., fn} share the same contraction ratio. Here, the measure x is known to
have a convolution structure, so we may write explicitly

w(A) = H (Z P; €XP (2771,‘1-7"’“)\)) , where f;(x) =r -z +1t; for each 1 <i <mn.
k=1

=1

From this decomposition, Kaufman, and later Mosquera-Shmerkin, first showed
polynomial decay outside of a sparse set of frequencies:

Ve >03co > 0 s.t. for T 1, {A € [T, 7] : [i(A)] = T~} can be covered by T intervals of length 1. (7)

In fact, Mosquera-Shmerkin [31, Proposition 2.3] proved a quantitative version of
this result, which enabled them to give explicit lower bounds on the Fourier dimen-
sion of gu in some cases. The proof then proceeded by combining the previous two
displayed equations; see, e.g., [31, Theorem 3.1]. Tsujii [40] extended (7) to all self-
similar measures (without relying on convolution structure). Recently, Khalil [23,
Corollary 1.8] proved a very general form of this result.

The main innovation of this paper is the introduction of a new method to obtain
polynomial Fourier decay for gu from a large deviations estimate as in (7), for u
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without a convolution structure, and for more general phase functions. Our initial
observation is that we can rewrite (7) as follows:

Ve>03c>0 st. fort>1, §{n€Z:3Ix€[n,n+1]N[—¢ €] such that |[A(\)| > e “"} < e (8)

At this point we need some notation: Let us fix our self-similar [FS ® = {f1, ..., f,,}
and denote A := {1, ..,n}. For every i € A we write

filx) =r; - x+t;, where 0 < |r;| <1 and t; € R.

For every w € A* := U;>1.A" of length |w| = ¢ write, recalling that u = y,, for the
probability vector p = (p1, ..., Pn),

Ty 1= Twy t o Twy, and fu(x) =71y - @+, where t, := f,(0), and also p, = pu, - - Puw,- (9)

For a word w € A* let w™ denote the word of length |w| — 1 obtained from w by
forgetting its last letter. For sufficiently small (not necessarily integer) b > 0 we con-
sider the following cut-set of AN:

Wy ={we A" ro| <b < |ro-|}. (10)

Now, the first step in our proof is, using self-similarity and the C'? assumption, to
linearize:

1
/ eZwiAg(z) dr
0

where b = b(\) > 0 is an auxiliary parameter to be chosen later.
Next, fixing yet another auxiliary parameter € > 0, there is a ¢y > 0 such that (8)
holds when taking ¢ ~ log (A - b). Thus, we can partition W, into

= |§/j ()‘)| < Z Pw - |ﬁ(g/(tw)TwA)‘ +0 ()‘ : b2) s
WEW,

X o= {w [ (k)roN)] = Ao~} and Wy \ X

It is clear that

Z Puw - |ﬁ(g/(tw)TwA)‘ < |>‘ ’ bl_co :
wWEWL\ X

So, it remains to control

Z Puw - |ﬁ(9’(tw)7’w>\)| .

weX
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This is where (8) and the non-linearity condition g” > 0 enter the picture. Fix n € Z
such that:

[n,n + 1] contains some ¢’ (t,)r, A with | (¢’ (tu)rwA)| > |A - 70| .

Roughly speaking, using the non-linearity of g (or, more generally, the non-flatness
of g"), and the Holder regularity of x ( [19] and Proposition 2.1), one can show that
for some uniform sy = sg(p) > 0,

> P Loy racinnsy(©) < i some ball of radius A-b) = 0 (A-5) ") .y
wEWS

The last displayed equation means that in each such interval [n, n + 1] the probability
of having a "bad" frequency is very small; in addition, (8) means that the number of
such “bad” intervals is sub-polynomial - here it can be shown to be less than (X - b)°.
Thus, taking tally of our calculation and disregarding global multiplicative constants,

1
/ eQﬂ'iAg(z) dz
0

This can be made polynomially small in A by a careful choice of the parameters b and
€ (note that sg = so(p) and ¢y = ¢o(€) are not free for us to choose).

In addition, we remark that in practice we will derive the inequality (11) not on
the full space W}, but rather only upon a further partition of this space into those w, n
such that r,, = r,,. This introduces another factor, the number of such distinct r,, that
is large in A into the previously displayed equation; however, standard properties of
self-similar IFSs show that it can be made logarithmic in b = b(\), and so the proof
goes through.

Finally, although providing effective estimates is not the primary goal of this paper,
let us briefly address the issue. Taking the §-non-flatness of ¢’ into consideration in
(11), the proof of Theorem 1.6 as outlined above gives a decay exponent of the form

<IAB T N B A BT+ N B

. 1 80-6
TR mln{§, Co, —5— €}

See (20) for more details (note that the % term arises from the final error term on the
right-hand side). In particular, the bound on 7 deteriorates as § decreases. In the con-
text of Theorem 1.1, this translates to slower decay rates as k > 2, via Lemma 2.6.
Also, in Tsujii’s estimate (8) the dependence of ¢y on € is not made explicit, and so
we don’t obtain a quantitative decay rate in general. While Shmerkin and Mosquera
do provide an effective version of (8) for homogeneous IFSs in [31], our method does
not appear to significantly improve on the effective bounds they achieve in e.g. [31,
Corollary 3.3]. Thus, the question of optimal decay rates remains open.
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2 Preliminaries
2.1 Some properties of self-similar measures

We retain the notations setup in Section 1, and in particular in Section 1.5: Spe-
cifically, our self-similar IFS ® = {f1, ..., fn}, A := {1, ..,n}, and the use of (9) for
symbolic notation. Recall that there is no loss of generality in assuming that

K = Ky C [0,1].

This assumption will be retained throughout the paper.

Recall that we are working with a self-similar measure p = p;, with respect to a
strictly positive probability vector p € P(.A). Since K is assumed to be infinite, this
is well known to imply that 4 is not atomic. In fact, as shown by Feng and Lau [19],
w satisfies a much stronger Holder regularity property:

Proposition 2.1 /19, Proposition 2.2] Let |1 be a non-atomic self-similar measure.
Then there exists some sg = sg(u) > 0 such that for all r > 0

sup (B, r)) = O (™).

rER

Proposition 2.1 means that the Frostman exponent of y is non-zero. We remark
that it is quite common for this attribute of the measure to appear when estimating
the decay of its Fourier transform, see e.g. [5, 7, 28, 31]; our estimates will involve
it as well.

Next, recall the definition of the cut-set W, as in (10). We denote the set of the
corresponding contraction ratios by

Cop:={ry,:weWy} C(-1,1). (12)

We proceed to record a number of standard facts. Recall that | A| = n. Forw € AP we
write [w] to denote the set of all n € A" such that |, = w|,.

Lemma 2.2 The following statements hold true for every b > 0:
1. The collection of sets {[n] : 7 € W, } forms a partition of AY. Furthermore,
|Cy| = O (logb), where the implicit constant is uniform in b.

2. For any measurable map g : R — R,

1
/0 ) dp(x) =g (\) = D pu- A9 (fu(2)A).

WEW,
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Indeed, Part (1) follows from a standard counting argument, whereas Part (2) fol-
lows from the stationarity of x4 via Part (1).
Next, we discuss linearization. For any n € A* recall that we write

fo(x) =1y -2 +1t,;, where t, := f,(0).

We will require the following standard linear approximation lemma. Recall that we
assuming p is supported on [0, 1].

Lemma 2.3 Let g € C11([0, 1]) where o € (0, 1]. Then for all z € [0, 1] and
n e A%,

go fo(z) —g(ty) —g'(ty) 12 =0, (7“717"'“) . (13)

Proof There exists a point y = y(x,n) € [0, 1] such that
go fo(@) = g(ty) +9'(fo(v) -1y - .
As ¢’ € C*(]0,1]) and |z|, |y| < 1, we thus have
lg o folw) = g(ty) = g'(tg) -1y - 2l = 19" (fa®)) = g'(ty)] - Irg] - |2] < Og (1f5(y) = £ (OI%) - [y = Oy () -

O

2.2 OnTsujii's large deviations estimate
Recalling our discussion from Section 1.5, let us first formulate Tsujii’s original result
from [40]. Writing P(X) for the family of Borel probability measures on the space X,

and recalling that || stands for the Lebesgue measure on R, we have:

Theorem 2.4 [40] Let ju € P(R) be a non-atomic self-similar measure. Then

lim limsup%log H)\ S [*et,et] DA > eic.tH =0.

=0t 00
In our argument we will require the following corollary of this result:

Corollary 2.5 Let 1 € P(R) be a non atomic self-similar measure. Then

1 ~ _
lim lim sup " logh{n € Z:3X € [n,n+ 1] N [—€", e']suchthat |i(N)| > e '} = 0.

c+0t {500

In particular, for every e > 0 there exists ¢y > 0 such that for all ¢ large enough,
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f{neZ:3xenn+1]n[—e" e'lsuchthat |i(N)| > e '} < e, (14)

Proof Since p is a self-similar measure, it is Borel and compactly supported. It is well
known that the Fourier transform of such a measure is uniformly Lipschitz continu-
ous [30, Section 3.2].
Thus, if for some ¢ > 0, > 0 and A € R we have
(V)] > e,

then, assuming ¢ is very large (depending on c), for every s € [\ — e72¢, X + e72¢]
we have

This in turn implies that for every ¢ > 0 and ¢t = ¢(c) > 0 large enough,
e *"{n€Z:3X € n,n+1)N[—e e such that [a(A)|>e "}

<[{rereets iz e,

The first assertion of the corollary is a direct consequence of Theorem 2.4 and the
last displayed equation. As (14) is a formal consequence of this result, the corollary
is proved. O
2.3 Non-affine continuously differentiable functions are non-flat

The following two lemmas demonstrate the non-flatness of non-linear real continu-
ously differentiable functions.

Lemma 2.6 Let J C R be a closed interval and h € C*(J) for some integer k > 1.

If

(4) >
max, |hY9(z)| > 1forallz € J, (15)

then there exists p > 0 such that / is ——non -flat on all sub-intervals I C J with
1] < p.

We remark that in (15) we can replace 1 with any ¢g > 0.

Proof Since h € C*(J) there exists p > 0 such that
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. . 1
G () — B ()] - _ oyl < }< z
Orgfgksup{lh (@) =Ry z,yed jz—yl <pp < 1 (16)

Let I C J be any sub- interval with |I| < p. We claim that / is 5--non-flat on /.

Suppose that / is not 5;-non-flat on /. We will show that this contradicts our
assumption (15). Now, if h 1s not @—non—ﬁat on /, then there exist e > 0, arbitrarily
large n > 1, and A C I satistying

N,-2 (A) > 2", and diam(h(A)) <27

In particular, for n large enough (depending on €), there exist 25! points {; }12511 CA
such that

1 < xg < ... < Toe+1, and dist (z;, z;) > 2 273k for all i # j.

We proceed to construct 2¢ = 28+1 /2 points {y } ! as follows. By the previous

two displayed equations, for each 0 < ¢ < 2k — 1 there exists yéi) € [x2i41,T2i+2)

such that

<27M. 923k,

]h’( )| _ ‘ (9U2i+1) - h($2i+2)
L2541 — L2442

1

Note that the gaps between the (ordered) 2 points {yg)}?ia are at least

273k, We next construct 2¥~1 = 2¥ /2 points {Z/@@}?:)LI

0 < i< 2k-1 1, there exists y( ) [yfé), yﬂi_Q] such that

as follows: For each

h/(y4z+2) h’/(y4z+4)

(1) (1)
Yait2 — Yaita

R (2] = <27".2.(2%)2,

Note the use of the triangle inequality and the previous construction. Continuing this
process k — 2 more times, we can find k points 21, 2o, - - - , 25 such that for every
1<j<k

R (z)] <27 .2k, 93k )" <
J

NJ\»—!

In view of (16), it follows that

< () (4, @) () — &)
1@;@82% ) ()] max, |h (ZJ)I+iIéI?|h (x) = V()]

»Mw

This is a contradiction to our assumption (15). We thus conclude that 4 is not i-non-
flat on /. U
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Let us briefly revisit the discussion of the optimality of the exponent i in Lemma
2.6, as presented in Section 1.4. We believe that, with only minor modifications, the
factor % in the argument above can be replaced by an arbitrary constant ¢ < 1. If so,
the exponent i could be improved to £, where ¢ < 1 can be taken arbitrarily close
to 1. However, it appears that the same argument does not yield the full improvement
to %

Now, the following lemma is a direct consequence of the previous one:

Lemma2.7 Let g € C¥(J) be a non-affine real analytic function on a compact inter-
val J C R. Then there exist ¢ > 0 and an integer k > 2 such that for all © € J,

(k) >
zg@m (@)| > c.

In particular, there exists p > 0 such that ¢ - ic

1C Jwith|I] < p.

1S ﬁ—non—ﬂat on all sub-intervals

Proof Suppose, towards a contradiction, that there exists a sequence of points
(Z1)n>1 inJ such that maxa< <y, |99 (z,,)| <  asn — oco. By compactness, it has
an accumulation point 2 € J. Now the smoothness of g implies that g\/) (x) = 0 for
all j > 2. It thus follows that g(y) = g(x) + ¢’(x)(y — =) on J, which is an affine
function. 0

3 Proof of Theorem 1.6

In this section we prove Theorem 1.6. Let 1 = i}, be our self-similar measure. We
retain the assumption, without the loss of generality, that p is supported on [0, 1],
and the other notations and definitions as in the preceding sections, and specifically
in Sections 2 and 1.5. Let g € C**2([0, 1]) be such that ¢’ is a §-non-flat function on
[0, 1], and recall that 0 < § < 1.

Let A > 0. We aim to prove the existence of constants 7 = 7(x,d) > 0 and
C = C(g) > 0 such that

‘/eZWig(:c)/\d‘u(x) <ONT.

We will often work with big O-notation, and moreover sometimes even omit that for
notational clarity, under the assumption that A > 1. In particular, suitable constants
C can be worked out from our argument.
We fix a parameter b = b(\) > 0 to be chosen later. The proof consists of 4 steps:
Step 1: Linearization. Recall the definition of the cut-set (10),

Wy ={we A" i |r,| <b<|r,-|}.
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Then we have:

9N = > pu-Bilg (fulz)N)
WEWS
_ Z pw./627ri)\(g(tw)+g/(tw)-rw-m-i-O(ri}’*’a))d'u(x) (17)
WEWY
<Y po (G (t) e N[+ 0 (BTN
wWEW,

Indeed, the first equality is Lemma 2.2 Part (2), and the second one follows from
Lemma 2.3. The last one follows from the triangle inequality and since €™ is
a 2w \-Lipschitz function, and using that by definition r,, = © (b) for all w € W,
where O (-) is the standard big Theta notation.

Step 2: Applying Tsujii’s theorem and the non-flatness assumption. Recall

definition (12). Fix r € Cp and define

Wpr={weWy: r,=r} (18)

Recalling that we are free to choose b = b()\), we add the assumptions that as b — 0,
for all w € W,

A7y — oo and |\ -r5T — 0.

Note that this must hold uniformly in w € W, by definition. In particular, for every
r € Cp, we may assume |\ - r| is arbitrarily large.

Next, fix some € > 0 to be determined later. Since g € C1T%([0, 1]), there exists
some C > 1 such that

lg'(x)] < C for all z € [0, 1].

So, applying the Corollary (14) of Tsujii’s theorem (Theorem 2.4) with this e, there
exists some ¢y = ¢o(€) > 0 such that for all \ large enough, putting t = log |\ - r - C|
such that it grows to co with A, we have

{neZ:EIweWbJWith)\-g/(tw)we [n,n+ 1]

_ }|§|)\-C~r]6 (19)
such that |3 (A - ¢'(tw) - r)| > |[A-7-C|™

The next Lemma is the only place in the proof where the d-non-flatness assump-
tion is used. Recall that so > 0 is the Frostman exponent of the measure as in Prop-
osition 2.1. Also, to streamline notation, let P = p~ be the Bernoulli on AY. Let
7 : AN — K be the coding map 7(n) = lim, . fy, (0), where 7|, € A" is the
n-prefix of 7. It is standard that 7 (AN) = K and that 7P = p. Finally, for w € A*

recall that [w] = {n € AV : 77||w| = w}.
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Lemma 3.1 For every fixed n € Z,

P(jw]: we Wi A-g'(to) 7€ [nyn+1)) =0 ((r A (N0 + 27«)50) .

Proof Let
= {tu: g (t) - N G
A={ty: weWg,r, A-g'(ty) - r€nn+1]} =(g") (L')\, r-A])
m{tw NS Wb,r}-

Then diam (¢'(A)) < -. Using the exponent € = %, we deduce from the §-non-
flatness of ¢’ that

§-s0

N(T-A)—é (A) < (7“ : )\) 2

Note that here we are assuming ) is sufficiently large. Recalling that 7w : AN — K is
the coding map, for every w € W, and 1) € [w] we have

m(n) = tu| = [7(n) = fu(0)] <7

So, if t,, € I, where I is an interval of length (r - \)~°, then £,,([0, 1]) belongs to an
interval of size (r - A\) ™% 4 2r. Thus, combining with our previous estimates,

Niray-sr U foll01]) ] < (re )

WEW) r: Ag’ (tw) T€[n,n+1]
Applying Proposition 2.1 and Boole’s inequality, we obtain

P(lw] s w € Wi A g/(t) -7 € rn+ 1) = 0 ((r- )5 - ((r- )77 4+20) ).

This proves the lemma. O
Step 3: Collecting the error terms. First, recalling (18) and the terms ¢y, C > 0
from (19), we partition W, , into two subsets:
® W, .1 is the collection of all w € W, ,- such that
(g (tw) - rw - N = A O
® W, .2 is the collection of all the other w € W, ,, that is,

Wb,r,2 = Wb,r \ Wb,r,1~
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Now, for every r € Cy, applying (19) and Lemma 3.1 with the notation PP as in that
lemma yields

S i) N = Y p i) N+ Y pa- B () )]

WEWY wWEWY 1 WEW9 1,2
<D P([w] s w € Wy with X+t -7 € [n,n+ 1)) +
nez

P([w]: weWypa)-[A-r-O
S‘)\TC’FO((T}\)% . ((T')‘)_6+2T)SO) _‘_l)\.r.C‘*Cu.

Combining this with (17) and Lemma 2.2 Part (1), noting that » = © (b) and omitting
big-O notations, we obtain

GEWN < Y po- (g (80) - 7o - M| + B A
weEW,

=3 Y pe A ) N [
r€Cy, WEWY (20)

< |Gy - (lz\-b-C\E- (b- A5 ((b-N"° +2b|5°) + \A.b.crw) + ot A

Stog(v) - (Ix-b-C|°-

(b./\)%-((b.)\)—5+2b)80)+|)\'b'c‘—co)+|b1+a.)\|.

Here, we use the notation A < B to indicate that B is larger than 4 up to a uniform
multiplicative constant.

Step 4: Choice of parameters and conclusion of the proof. Recall that we were
given some A, and that we may assume A >>> 1. We are now in a position to determine
b and €; As for the other parameters in (20), note that co = co(€), so = so(1), and that
C = C(g) is a global constant (independent of \). We also recall that before Lemma
3.1 we added the conditions that as b — 0, uniformly for w € W,

IA-7,] — oo and |- T — 0,
which is the same as asking that, as r,, = O (b),
|b- Al = oo and [b'TY -\ = 0 as A — oo.

Recalling that o > 0 by our assumption, find any 7 such that

<y <1
1+« i

We pick
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Note that, as 0 < v, 9, s < 1,

(5'80

3s
(1=7)—s0-7y<=2(1—7) sy <L

e(1—7)+ 1

Thus, omitting global multiplicative constants (in particular, the big-O notation,
absolute values, and multiplicative constants), via (20) we have

97 (] STog(A) - (A0 (0 1) - (b= )75 +50) ) 4 [A-077) + [prHe A

5.

Slog(A) - (A_(l_”'# A AN+ A=) =s0y )\_CO'(I_V)) + AL (F)
This proves the existence of 7 as in Theorem 1.1. As a constant C can be worked out
from this argument by re-considering the implicit constants in the omitted big-O and
the < notations, Theorem 1.1 is proved.

4 Proof of Theorem 1.2

In this section we prove Theorem 1.2. The general idea is to prove a quantitative
van der Corput type estimate for a family of polynomials that arise naturally when
considering the k-level correlation sums (4), and the Poisson summation formula.
Once this theorem is established, we will derive Theorem 1.2 from it via standard
arguments.

Let us state the main technical theorem of this section:

Theorem 4.1 Let ;€ P([a,b]) be a non-atomic self-similar measure, where
1 <a<b Letk> 2 bean integer, N> 1 and 0 < ¢ < 1, and let g € Z[z] be a
polynomial with integer coefficients of the form

e

—1

k—1
g(x) = Li(z* —x“”l)-i—ij(:U”j — Wit 21
1 j=1

<.
Il

wherel|lj|, Imj] € (0, N1¥], 1 <up < ...<u; <N, 1 <o <...<w; <N.

Suppose that either u; > v;, or u; = v; but l; +my; # 0. If u; = deg(g) > N,
then there exists 7 > 0 such that

‘/ T dp(z)| < a7, (22)

where 7 is independent of g.
The proof of Theorem 4.1 will take up the majority of this section. We remark that
its proof is based upon the scheme of proof of Theorem 1.6. Also, a significant part
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of our argument is devoted to the study of the polynomials as in (21). This discussion
takes place in the next section.

4.1 A covering lemma for a class of polynomials

Let us first define a family of polynomials that will play an essential role in the proof
of Theorem 4.1:

Definition 4.2 Let & > 2 be an integer, and let N > 2. Define

k
-Fk,N = {lemuj : lj S Z, lj 7& 0, |lj| < N4,Uj S Z, O<up<...<u; < N} - Z[T](23)

=1

By Descartes’ sign rule, each polynomial in F;, x has at most 2k distinct roots in R
[15, Lemma 3]. We have the following quantitative covering Lemma concerning the
elements of 7 .

Lemma 4.3 Fix an integer k > 2 and reals 1 < a < b. For any € > 0 there exists
o € (0, 1) such that for all large enough N and h € F;, n, there exist at most 2k + 2
sub-intervals I; C [a, b] satisfying:

1. |I;| < a7 foreach i, and
2. |h(z)| > a N forallz € [a,b] \ U, L.

Our proof of Lemma 4.3 relies on the following lemma.

Lemma 4.4 Fix an integer k> 2 and reals 1 < a<b. Let m>1 and let
P(z) € R[z] be a polynomial such that deg(P) = m and:

P(z) =) lia), |ln|>1, ${0<j<m:l; #0} <k
3=0

Then for any ¢ > 2(1 + log, 2 + log, 3) there exist at most 2k + 2 sub-intervals
I; C a, b] such that:

1. |L;] < a4 for each i;

2. |P(z)| > a= ™" forall z € [a,b] \ U, L.

Proof Let

A={z€lab]:|P(x) < a_(mq)z}.
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Since P is a polynomial with less than k terms, both P and P’ have at most 2k real
roots. Thus A4 is the union of at most 2k + 2 intervals. Suppose that there exists an
interval I C [a, b] satisfying

[I| > a ™ and |P(z)| < a~(mD* for all z € I. (24)

We divide the interval [ into 3™ consecutive sub-intervals of equal length: Initially,
the interval / is divided into 3 sub-intervals of equal length, I, I2, I, labeled accord-
ing to their Euclidean order. Then, for each i € {1,2, 3}, I; has a similar decomposi-
tion I = I;; U ;2 U ;3. Continuing inductively, we decompose [ into sub-intervals
I,,we {1,2,3}™ Foreachw € {1,2,3}™, let us choose an arbitrary point x,, € I,,.
For each w € {1,2,3}™~! we have

P(xw*l) - P(xw*S)

Twxl — Lw=3

:Pl(zw)

for some point z,, € Z,,. By (24),

9. g~ (ma)®

\P’(zw)| < m.

Similarly, we see via the triangle inequality that for each w € {1,2,3}™~2, there
exists z,, € I,, such that

22 . a_(mq)2

P®(z, :
| (Z )’ < (a*mq . 3*m)(afmq . 3*m+1)

Via m iterations of this process, we can find a point z¢ € I such that

om . g—(mg)?

_ 2 2 m(m+1)
|P(m) ($0)| < —a (mq)“+gm~+mlog, 2+ 5 log, 3 < 1,

(a—mq)m .3—-m.3-m+1...3-1

where the last inequality follows from the assumptions thatg > 2(1 + log,, 2 + log,, 3)
and m > 1. This is impossible, since |I,,,| > 1 implies

1P (2)] = |l| - m! > 1, Va € [a,b].

It follows that each of the 2k + 2 intervals that cover 4 has diameter at most ¢~ "9,
as claimed. O

Proof of Lemma 4.3 Let € > 0 be small, and let § = € - 3~ (**1), We say that a j-tuple
(ur,...,uj)with2 <j<kand0 <wu; <...<u; <N is admissible if

wi — iy < N® O forall 1 <i<j— 1.

Additionally, (u,) is admissible by convention.
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Now, let h(x) = Z?Zl ljz" € F n. Let j be the largest integer such that
(u1,--- ,u;) is admissible but (uy,--- ,u;,u;11) is not admissible. Note that it
might happen that j = k, and in such a case, we just put ;11 = —o0. Thus, we
always have

Uj — Ujq1 > Ngj_lé.
Since (u1,- - - ,u;) is admissible
U; — Uj41 S N3i716, V1 § ) S ] — 1.
Let
J k
Ty(z):= Y lz" and Tp(z) := Y Lz", so that h(z) = T1(x) + Ta(z).
i=1 i=j+1

We rewrite 1} as

Ti(z) = 2% - (ha ™% + .4 1) =2 NN a1 .(25)

Let ¢ € R be such that
((ur — uj) q)* 4 5log, N = N¥ (26)
Note that we have
up —uj S NO oo p N¥ 70 < oN® 70,
Therefore, as N > 1,

g>2+2log,2+ 2log, 3.

Applying Lemma 4.4 to the polynomial P(x) = l;z"* =% + ...+, it follows that
there are at most 2k + 2 intervals I; C [a, b] satisfying

|;| < a~(“1=43)4 for each 1, 27
and
|P(z)| > a~ (=)0 for all ¢ € [a,b] \ U;L;. (28)

By (25), (26) and (28), we have
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Ty ()] e =N N g m—u)e?

j—1s
—pt =N galog N o all o € [a,b] \ U;I;.

SinCe |lj+1|7 ceey ‘lkl S N4 and ’[,L] — Uj+1 > N3j716, fOr N S k’ we have
|T2(I‘>| S kaloga N4£L'ui+1 S |T1;Jj)|

It follows that

1 35—1
|h(z)] = |Th (x) + To(z)| > 5(1“]'7]\]3] "aP1o8a N for all 7 € [a,b] \ U;L;.

Recall that 3716 = ¢, when N >> k, we get
\h(z)] > a2 for all x € [a, b] \ U;Z;.

This is the second assertion.
Finally, the first assertion follows by combining (27), and

up —uj < 2N¥ 0 and (ur —uj)g = (N3j716 — 5log, N)/?
from which a suitable choice of N7 can be made. O

4.2 Proof of Theorem 4.1

Let u = pp be our non-atomic self-similar measure on [a, b], and recall our other
notations from the previous sections. Let g € Z[x] be a polynomial as in (21), and
recall the other parameters and notations from Theorem 4.1. We aim to prove the
existence of some 7 > 0 such that

‘/eQWig(x)du(x)

<a VN T, where 7 is independent of g.

We begin with the following reduction:

Lemma 4.5 If (22) holds whenever 1 < a < b < a”, then it holds for arbitrary
1 <a<hb.

Proof Since ® is uniformly contracting, there exists some N such that: for every
w € AN there exists 1 < a(w) < b(w) < (a(w))” that satisfy

supp (fup) € [a(w), b(w)].
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It follows that the self-similar measure f,u satisfies (22), possibly with 7 = 7(w)
varying across the different w € A" . By self-similarity, for all g as in Theorem 4.1,

’/eQWig(ac)du<m)

is bounded above by a convex combination over

{ ‘ / > 9 df ()

So, Theorem 4.1 holds for ¢ (with some choice of 7 > 0). (]
By Lemma 4.5, we may assume that there exists some 0 < dg < 1 such that

:wEAN}.

b

2%

<1 (29)

We fix a parameter ¢ = ¢(IV) to be chosen later, and roughly follow the proof outline
of Theorem 1.6:
Step I: Linearization and choice of g. Recall the definition of the cut-set (10)

Wy={we A" :|r,| <q<|r,-}.
We have the following linearization lemma:

Lemma 4.6 We have

[

< D poli(g(te) o)l + 0 (N*-ui -0 - ¢%) . (30
weEWy

Proof By (a minor variation of) Lemma 2.2, as ® is a self-similar IFS

/€2wig(m)du(x) — Z pw/e27rig(fu(x))du(x), (31)

weEW,
Recall that
k-1 k—1
glx) = DL —av+) + 3 my(a - at),
j:l j=l
with li,m; € Z,0 < |, |m;| < Nl+e and

I<up<...<u1 <N, 1<y <...<vy <N,wherek>2,N>1,0<ex1
are fixed and the coefficient of the leading term in g(x) is non-zero. Note that g(x)
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consists of at most 2k distinct terms. Moreover, we have g(z), ¢'(z), ¢" (z) € Faor N-
Using the Taylor expansion and the assumption on g, for every w € A* we have

9(fu(2)) =9(fu(0)) + ' (f(0)) (fuo (@) = £ (0)) + Ollg" l|oc) (fur() = £ (0))?)

32
g(t) + 9'(t0) - T -+ O(N?uZbir2), (32)

The lemma follows by combining (31), (32), the Lipschitz property of the complex

exponent, and the fact that r,, < ¢ for w € W,, similarly to the first step in the proof

of Theorem 1.6. O
We now choose

g=(N2a")". (33)
So, by (29) we can find some d; > 0 such that
N2uib*1¢®> = O (cf“l‘sl) .

Thus, as a corollary of Lemma 4.6,

‘/QQWig(w)du(x) < Z Do |ﬁ(g/(tw) . ’I“w)| +0 (a*u151> . (34)

wEeEW,

Step 2: Applying Tsujii’s Theorem and the covering lemma (Lemma 4.3). Recall defi-
nitions (10) and (12). Fix » € C, and define W, ;- as in (18),

Wyr={weW,:r,=r}

Next, fix some § > 0 to be determined later. Applying the Corollary (14) of Tsu-
jii’s Theorem 2.4 with this 3, there exists some ¢y = co(3) > 0 such that for all b
large enough, putting ¢ = log, (2u19p) such that it grows to co by the assumption
up > N5 as N > 1, we have

{neZ:3Ixenn+1]n [—a2%0ur g2%0u] st |A(N)] > a~o" Y < a?"1 (35)
We now deal, as before, with the P mass of the bad frequencies (we use the notation
as in Lemma 3.1). This is where we use our work from Section 4.1: Applying Lemma
4.3 to ¢'(z) and ¢” (x), we know that there exist o > 0 and at most 8% + 8 intervals
I; C [a,b] with |I;| < a=N" such that

lg'(x)] = a*~N" and |¢" ()] > a* V" for all z € [a,b] \ U L. (36)

Let us now define:
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8k+-8
Lor =Wer\{weW,,: tu e |J L} (37)

i=1

Recall that sg > 0 is the Frostman exponent of the measure p as in Proposition 2.1.

Lemma 4.7 For every fixed n € Z,

P(w]: wé€ Ly, g (tw) -7 €[n,n+1]) =0 ((a*“1(1*5o)+N6 . N2%0 7«)80) )

Proof First, we claim that for any connected component J of [a, b] \ (Ufifs I 1—) , the
set

{tw:w€ Ly, t, €J, and ¢'(t,)r € [n, n+ 1]}
is contained in an interval of length at most % cqu(1=00)+N® . N0

Indeed, it follows from (36) that for w,n € Li ., if

|tw —ty| > ¢ for some ¢ > 0, and [ty t,;] NU;I; = () assuming ¢, < t,,
then
' (tu)r — g/ (ty)r] = @~ clr. (38)

So, if c = —2— . g~ (1=00)+N" . N200 e see that, by (33) and since |r| > ¢ - min

Tmin

|9 (tw)r — g’ (ty)r] = 2. 39)
This is impossible since diam ([n, n 4+ 1]) = 1 and ¢'(t,,)r, ¢'(t,)r € [n,n + 1] by

our assumptions.
Thus, invoking Proposition 2.1 and arguing similarly as in Lemma 3.1, we obtain

P([w] Cwe Ek,ragl(tw) re [n,n—|— 1]) -0 ((a—ul(l—&))-l-N6 . N2% “"7’)80) .

0
Step 3: Collecting the error terms and conclusion of the proof. Recalling (37) and
the term ¢y > 0 from (35), we partition W}, . into three subsets:
e W, 1 is the collection of all w € L, ;- such that

(g (tw) - r)| = a=.

e W, o is the collection of all the other w € L, ., that is,
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Wore = Eq,r \Wq,r,l'

o W, 3 is the family of all the other w € W, .,

Wyrg =Wer \ Lgr

Now, for any w € W, , and N large enough,
g/ (tr)rr| < ARN'Hepu < g20ou,

This is important, since we are now in a position to apply (35) to our W, .1, as we
do below. Note that, due to the properties of the coding map = (as in e.g. Lemma
3.1), {m([w]) }wew,.,, is contained in at most 8k 4 8 intervals of length less than
a~N’ 4+ 7. Applying (34), and omitting global multiplicative constants from nota-

tion, using Lemma 2.2 to estimate the size of C,, we get

‘/ RO du()| < 3 pu (g () )] + a0
wEeWY
SO D peli@ )| +] D peli(g )| +| D puli (g (t)r)
reCq WEWYq 1 wWEWYy,r,2 weEWYy 3
+a7ul(§1

Sy > Po |+ Y. pea M4 > py | +a®

r€Cq | NEZ wWEWq r,2 wEWq,r,3
w e Wq_,r,l
g (tw)rw € [n,n+ 1]

S log(q_l). (aﬁul . (a—ul(l—(so)-‘rNF . 200 + (N2au1)*50)

s0

+a= " + (8k +8) - (a‘N“ + (NQaul)_‘s“) 0) +a Mo

Here we have used the notation < similarly to (20). Putting 8 < min{dg, 1 — 0o}
and recalling that u; > N 2% and € < 1, we get

‘/GQWig(m)du(x)

7NT
<a

for some constant 7 which is independent of the polynomial g. The proof is complete.
O

4.3 Proof of Theorem 1.2

Theorem 1.2 will be deduced from Theorem 4.1 via the following Proposition. It
works in significantly greater generality, and is due to Technau and Yesha [39]. Recall
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the definitions and the notations as in Section 1.2 and Theorem 1.2. In particular, y is
our non-atomic self-similar measure.

Proposition 4.8 /39, Proposition 7.1] Let k > 2 and let Cy,(N) be a sequence such
that limy_, o, Cix(N) = 1. Suppose that there exists some T > 0 such that for all
f e € (RM1) we have

k—1

/J (Rk(f, (2" mod 1)ns1, N) — Cu(N) - /R f(x)dx)2 djfz) = O (N7, asN — oo,

where i is a supported on a bounded interval J.

Then for p-a.e. x the sequence (z™ mod 1),>; has Poissonian k-point
correlations.

We note that Proposition 4.8 is stated and proved in [39, Proposition 7.1] for the
Lebesgue measure on J, but it is not hard to see that the argument works for any Borel
probability measure on J.

Proof of Theorem 1.2 With no loss of generality, we assume £ = 1, and the other cases

are similar. For any f € C2°(RF~1) et f denote its Fourier transform, and, recalling
the definitions from Section 1.2, put

ck(N>::%VZ””;:<1—;>---<1—’“];1).

Let € > 0 be an auxiliary parameter to be decided later. By Poisson summation we
have

. n 1 ~(1 —omi SR j(a"i —gtit1
Ri(fAz" Pnz1, N) =17 > f<ﬁ> 3 e 2ol +1)

lezk—1 u€ly,
~ 1 ~(1 —2mi S (et et
a0+ 3 () Tt
lezk—1\{0} u€Uy,
- 1 ~(1 —2mi ST (e — i)
=Ce(N)F(0) + 375 > f (ﬁ) 3 e
le Zkfl uEUy,

0 < oo < N

1 ~( 1 —2mi SN (2 a1
e o I(F) g Eae

le Zk—l uely
Mloe > N+

where 0 < [|l]|oc < N'T¢ means 0 < |I;| < N'*€ for each j. We rewrite the last dis-
played equation as

o~

Cr(N) - f(0) + Xn(z) + Yn ().
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Since f € C*(R), f decays faster than any polynomial, so there exists o > 0 such
that |Yx (z)| = O(N~%) uniformly in z € spt (u). Next, we have

70) = /R  f(x)dx and Jim G(N) =1

Thus, applying Proposition 4.8, it remains to show that limy o X = 0 in L?(u)
with a polynomial rate of convergence. This is proved below.
Let
Uy ={u= (ur,...,ux) :u; €{1,... N}, 1 <up <...<uy <N}

By symmetry we have

/ Xn () Pdu(z)
1

(1 —omi SF T (% — it |2
:/‘W ) f<N> e b | dua)
O<I|1HOCSN1+€ ueUy,
e ALY (e — (40)
e 0 e
0< | oo, M|l oo <N1He u,velly,
2(k!)? /1N ~/m ‘
<y DN CTICO D DR e
0<[Hloo|Iml| oo <N 1< w1 >v1,u,vEU
where
k-1 k—1
gl,m,u,v(x) = Z lj(ﬁuj — xuj+1) + ij(xvj _ $Uj+1).
Jj=1 j=1

We decompose the region of of parameters
Q={Lmu,v):0< |, [mfloc <N us >0v1,u,v €U}
into three parts:
O :{(l,m,u,v) €eN:u SNﬁ},
Qo :{(l,m,u,v) €0y >Ni,u1 =w1,l1 +mq :O},

Q3 =0\ U2, Q.

Then
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ﬁ Z f ]i[> f(%) /627Tigl,m,u,v($)d'u(x) < ﬁ

(I,m,u,v)eQ;
1

. N2(k=1)(1+4e€) | p)2k —
N (N k) - N1-2ke’

By taking € < ﬁ we see that the term corresponding to summation over {2y decays
polynomially. Next, by Theorem 4.1,

| X T()T(R) [t <

(I,m,u,v)€eQs

CN2(k=DA+e) N2k, ~NT _ (afNT/Z) '

(42)

For the term corresponding to summation over {22, we can compare the values of
u2, v and proceed similarly as in the estimates (41) and (42) to conclude that

ﬁ Z J?(%) J?(%) /62”i9""‘v“vV(x)du(x) =0 (N°), for some c € (0,1).(43)

(I,m,u,v)€Qy

Plugging (41)-(43) into (40), we see that [ | X (z)|?du(x) decays at a polynomial
speed. Theorem 1.2 now follows directly from Proposition 4.8. U
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SCALING PROPERTIES OF INVARIANT MEASURES FOR
CONFORMAL ITERATED FUNCTION SYSTEMS

MENG WU AND YU-LIANG WU

ABSTRACT. Let {f;}ica be a finite conformal iterated function system (IF'S)
on R%. Let (AN, o) denote the full shift over the alphabet A, and let 7 : AN —
R be the coding map associated with the IFS. We prove that the projection
of an ergodic o-invariant measure on AN under 7 is always scaling, and the
associated tangent distributions are ergodic. Additionally, it is shown that
the limits of their scenery flows exhibit a structured form involving orthogonal
transformations. This complements the recent advancements in the study of
quasi-Bernoulli and self-conformal measures.

1. INTRODUCTION

Let u be a Radon measure on R? and B, = B(0,r) denote the closed r-ball
centered at the origin. Define the magnification of = by e! by
u(e (AN By) + )

(B(@,e )

The family (piq+)i>0 is called the scenery of p at x, associated with which is a
family of measures

Nm,t(A) =

1 (T
f/o O, dt, T >0

called the scenery flow of p at x. The limit of the scenery flow needs not exist
in general, but if it were to exist for p-a.e. , such a measure p is said to be a
scaling measure, and it is said to be a uniformly scaling measure if such a limit
exists independently of the choice of the point.

Uniform scaling measures were introduced by Gavish [10], though related con-
cepts and examples had been explored earlier by many other authors, including
(2, 11, 19]. A central notion in this area is that of fractal distributions—the lim-
its of scenery flows—which finds its roots in Furstenberg’s CP-process theory [8],
concerning the dynamics of fractal measure rescaling.

The scenery flow has become a fundamental tool in analyzing the local geometric
structure of fractal measures thanks to seminal contributions by Furstenberg [8,
9] and Hochman and Shmerkin [13, 15|, among others. In particular, measures
whose scenery flow converge at almost every point exhibit significantly more regular
geometric behavior than the others. For example, it has been proved recently
in [23] that if g is a scaling measure on R2?, then it satisfies a strong form of
Marstrand’s projection theorem: There exists a countable exceptional set E of
orthogonal projections from R? to R such that for all 7 € E°,

dimg 7 = min(1, dimg ).
1
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The scaling properties of measures also have applications beyond geometry, such as
in the study of normal numbers with respect to fractal measures (see, e.g., [16]).

Motivated by these advances, it is natural to seek a deeper understanding of
the scenery flow for various classes of fractal measures. Notable examples of scaling
measures include xm-invariant measures on the torus T [12, 7], self-similar measures
satisfying the open set condition, the occupation measure of Brownian motion in
dimensions d > 3 [10], and natural measures on random fractals [13].

In this paper we shall focus on measures arising from iterated function systems
(IFS). Recall that an IFS ® = (f;);ea is a finite collection of contracting maps
on R?. The IFS ® is called self-conformal (respectively, self-similar) if the maps
(fi)ien are conformal maps (respectively, similitude). Let (AN, o) denote the full
shift over the alphabet A, and let 7 : AN — R¢ be the coding map associated with
the IFS ®. We refer to Section 2.2 for details about these notions.

Theorem 1.1. Suppose ® is a conformal iterated function system on R, If 1 is
an ergodic o-invariant measure on AN, then wu is a scaling measure. Moreover,
there exists an ergodic fractal distribution P € P(P(R?)) such that the limit of the
scenery flow P, at wx is of the form A, P for some orthogonal matriz A,.

Let us review relevant literature on the scaling properties of measures associated
with conformal iterated function systems (IFS). When p is a Bernoulli measure on
(AY, &), The projected measure 7y is called a self-conformal measure. If in addition
the IFS @ is self-similar, then 7u is called a self-similar measure.

Feng and Sahlsten [5] showed that homogeneous self-similar measures satisfying
the finite type condition are uniform scaling. Subsequently, Pyorald [20] extended
this result to self-similar measures satisfying the weak separation condition. Most
recently, Bardny, Kdenméki, Pyorald and Wu [3] proved that all self-similar mea-
sures are uniform scaling, without requiring any separation condition. Their work
also established the uniform scaling property for all self-conformal measures on R.

The arguments in [3] apply not only to Bernoulli measures, but also to quasi-
Bernoulli measures. However, their methods do not extend to more general in-
variant measures. A key step in their approach involves studying micromeasures
(or tangents) of self-conformal measures and applying a deep result of Hochman
[13], which connects micromeasures with tangent distributions. Crucially, for self-
conformal measures, micromeasures are closely related to the original measure—they
are approximately given by convolutions of the original measure with low-dimensional
measures. This structural relationship plays an essential role in the proof. In con-
trast, such a property does not hold for projections of general invariant measures.
To overcome this obstacle in the more general setting, we develop a new strategy.
Below, we briefly outline our approach in the case where ® is a C'*% IFS on R with
positive derivatives.

Outline of proof. Let ® = {f;};ca be a C'*9 iterated function system on R
with positive derivatives and u be an ergodic measure on AN. We aim to show that
the measure 7u is scaling.

The collection of Borel probability measures on a metric space X is denoted by
P(X). For v,y € P(X), we denote by dip(v1,v2) the Lévy-Prohorov distance
between 14 and v5. We use D,, to denote the collection of dyadic intervals of length
27" and D, (z) the dyadic interval containing 2 € R. For probability measure v on
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R and z € supp(v), we denote

1

Du(@) - __— g
14 = Dy (rx (N'Dn T )7
(D ()P TP
where v|p, (5) is the restriction of v on D, (z) and Sp, (4 is the unique homothety
sending D,,(z) to [0,1]. For v € P(X) and a partition A4 of X, H(v, A) is the
Shannon entropy of v with respect to A.

In what follows, let us take ¥ = mu and set o = dimw.

Step (1). We first show that v is uniformly dimensional in the sense that for
v-a.e. T, we have

> 6}

To prove the above estimate, the following fact is used: For p-a.e. x, we have

1 HwP®) D
(1)  limsuplimsup limsup — Hl <k<n: ‘u —a
n

=0.
e—0 £—00 n—»00 flog 2

. 1
2) Jim kZ 0,11 =@,
where @ is some ergodic CP-distribution on (AN, o). Moreover, we have
3) p= /ndQ(n)-

Let A C AN be a compact set such that p(A) > 1—e. Let A; be the p-neighbourhood
of A. Then, using (2) and (3), we can show that for u-a.e. x,

P SEINETER
In later use of this fact, we shall take p = 27" for large n. Using the last estimate,
one is able to prove (1).
Step (2). Use “local entropy average” techniques of Hochman-Shmerkin [15] to
show that (combining with Step (1)) for any fixed ¢ (with £ > 1, ¢ is very large
relative to the contraction ratios of the maps of F) the following holds for p-a.e. x:

N yi
1 1 —t—An(z) —t—An(x)
lim sup — E 7/ dist ( (mpppn)) B@e ) (mrp) B(me ) dt = o0,(1),
N N 21 ), (( Hiap) (mu) ) ()

where A, () is the Lyapunov exponent of f;z. Recall that ppn = p
is a probability measure on the cylinder [z{].

Step (3). We "guess” the limiting fractal distribution. Let i be the natural
extension of u. Thus fi is a shift-invariant ergodic measure on A% with Proj () =
i, where Proj, : A% — AN is the nature projection Proj (z%%,) = 2f°.

For fi-a.e. = 2%, the following limit exists

[z7] /,UA[‘TT]/ it

lim M[IE”]_

n—oo

We denote this limit as u[zgw]. Note that y[zgw] is a measure defined on AN. Let

1 [* _
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Claim 1.2. For large { > 1, the following holds true: For p-a.e. x,

1 T
lim sup dist (P({, f/l (5(M)B(myet)dt> = 0,(1).

T—o0

From the above Claim, we deduce that
(i) the limit P := limy_, o Py exists;
(i) for p-a.e. x, we have

e
AT )0

—t)dt = P

(mp)Blme.e

These imply that the measure 7y is scaling.

2. PRELIMINARIES

Suppose (X,dx) is a metric space. Denote by B(X) the family of Borel sets,
and by P(X) the space of Borel probability measures. Implicitly, P(X) is endowed
with the weak™ topology, which, when X is separable, is compatible with the Lévy-
Prohorov metric:

dip (i, v) := inf{e : p(A) < v(A©) and v(A) < u(A©), A € B(X)},

where A) = {z € A:dx(z, A) < e} means the set of points in the e-neighborhood
of A. As a well-known fact, if the metric space (X,dx) is complete (respectively,
compact), then so is (P(X),drp) (respectively, compact).

Let p,v € P(X) and A C B(X) be a countable partition. The Shannon entropy
of p with respect to A is

H(p, A) = =) p(A)log u(A),
AeA
and the Kullback—-Leibler divergence between p and v with respect to A is

Dia(ullv ) = 3 ) 1o 45,

AcA

where the partition A is omitted if it is clear from the context. We recall in the
following a number of entropy-related inequalities.

Lemma 2.1. Let p,v € P(X), and A, A’ be a countable partition of X. Then, the
following hold.
e The function p— H(u, A) is concave.
o If N:=supye s #{A € A : ANA#0D} < oo, then
0< H(u, AV A) - H(p, A) <log N.
The inequalities above are fundamental, and proofs can be found, for example, in

[14, Section 11]. The following is due to Pinsker, and a proof can be found in [21,
Lemma 2.5].

Proposition 2.2 (Pinsker). Let p,v € P(X), and A be a countable partition of X
into Borel sets. Then,

(4) 0 < dist((u(A)) aea, (V(A)aea) < V1/2- Dxwr(pllv, A)
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where ‘dist’ is the total variation distance between probability vectors:

dist((pr)ier, (qr)icr) == Sup Y pi — gi-
el

Proposition 2.2 alludes to an interplay between entropy, total variation distance,
and Lévy-Prohorov distance, as can be illustrated by considering X = R¢ as follows:
Letting

d
D= [[li;- 27" G +1)- 27 i ez vi=1,2, d
j=1

and D, () be the unique cube in D,, containing = € R?, inequality (4) yields
drp(p,v) < max{dist(u(D)) pep, , (1(D)) pep, ), Vd - 27"}
< max{y/2-1- Dk (ul|v, Dn), Vd - 277}.

In this context, we define for every u € P(RY) and every D, € D, the dyadic
magnification of u at D,, by

)

o (F0,)(iln,)
' N(Dn) '

where fp is the unique orientation-preserving homothety mapping D,, to [0,1)%.

The symbols ‘0’ and ‘O’ are the usual little-o and big-O notation, with the
dependent variables displayed in subscript, e.g., 0q,5(1) denotes the error estimates
depending on variables a and b.

I3

2.1. Shift spaces. Let A be an alphabet. A one-sided full-shift is a topological
dynamical system (AN, ) equipped with a metric dan(z,y) = e~ ™n{#2:#%i} and a
continuous transformation o : AN — AN defined by (cz); = 2,41 for alli € N. A
word w of length n is an element of A™, and its associated n-cylinder set is defined
by
[w] == {x € AN : 27 =wl},
where
vl = (yiyir1---y;)  for i < j,y € ANU (Unx A™).

Write C,, = {[w] : w € A"} for the collection of n-cylinder sets, and Cy.p, =
0 ™Cp—m+1. The collection of all o-invariant (respectively, ergodic) Borel proba-
bility measures on (AN, o) is denoted by P, (AY) (respectively, Perq(AY)). For the
purpose of the measure-theoretic study, such a system is further equipped with
the Borel ¥-algebra and a o-invariant Borel probability measures u* to become a
measure-preserving system (AN, o, ut). In what follows, discussions are at times
carried out with the aid of the natural extension of the (AN, ) in the form of the
two-sided full-shift (AZ, o), where the transformation ¢ is extended to the space AZ
by setting (o0x); = ;41 for i € Z. Such an extension is inherited by its measure-
theoretic counterpart, yielding an extended measure-preserving system and, in par-
ticular, a (uniquely) extended o-invariant measure p € P, (AZ) from pt € P, (AN).
As a readily checked fact, p € Perg(AZ) if and only if ut € Perg(AY).

Facts regarding the entropy of symbolic spaces are collected as follows. For a
countable partition A of the one-sided subshift AN, the measure-theoretic entropy
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with respect to a finite partition A is
: 1 n—1_—1i
hy(A) = nlgrolo gH (H‘v Vim0 O A) ,

where VI do A := {NIZj 0 A; : A; € A}, and the Kolmogorov-Sinai entropy is

K
defined to be the supremum of it over all partitions

hy :=sup h,(A),
A

which, in the context of symbolic spaces, is known to be attained by the partition
C; formed by 1-cylinder sets, or more explicitly, h, = lim, %H (1, C)-

2.2. Tterated function systems. Let X be a complete metric space. An iterated
function system (IFS) is a collection of contractions ® = {f; : X — X : i € A}.
Associated with the IFS is a coding map 7 : AN — X (or 7 : AZ — X analogously)
defined by
mx = lim for(x) with for = fo, 0 fs, 020 fa,,
n—oo " 1 1

with * an arbitrary but given point in X. Being continuous, the map 7 projects AN
onto a compact set K = m(AY) and hence induces a pushforward map 7 : P(AN) —
P(K) defined by mu* := u* o r~1. We denote by B™(x,r) := n~ ! B(rx, 7).

For the scope of this paper, we consider the iterated function systems on R?
which are conformal in the following sense. Given any open domain U C R?, a
Cl-map f : U — R? is said to be conformal if x + D, f is Hélder continuous
and ||D,f||~' - D.f is an orthogonal matrix, where D, f is the derivative of f at
z and || - || is the operator norm. A collection of maps ® = (f;)iea is called a
conformal iterated function system if f;’s are injective conformal maps defined on
a bounded open convex domain U C R? such that f;(U) C U for all i € A and that
SUP;ep per |1 Dofill < 1. Notably, [1, Lemma 6.1] asserts that a conformal TFS is
indeed an IFS in the sense that it admits a bounded open convex set V' C U such
that

(6) fi(V)cVcVcU foralicA,

Upon a conformal TFS and a measure u+ € P(AY), we define the upper and lower
Lyapunov exponent at = € AN to be

_ log || Dyorg frr 10g (D rghg fok -1

A(z) = limsup 7M and A(z) = liminf M,

n—o00 n n—oo n

In general, A(x) > A(z); nevertheless, the limits concinde at p*-a.e. z if ut €
P,(AY), in which case we write A(z) = A(x) = A(z). In addition, if we further
require g € Per-g(AN), the Lyapunov exponenet is constant p-almost everywhere,
and we denote A = \(z).

Here we include a folklore lemma which later comes in handy.

Lemma 2.3 (bounded distortion). Let ® = (f;)ica be a conformal IFS with 0-
Hélder continuous derivatives, and let V be as in (6). Then, there exist constants
C > 0 such that

”(D:L'fw)_lDyfw - Id“ < CHI - ?JHB forallz,yc V,w e U;.ilAi’
In particular, putting C' = (1 + C' - diam(V)?)~1,
[ fw(@) = fu @)
sup.cy || Dz full - [l — yl|

€[C’1] forallx#yecV,we U2, A%
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Proof. Let C’,0 > 0 be the constants such that
|D.fi — Dy fill < C'|lx —y||®  forall z,y € V,i € A.

Further, take r_ = infier zev [ Dofill < 1 and ry = sup;ep zev [|Dofill < 1, s0
that
| fw(@) = fu(y)] < rin —y|| forallz,yeV,we A* keN.

Then, for any word w of length n and any z,y € V, we write
’ itk =mn, v itk =n,
Tk = . and y = : 7
f“’EJrl(I) if0<k<n, waJrl(y) if0<k<n,
so that
H(lew)ilDyfw - Id” = Hszw‘|7lHDyfw _ szw“
k—1
< ZZ:I Hz‘:l HDysz1 : HDzkfwk - D?/lcfwk H . H;'l:k+1 HDz, fw] H
- Tz 1Dy |
n k-1
‘D ;fle
ZH ” T f H HDJJ)cf?JJk 7Dykfwk‘|
k=1 i=1 xiJw;

Applying the mean value theorem to the function z — log z, the above is bounded
from above by

|‘(szw)71Dyfw - Id”

n k—1
ZeXP (7’1 Z |‘Dy7,fwf - Dl‘,'fw,||> . HDzkf'LUk - Dykfwk”
Zexp( )nw - y\l"’) OBy )0

k=1

’ _ 2] i _ 0 i _ 0 1. e [’
Cllr =l (Cla=al)  Clla =l (C"-diom(V)"Y
1-rf r,(lfri) 177’3 r,(lfri)

This wraps up the proof. O

IA

IN

IN

2.3. Dimensions. Let u € P(X). The upper and lower local dimensions of p at a
point & € X are respectively defined by

dimyee (s, ) = lim sup log p(B(x,r)) and dimy, (u, ) = liminf w.
r0+ logr r—0+ logr

If dimyo (4, ) = dimy, . (11, ) coincide, their common value is denoted as dimyoc (1, 7);

if further dimyoc(p, ) is constant p-amost everywhere (p-a.e.), the measure p is said

to be exactly dimensional and we set dim p as the dimension of the measure. When

X = R? the local dimensions, as functions that agree almost everywhere, can

alternatively be determined via dyadic partitions of R?: For p-a.e. x,

J— It D, 1 D, (x
dimyee(p, ) = hnm_>solép %;Q(w)) and dimy,.(p,z) = linrgigf %;2(1)).
In particular, Shannon-McMillan-Breiman theorem and [6, Theorem 2.8], respec-
tively, assert that upper and lower local dimensions coincide almost everywhere for
put and mut when 7 is associated with a conformal IFS and put € P, (AY), and

that both measures are exact dimensional if u € Pe,.q(AY).
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In this article, we also consider the upper and lower Hausdorff dimension of a
measure p, which are defined respectively as
dimyp = inf{dimyg F : £ € B(X),u(E) =1}
and
dimyp = inf{dimyx E : E € B(X), u(E) > 0},
and we can safely write dimy ¢ whenever the dimensions above coincide. Equiva-
lently, the dimensions are sometimes interpreted in terms of local dimensions (see
for example [4, Proposition 10.3]) as
dimgp = essinf dimyee dimyoe (p4, #) and dimpp = ess sup dimyoe dimyoe (14, 7).
T TN
2.4. Fractal distributions. Let X = {y € P(By) : 0 € suppyu}, which is a Borel-
measurable subset in the space P(B;), and S : R x X — X be the scaling flow, a
measurable flow defined by S;u = po,.. We recall some definitions in the following.

Definition 2.4 (fractal distribution). Let (X,S) be as defined.

e P € P(X) is said to be quasi-Palm the following is satisfied: If A is a
P-full Borel set, then P-a.e v € A and v-a.e. x satisfying B(z,e~') C By,
we have vy € A.

o A distribution P € P(X) is called a (restricted) fractal distribution if P is
S-invariant and quasi-Palm.

e An ergodic fractal distribution P is a fractal distribution (c.f. [13, Theorem
1.3]) that renders (X, S, P) ergodic.

It is noteworthy that although the results in this paper are stated only for re-
stricted version of fractal distributions, cited theorems are sometimes stated in
the form extended fractal distributions ([13, Definition 1.2]). Such transplants are,
throughout the paper, consistently justified by the one-to-one correspondence be-
tween the two classes of distributions [13, Lemma 3.1]. In particular, the charac-
terization of ergodic decomposition for extended fractal distributions [13, Theorem
1.3] passes naturally to its restricted counterparts due to the aforementioned cor-
respondence.

2.5. CP-Processes. The idea of CP-processes was first proposed by Furstenberg
in [9]. Herein, we focus on CP-processes under a symbolic setting.

Definition 2.5 (CP-distribution). Consider a topological dynamical system (X, M)
defined by

X ={(u,x) e P(AY) x A" : w € supp(u)}  and M (x,p) = (0w, pl™)),

where X is equipped with the product topology and 1" = o(u|(z,1)/plz1]. A CP-
distribution is a measure P € P(X) which is M-invariant and adapted, i.e., for
every f € C(P(AN), AN),

(1) / F( 2)dP (i ) = / Fn2)da(z)dP (1),

where Pt is the marginal of P on the first coordinate.

Remark 2.6. It is readily checked from the definition above that M™(z,p) =
(0", pl7il), where pl*t] = o™ (ufjap)) /pu([27]).

Some properties of CP-distributions are recalled in the following proposition.
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Proposition 2.7. Suppose pt € Perg(AN) with a natural extension p € Perg(AZ).
Then,

(1) For p-a.e. x, the prediction measure

ple2ee) = fim ple%a)
n—o0

is well-defined and is measurable as a function of x € AZ.
(2) There exists an ergodic CP-distribution P € P(P(AN) x AN) such that

1 e L K
Py == Z(s( ok Lweak, p for p-a.e. x.

22 ol
o e )

(8) For for every e > 0, there exists £ = £(e) such that p-a.e. x,

1 1 :
lim sup E# {k € [1,n]: ‘EH(u[zliw],C[) — h‘ > e} <,

n—oo
where h = dim p.

Proof. (1) This follows from the Martingale convergence theorem.

(2) Let (A%, 0, 1) be the natural extension of (AN, o, u*). Then, inasmuch as p is
ergodic, Birkhoff ergodic theorem gurantees pi-almost sure convergence of P, ,, — P
to a constant distribution P € P(P(AN) x AY). The adaptedness and the ergodicity
of P follow from a routine check and are thus omitted here.

(4) The exact dimensionality of p follows from the Shannon-McMillan-Breiman
theorem, whereas the stated estimate follows from an identical argument as in [22,
Proposition 3.7]. O

Lemma 2.8. Let ji € Perg(AZ). Then, for every € > 0, there exists {(e) € N such
that for p-a.e. x and all £ > {(e),

H(mpl*"~1, Dy)
llog?2

n—00

1
1imsupn#{ke[1,n}: <dim7ru—e} <e.

Proof. As the preparation step, recall the exact dimensionality of ﬂu[zgw] for pu-
a.e. x given that i € Perq(AZ) (which follows essentially from [6, Theorem 2.11]).
Under the circumstances, we can safely write dim 7y = . Fix 0 < € < min{)\/2, a},
where A > 0 denotes the Lyapunov exponent. According to Proposition 2.7, one is
entitled to choose {(¢) such that

H(p" =), Cy)

fog2 "

(8) limsupl#{ke 1,n]: ‘ >€} < e forall £ > ((e),
n

n— 00

Exploiting the exact dimensionality of the measures u[z‘lw] and wu[mim] and ap-
plying the Egorov’s theorem, there exist a compact set A C supp(u[zgw]) with
u[’gw](A) > 1 — € and an integer £'(¢) > max{e~!, £(¢),/d + 1} such that for all
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x € Aandall £ > ()

10g]| Dot fog

A
(A) llog?2

— Al <e,

0
logul*iat] |
llog 2 ’

(B)

2% ) pm —L(X—2¢)
© log =) (B7 (a2 10-2))
L\ — 2¢) log 2

<€,

where (B) follows from the ergodicity as in Proposition 2.7, and (C) follows from
an adaptation of [6, Theorem 2.2]. Moreover, combining Lemma 2.3 and (A), we
assume without loss of generality that the following also holds for all z € A and
>0 (e):

(A [{] € B™ (2,279,

For each ¢ € N, denote by N;(S) the number of ¢-cylinder sets in C, intersecting
S C AZ and enlarge A to its open neighborhood A®) := Uweat:fwjnazplw]. We first
claim the following:
log N[(A(Z) n 7T71D[,\)
DeDyy ¢ 10g 2

) < h—aX+ Oq(e).

Indeed, for each £ > ¢'(¢) and each A N 7~1Dyy, there exists z € A such that
AD N 771Dy € B (z, (Vd +1) - 27A~9)) ¢ B™(z, 2729,

The assumptions (A’)(B)(C) altogether then imply

0

N(AO naiDyy) - 278+ < - 7L<l f]

weAt:
[wWlNANBT (2,27 * A =29))£p

< ll‘[z(ix](Bﬂ'(x7 275()\726))) < 271’.()\725)(a76)7

from which the claim follows immediately. To prove the lemma, utilize Proposition
2.7 (3) to deduce that

RN
iminf = 2T 40 _ 2
hnrr_l)loréfnz:u (AY)>1—¢.
k=1
Combining this identity with (8), one obtains a set Ay C N with d(N;) > 1 — 2e
that satisfies the following property:

H(u"~),¢y)

_ N0 1—
Tlog2 >h—eand p (AY) > €.

keNyg=
Consequently, by expressing ,u[wlioo] = (1-=9)v1 + vy with 6 = ,u[“"lix](AN \ A®)

and

x

v = (1 — 5)_1 . #[z}iw]u(z) and 1y = 5 L. u[ E%]‘AN\A(E),
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we deduce from (9) and from Lemma 2.1 that for k €

H(ulo" ], 71Dy > (1-4)- H(vi,m'Dpy) | o H(ve, 7" 'Dyy)
X log 2 - X log 2 X log 2
];[(1117 7T71'De/\ \Y Cz)
> (1 — VDR TEA TG
> (1) [TRFPAYE) (- ar+ 04(0)
H(v1,Ce)
>(1-08) |-t —(h— = :
> (1-19) [ Plog2 (h—aX+ 0q4(€))| = a+ Oq4(e)
This concludes the proof. O

3. TECHNICAL ESTIMATES

In this section, we establish necessary lemmas in preparation for the proof of
Theorem 1.1. Throughout this section, pt is reserved for a measure in Pe,q(AY)
which is associated with its natural extension p € Pery(AY), and 7 is always the
projection map associated with a conformal IFS (f;);ca. In addition, we consis-
tently denote by d(N) and d(N) the upper and lower asymptotic density of a set
of indices N C N, respectively.

Lemma 3.1. Suppose f; : N = N, j=1,---,J, are at most n-to-one increasing
sequence with bounded gap maxyey fj(k+1)— f;(k) < m. Then, the following hold.

o Ifd(N)>1-4, then g(f].‘l(/\/)) >1—nmd.
o IF#N\U, f;(N) < 0o and d(f; (V) = 14, then dN) > 1 —n.J3.
Proof. The first estimate follows from the following observation:
Fi(L, N)nNe C NN [1,mN].
For the second, assume N\ szl f;(N) C [1, Ny] and observe
(No, NJNN*® C U, f;([L, nmN]) N N
as desired. O

Lemma 3.2. Suppose dimmp > 0. Then, for p-a.e. x,

. ) 11 ¢ o
lim sup lim sup — Z Z/ dip ((ﬂ/t[” ]|[w:1c])m7t+)\k(m), (Tru)m,H,\k(,)) dt =0,
k=10

f—oo n—oo M=
where v~ = 2% and \y(z) = —log | Drags,, forll-

Proof. To prove the lemma, it suffices to show that for p-a.e. x, every e > 0, and
all sufficiently large ¢ € N, there exists a set of indices N' = N (xz,¢,£) C N with
d(N¢) <1 — e such that

Lt -
keN = Z/O drp ((ﬂ-.u‘[l ]‘[xf'])ﬂm7t+Ak(x)7 (7T/J’)7T.'It,t+)\k(:13)) dt <,

whence the lemma results from the Borel-Catelli lemma.

The general assumptions and conventions are as follows. Firstly, 7p is assumed
to have its support suppmu contained in ¢ V. V C (0, 1), where V is the bounded
open convex set given in (6). Secondly, for p-a.e. z, (2"m(x) (mod 2)) is assumed
to be equidistributed, meaning that n=1 - ZZ:1 ok (mod 2) CONVETEES weak™® to the
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Lebesgue measure £¢ on R?. This could always be achieved by a proper translation
of the measure, as £%a.e. (2"y (mod 2)) is equidistributed and thus

i x L4 (y,t) € RT x RY: (2%(y +t) (mod 2))nen is not equidistributed}) =

Both assumptions immediately pass on to 7r,u[‘”7] as it is absolutely continuous with
respect to mu by definition. Once the claim is proved with these assumptions, the
remaining case then follows naturally. We write o = dim wp for short throughout.

Let ¢ = |[£Y/2], and Lg(z) = min{n : sup,cy || Dy far|l < 27%}. We first prove
that for p-a.e. z, every € > 0 and all sufficiently large ¢ € N, there exists Ny C N
such that d((M) ') < € and that

(10) kl+ie Ny = dip ((mﬂwu[

Diti(mx)
Lk+i(:ﬁ)]> , (ﬂu)Dk‘+z(ﬂ'$> <e,

where the criterion should be interpreted with & € N and 0 < ¢ < £. To this end,
fix £ to be the smallest integer such that d'/2 - 2% < ¢ and

= {[ulsup 1D, 1l 274 > sup D, 11}
yeVv yeVv
where w’ is the subword of w with the last letter removed. Then, define the infor-

mation function by

e 1 1og FHPbsdz)
T olw) = —log mu(Dy(mz))

In terms of the information function, the local dimension of 7 is almost surely
expressed as

noy LIt
1 k+i, lo
a = dimoe(mp, 71) = ,}520 n Z 7 2; 10g2 ’

Furthermore, we can utilize the law of large numbers for Martingale difference
sequences to deduce its almost sure coincidence with

S(C00:05 Epa iy ™ Diei) | (2)

“= nlfi‘oﬁz z_: {eki)gg

 Vak (T Dygg+4) (@)
= 1i — EAZ] 0 ‘I# ) )
5a Z Z by 10g2 1Dy 5)(x)) it ()

Va ke((T

(11)

where X(-) stands for the 3-algebra generated by the specified collections of sets
and

— 7]
Vg ' =" | L @
[Ilh+£ ]
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By Gibbs’s inequality (i.e., the first inequality in (4)), (11) serves as a term-wise
upper bound of

Ve k(T Digg+i) (2)) e
lim inf ~ § § = sy
iminf EologZ Ve ke (771 Dieyi) () ko (%)

+ Vet
(12) —llglilnf Z Z Ly 10g2 k+iylo ()
[0 Dyyj(nz) .
Niilo (v k,e) ") Digjine,)
— l f - J
minf Z ; N,tolog2 ’
where N; := ]'H;U*]] and the equalities are once again derived using Martingale

difference sequences. Given this last expression, a lower bound of (12) could be
obtained by applying Lemma 2.8: Due to the equidistribution property of 7z, the
index set R

Ny, ={k € N: B(mz, 2775 € Diyg (7))}
has the asymptotic density

g( 15/«,40) — Ld[2[0*27 1— 2&1*2)d >1—d- 2@(],[+1'

Moreover,
ke Ny,
= supp (v k) C B(mz, 2_]‘_2) C Dy, (m)
k+l( =)
= H((m0ee) P+ Dyyg) = H(mpl* == 1Dy 0 p) = C

for some constant C' > 0 depending solely on the IFS but not on ¢y, ¢, or j. Thus,
by Lemma 2.8,

(13) a>(11) > (12) > o — o (1)

has its error oy, (1) — 0 as £ — co. Writing

Pri(a) = (@20 (D))

ari(w) = ((m) P+ (D))

DEDy, ’

DeDy, ’
one may rephrase (13) as
1o 1 Dicw (o () g (2))
14 lim sup — - < 1).
(14) lgljo%p n Z l ; lolog 2 <o (1)

Combining this with the observation (5), we may apply Markov’s inequality to
obtain an index set Ny ¢, € N with d((NVpe,)¢) < (00,6, (1))"/? such that

kl+ieNg
= Dk (pr,i (@)l gri (%)) < (00,6,(1))"/? - £y log 2.

= dup ((w) ™) () P 7)) < max{o) g, (1), 027,

where 0, , (1) = (00,65 (1))/* - (£o/2 - log 2)*/2. This finishes the proof of the claim.
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The proof of the lemma follows similarly to that of [3, Proposition 3.4]. Let
1> € > 0 be fixed. Take ¢4 € N to be the maximal integer satisfying 2-42"" >
€. Firstly, due to equidistribution property of mz, there exist J\fé(l) C N with
aA(WVM)e) < € - 2(=1+1d — (1) such that

kl+ie ./\fz(l) = B(rz, 27071 ¢ Dy 4(rz).

Next, apply Markov’s inequality to (13) (with £y replaced by ¢; and liminf by
lim sup) to find a set M‘(Q) C N with H((,/\/',@(Q))C) <2-2744 = 4 (1) such that

TU( Doy +i (7)) 7Va 1 ¢ (Digey +i (7)) > o201

kO +ie NP ,
N T D)) Wt (Dicea (7))

> €.

Then, by @ = dim7p > 0, [3, Lemma 3.2], and Markov’s inequality, there exist
p>0and /\fe(3> C N with a((/\/'f))ﬁ) < €2 such that

kl+1i¢e J\/’[('%) = iugl(wu)m,(,k,eri) log2 (B(rz, 7 + p) \ B(ra,r — p)) < €.
p<r<

Finally, for all sufficiently large £, one can find N, 1{(4), according to our claim, such
that H((./\ff))c) < eand

kt+ie N = dup ((ﬂVx,k,e)Dk“(m) ; (WH)DW(”)) <ps
By [3, Lemma 3.3], the above imply that a((m;%:l/\/}j)y) = 0.(1) and that
ke +ieni_ N
£log 2
= /0 drp ((WVzﬁkﬁz),m’(kHlH) log2 (W#)m,(k+zl+t)1og2) dt < O(e),

Altogether, the above guarantee a set A}’ C N with d(N;'¢) < (H((ﬂ;‘:l./\/’[(j))C)l/2
such that

keN/

1 llog 2
= llog?2 /O dvp ((””zwkl)mkaﬂ) log2 » (M) ma (k1 4) log2> dt < 0g,¢,(1).

At this point, the missing piece of the puzzle lies in that {L,_ ;(x) : k € N} might
not agree with the full index set N. Nevertheless, this could be easily remedied
by noting that the estimate (10) holds with L,  ;(x) replaced by L, ,(z) + j for
0 < j < maxzea[—10gs [[Droefz,||] =: J, from which the remaining argument
follows accordingly. Since {L, ;(x)+j:k €N, j € J} contains all sufficiently large
integers and the obtained estimate remains valid for each L,  ;(z) + j, the proof is
concluded by an application of Lemma 3.1. O

Lemma 3.3. Suppose p € Perg(AZ), Then, for p-a.e. x,

] 1 n 1 2N 1 ni
lim sup dpp ; Z a A é(wp)mvka(”dt, a /0 6(7"N)m,t+xk(q,)dt = 04(1).

n—00 =1
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Proof. Due to ergodicity, limy_, A‘é””) = A for p-a.e. z, and thus

.1
Jm 2

which diminishes to 0 as £ — oco. This proves

— /\’ di(g) for p-a.e. x,

_ 1 o
lim sup dpp (n I; a A 6(7\%)”,”;,6(!)(#7

n—o0

131 Ae(o®z)

n a/ 6(”u)m,r+Ak(m>dt :0[(1)
k=1 0

with the latter summation immediately yielding the following estimate

re(oFz)
nlggc drp ( Z Z)\/ (Tm)m AR (@ ) / 5(#M)m AR (@ )d> =0.

The lemma is hence proved. O

Lemma 3.4. Suppose p € P(A?) and dim 7wy > 0. Then, for p-a.e. ,

hrnsudep ( Z / (5(7‘-”)er+“( ) Z / 50k, z){ﬂ-,u <k ] - ,dt) = 0@(].)7

where ¢(k,’lﬁ) = HD‘I\'G"\

Ton m.fr’f :

Proof. As before, we write S(9) to mean the e-neighborhood of the set S.

We recall a well-known result in the literature (see, for example, [16, Lemma
4.11] for a discrete version): For every € > 0 and p-a.e. z, there exists § > 0 such
that

(15) timsup TL({t € 0.1] : (mp) s s(cl(B1 \ Bis)) > ) < ¢
L—o0

We herein include a proof for completeness. Suppose to the contrary that (15) fails
for some € > 0 and some set S C AZ with u(S) > 0. Then, for every 6 > 0 and every
x € S, there exists a sequence Ls,; such that the left hand side of (15) converges
and is at least €, and that p generates a tangent distribution Ps at = along Ls ;,
which is a fractal distribution for p-a.e. z € S according to [13, Theorem 1.7] and,
under this assumption, admits some limiting fractal distribution P of Ps (see [18,
Theorem 1.1] for closedness of the set of fractal distributions). Now that

Fy:={v € P(B1) : v(cl(B1 \ Big)) > ¢}, §>0.

is a monotone class of closed sets, P(F5) > liminfs .o Ps(F5) > € for every 4.
Consequently,

P({v € P(B1) : v(0B1) = €}) = P(Ns>0F5) > ¢,
a contradiction to [17, Theorem 3.22], since dim P = dim p > 0 according to [13,
Proposition 1.19].

The rest of proof is an adaptation of [13, Proposition 1.9] with the underpinning
machinery replaced by (15) and Lemma 2.3. To begin with, let € > 0 be fixed and
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take 0 € (0,€) so that our claim, Lemma 3.2, and Lemma 3.3 altogether guarantee
that for all sufficiently large £,

) 11 -
(16) limsup — >~ L({t € 0,6 : (7u" s ma s rn (@) ((Br \ Bios)) > €}) < e.
n—oo M =1 l 1
For conciseness, we rephrase
() me it ar (a) = (FuVk) ra,t4-2e ()5
Ok, @)l Vi) mokae = (GhVi)ma b4 an(a)»
where v, = ﬁu[ziw] and, by writing T, (y) = y —  for z,y € R%,
F, = fl’f and Gp=T_rz0 Dﬂ'o'szz’l" 0 Trghy-
Observe, by Lemma 2.3 and the mean value theorem, that

1Fx(y) — Ge()|| 1Fr(y) — Ge(@)l k110
, <Clly—wo"z forally € V.k € N,
() — Fu(nota)]| [Grly) — Calaota)] = (10~ 72l v

which yields a constant ¢y = ¢o(C,6) > 0 independent of k£ and ¢ such that for all
' > to + Mp(z) and A C B(rz, e~ ),

(a7) {(GkukxA) < (Fu)(Al 012,

(Fivk)(A) < (Grop) (AT 9/2),
If in addition (Fyvg)na,e (cl(B1 \ Bi—s)) < €, then

)
(Fevk)rap (A) < (Fuvi)ro,w (AN Bi—s) + €
Fr(e V' (AN By_s) + )
Frup(B(mz,e=t))
Gruk(e " (1=6/2)(A® N By) 4 7x)
Grvk(B(rz, e~ (1 —6/2)))
= (GrVk)ma,t—10g(1—82) (AD) + 0c(1)

+e€

and, similarly,
_ Gru(e ™ (1 —6/2)A + mx)
T Grvr(B(mz, (1 —6/2)e "))
< Fyu(e™" (A®) N By) + 7z)
Fyvy(B(mw, e~ (1 - 0)))

(le’k)wztt’—log(l—é/Z) (A)
(19)

+ €= (Fevp)raw (AD) 4+ 0.(1)

In summary, equations (17)-(19) imply

(20) t' > to+ Mi(z) and (Fevk)ree (cl(B1 \ Bi—s)) < €
= dLp (Frvk)ne,ts (GeVk)ma,t'—log(1-5/2)) = 0c(1).

Given that (16) holds for all sufficiently large ¢ however small € > 0 is and that ¢y
is independent of k and ¢, the desired result follows immediately from (20). O
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4. PROOF OF THEOREM 1.1

To begin with, a number of related definitions and notations of group extensions
for invertible symbolic systems (A%, o, 1) are recollected. Recall that a cocycle for
the o-action with value in a group G is a measurable map ¢ : Z x A” — G obeying
the cocycle equation:

d(m+n,x) = ¢(m,x) - d(n,c™z) for all z € AZ n,m € 7Z.
This naturally lifts the measurable system (AZ, o) to its group extension (A2xG, T)
with
T;(I,g) = (o*z, (k,z)) for all (z,9) € AL x G,k € Z.

To suit our needs, we fix henceforth G to be the minimal closed subgroup of the
orthogonal group O(R?) containing the normalized derivatives of the TFS:
(21) {HDWU"wfz{‘H_lD'rrJ"zfz{’ S AZ,n S N} C O(Rd)
and ¢ : Z x AZ — G to be the continuous cocycle induced by the conformal TFS,
namely,

HDTFU”(EfZ'f|‘71D7To‘"zlel ifn>1,

o(n,z) = ¢ Id ifn=0,
H(Dmﬂ“flzfzo )71H71(D7r0"+lez2+1)71 ifn < -1,

n+1
which made its debut in Lemma 3.4. Under this specific setting, the ergodic system
(A%, o, ;1) can be lifted to an ergodic group extension (AZ x G, Ty, n) by choosing
a typical ergodic component of Ty-invariant measure p X me, where mg is the
normalized Haar measure on G.

Proof of Theorem 1.1. We first prove that mp is a scaling measure. As our starting
point, consider the approximate scenery flow of mu at ma:

1 n 1 4
Pran=-5"7 15 d,
T ; ¢ /0 ol =),

for which we claim that for n-a.e. (z, A),

(22) Pg = Angm = lim AP[,T,‘H and P := lim Pg
n—r00 ! £—00

both exist. Indeed, the former limit in (22) enjoys a convergence as a consequence
of Birkhoff ergodic theorem, or more explicitly, for n-a.e. (z, A):

1 74
(23) lim AP, E/f/ Sar(np,., , dtdn(z’, A") =: Py.
n—00 ’ Y4 0 mal,t

With (23), Lemmas 3.2-3.4 result in that for n-a.e. (z, A),

1 n/A
1imsup de (Pg, — / 6A(7r/4)m,¢dt> = 01{(1),
n—00 n/A 0

and thus the existence of P results from the completeness of P(P(By)). In partic-
ular, this proves that 7mu is a scaling measure.

To prove the ergodicity of P, we assume, for the sake of convenience, that P = P,
for some z € AN, which is achieved by a proper choice of 1. We then show that
P-a.e. v generates at the origin A, P for some A, € O(R?), so that the ergodicity of
P follows from [13, Theorem 1.6] and the quasi-Palm property. For the described
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purposes, write Fy(z) = Go((71)rz0) for z € AZ and £ € N, where G¢ : P(B1) — R
is a function defined by

1t
Colw) = dp | / budt, |J AP
0 A’€O(RY)
As readily checked facts, |J ATeO(R) A’P is a closed set, and both Fy and Gy are
continuous functions. The first part of theorem asserts that Fy(xz) — 0 for p-a.e. x.

According to Egorov’s theorem, for every € > 0, there exists a compact set K with
P(K)>1—¢€and an {(¢, K) € N such that

z €K L>Ue,K)= Fyz) <e.

By continuity of Fy, there exists an open set Uy D K such that Fy(z) < € if and
only if € Uy. Hence, for p-a.e. x,

L~ < P(U) < limind —# {k € [LN]: Gu(6(k, ) (mu" <)) ) <}
k—oo N ’

This together with Lemma 3.2 indicates that for every e > 0, there exists ¢'(¢) € N
such that for p-a.e. z and all £ > ¢'(e),

|
(24) lim inf < {(k € [LN]: Gel(Wh) o iry(o) < €} > 1—
The proof is finally wrapped up utilizing the estimate
s € [Mp(x), Ay ()], v € P(X)

Ak (z)+£ s4+4 _
= dip 1/ 5u0,dt71/ 8,0t | < w7
4 i () v 4 s v J4

which combined with (4) validates

L
/Gl(y)dP(y): Jim l/0 Gol(T)ns)ds = 0u(1),

L—oo L

and promises a subsequence ({;);en satisfying

P ({l/ :limsup Gy, (v) = 0}) =1.
i—00

The proof of our claim is concluded by the uniform scaling property for P-a.e. v. O
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