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1. CRAMER’S THEOREM FOR POLISH SPACES

This note establishes Cramér’s theorem for higher dimensional Euclidean spaces
and, more generally, for locally convex Hausdorff topological vector spaces. We
begin by specifying our general framework.

1.1. Framework and Notation. Let X be a topological vector space and
(Xi),oy Pe a sequence of independent and identically distributed (i.i.d.) X-valued
random variables with law pu. We are interested in the asymptotic behavior of the
empirical means:

K S Y
Sp=— X, Sy = X,
i n—m,
and their associated laws p,,. Our primary tool is the following general sufficient
condition for a large deviation principle.

Theorem 1.1. Suppose that {u_} satisfies a weak LDP with a convex rate function
I on a locally convex Hausdorff topological vector space X. Assume that for each
A€ X7, the limit A\(t) =lim, el (t\/e) exists as extended real numbers and
that A)\(t) s lower semicontinuous for t € R. If for every A € X'* and a € R,
inf I(z) < inf A% (2),
5, T < RIS
then I = A*, and the family satisfies a weak LDP with rate function A*.

1.2. Cramér’s Theorem for Polish Spaces. Within this framework, we estab-
lished the LDP for Polish spaces under certain convexity assumptions.

Theorem 1.2 (Cramér's Theorem for Polish Spaces). Let X' be a locally convex
Hausdorff topological real vector space. Assume the following:
(1) There exists a closed, convex subset & C X such that u(€) =1, and & is
a Polish space under the relative topology.
(2) The closed convex hull of every compact set K C & is compact.

Then the sequence {u,, } satisfies a weak LDP in X (and &) with rate function A*.
Furthermore, for every open convexr subset A C X,
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lim 1 log p1,,(A) = — inf A*(z).

n—oo N TEA
Remark 1.3. The theorem, in particular, applies to any separable Banach space.
As a corollary of the theorem, we deduce Cramer’s theorem for Euclidean spaces.

Corollary 1.4 (Cramér). The sequence {u,,} of the laws of empirical means of R?
-valued i.i.d. random variables satisfies a weak LDP with the convex rate function
A*. Moreover, if 0 € ZSA, then {u,} satisfies the full LDP with the good, convex
rate function A*.

Proof. The weak LDP is a consequence of Theorem 1.2, from which the full LDP
follows due to the exponential tightness. O

1.3. Step 1: Weak LDP. We first establish the existence of a weak LDP by
constructing a rate function based on the methodology used in the existence and

uniqueness of the LDP. Recall that given a topological base A, we define for each
Aec A:

— . 1 .1
Ly = hglﬁs;}p - log pt, 4y and £, = hnlgégfﬁ log fi,,( 4)-

The candidate rate functions are given by:

Iz) == Ae.}élr}ieA £a and I(z) = _Ae;lrzlafceAéA.

To prove the weak LDP, it suffices to show I = I, a property which, in this context,
follows! from the convexity of the rate function.

Lemma 1.5. Let A be a base for a Hausdorff topological vector space X, such that
(1) I = I and that (2) for every A;, Ay € A, ZA1+A2 > %(éAl +£A2>- Then the
rate function I of the weak LDP for {u_} is conver.

Proof. Tt suffices to show that I (%ﬂ’) < w for all z,y € X, as the assertion
amounts to that I(tz + (1 —t)y) < tI(z)+ (1 —t)I(y) for all z,y € X and all t =
k-27" with £ =0,1,...,2™ and n € N. By lower semicontinuity, the inequality
further extends to hold for all ¢ € [0, 1].

To prove the claim, we first note that Hausdorff topological vector space is
regular. By virtue of the regularity and lower semicontinuity, we can find for every
x,y € X neighborhoods A € A of Lgy, A, € Aofxand A, € A of y such that A D
A, + A, satisfying

s(T+y — 1, 1 1
—I (T) >Ly 2> §<£A1+A2> >La t4L4, 2 §I<x) + il(y)-

This concludes the proof. O

Lemma 1.6. Assume that Theorem 1.2(1) holds true. Then {u,,} satisfies the weak
LDP in X with a convex rate function I.

"Note that a Hausdorff topological vector space is automatically regular, which ensures our
construction yields the desired rate function.
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Proof. The lemma follows from Lemma 1.5 with a base A of topology consisting
of convex (open) sets, as argued in the following.

Note that for all convex sets A, u, (A) = pu,,(ANE) and thus £, = £, exists
by subadditivity. In addition, we know that for any convex open sets A; and A,,

Mn(Al):U’n(AQ) = Pu<§n € ADS%" € A2)

N 1 1
<k <S2n € 5(141 + Az)) = Hop (5(141 + A2)),

from which the weak LDP holds for {u,,} with rate function

1 =— inf £
(m) Aeg:lzeA*A’

by Lemma 1.5. O

1.4. Step 2: Full LDP. The second hurdle is extending the weak convergence
to the full LDP using the convexity of open sets.

Lemma 1.7. Under the assumptions of Theorem 1.2, for every open convex subset
A C X, we have:
1
lim —logp,, (A) = — inf I(z),

n—oo 1N z€A

where I is the convex rate function established in Lemma 1.6.

Proof. By the definition of our candidate rate function, we have —I(z) < £,
which implies —inf, 4 I(x) < £,4. To obtain the reverse inequality, we employ
subadditivity and exponential tightness. Recall that any open set A in a Polish
space is itself Polish under a compatible metric, such as:

1
(x,A°)  d(y, A°)|

Consequently, for any ¢ > 0, there exists N € N and a compact set C C ANE
such that:

d'(z,y) = d(z,y) + |-

£4—95 < 0B uy(A) — 5 < - Togpy (@0(C)) < Ty < — inf I(a),

€A
where the third inequality is a result of Fekete’s lemma. This completes the
proof. |

Proof of Theorem 1.2. In view of Theorem 1.1, it suffices to show that
1 N
flogIE{et@""S"q = logE[et<>"X1>] =: A, (%)
n

is lower semicontinuous and
inf I(x) < ir>1fAf\(z) foralla € R and A € X,

(X, x)>a
The former follows obviously from Fatou’s lemma. As for the latter, we consider
the following two cases: (1) A =0 and (2) A # 0.
(1) We assume A = 0, so that



4 YU-LIANG WU

. . fo ifz=0,
M) = {oo if 2 #0,
Given that p,, (X) = 1, it follows from Lemma 1.7 that inf, .4 I(z) = 0. Hence, the
proposed inequality holds.
(2) If X # 0, the half-plane H, := {x : (A\,x) > a} is open and convex. By Lemma
1.7:

— inf I(z) =<y >sup L .
L, 10 = = 3p Lo

To conclude the proof, define Y, = (\, X;) and Z, = >0 Y, so the logarithmic

moment generating function of Y} is A,4. By the one-dimensional Cramér’s
theorem, we have:

inf £ =S — inf A*z}:—ian*z.

§I>10 Hass 528[ z>a+68 A( ) z>a )‘( )

This proves the theorem. O
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