AN INTRODUCTION TO LARGE DEVIATION

THEORY

YU-LIANG WU

TABLE OF CONTENTS

. Introduction

1.1. Overview

1.2. General settings

. Cramér’s theorem in R

. Géartner-Ellis theorem.

. Applications

4.1. Cramér’s theorem in R¢
4.2. Large deviations for finite state Markov chains
Probability theory

A.1 Basic inequalities

A.2 Radon-Nikodym theorem
A.3 Laws of large numbers
Functional analysis

Basics in convex analysis
References

= o W NN

16
16
20
20
21
21
23
25
27



2 YU-LIANG WU

1. INTRODUCTION

1.1. Overview. The aim of this lecture note is to give a very brief introduction
to the theory of large deviations. In probability theory, a recurrent theme is the
convergence of random variables, and the law of large numbers (LLN) is among the
fundamental results concerning their “typical” behavior. But beyond this scope,
mathematicians yearn for a more refined picture of the “atypical configurations” or
“rare events” that deviate from the expected outcome either by a small or a large
amount. In this pursuit, the former is addressed in the central limit theorem (CLT)
while the latter gives rise to the large deviation principle (LDP). To demonstrate
these, we would like to begin with the following example.

Example 1.1 (Bernoulli trial). A Bernoulli trial is a series of identical and
independent experiments with exactly two possible outcomes, say 0 and 1, which
may be modeled as a sequence of i.i.d. random variables (X;)$°; with the Bernoulli
distribution:

P(X;=1)=p and B(X,=0)=1—p (pe (0,1)).

The core questions regarding these trials revolve around the number of 1's in an n
-trial, which is mathematically phrased as a random variable §,, = ZZL: | X It s
not hard to determine the distribution of S,,:

P(Sn:LnxJ):<L

n
nz| )p ( ) irx e [Ov ]’

for which, here and throughout our study, we intend to examine the logarithm of
the probability of the associated events. Specifically, by Stirling’s approximation
(logn! = nlogn —n + O(logn)),

n~tlogP(S, = [nx])

()« (1) <o),

n

Asymptotically, given that  — —zlog 2 is uniformly continuous on [0, 1],

lim n~tlogP(S, = |nz|) = —I(x),
n—oo

to1 = () =15

is plotted in Figure 1. In the language of large deviation theory, the sequence n=1S,,
is said to satisfy the large deviation principle (which will be defined rigorously
later) with rate function I.

Some comments are in order.

where
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N

FIGURE 1. rate function I(x)

T

o I(z) is a convex function with

1 1
I’(CC) = 10g(%> — 1Og(1pp> and I”(SC) = E —+ .

1—2x

In particular, its minimum is attained by a unique point z = p = E(X]).
This implies the law of large numbers by the Borel-Cantelli lemma.
e Observe that the second-order Taylor expansion

(z—p)®
I(z) = ———+O(|Jz — p|?).
When considering a small deviation = p + y/+/n, this is “roughly” con-
sistent with the central limit theorem:
1 ?/2

P (ﬁ(n—lsn —p) _ Yy ) ~ =t
V(1 =p) V(1 —p) 2mp(1 —p)

1.2. General settings. Throughout the note, we let {u_.}. be a collection of
probability measures on a common measurable space (X', B). The family is indexed
by a set of non-negative real numbers € > 0 with an accumulation point at 0, as
we are primarily interested in the limiting behavior of these measures as € — 0.
Within this framework, we assume that X is a Hausdorff topological space and
that B contains the Borel o-algebra B,

Definition 1.2 (rate function). Let I : ' — [0, oo] be a function with sublevel sets
U, (a) :={z: I(x) < a} and effective domain Dy := {z : I(z) < oo}.

e [ is called a rate function if it is lower semicontinuous.

o A rate function [ is said to be good if ¥;(«) is compact for all o < co.

Definition 1.3 (large deviation principle). The family {p,}. is said to satisfy the
large deviation principle with rate I : X' — [0, 00] if for every I' € B,
—inf I'(z) < liminfelog u (T") < limsupelogu (') < —inf I'(x).  (1.1)
zel’ =0 e—0 el
This definition of large deviation principle provides the most general framework for
our discussion. In particular, one can further adapt the definition for any sequence
of random variables as follows: The sequence (X,,),,cy is said to satisfy the large
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deviation principle if the associated family of probability laws {u,,1},cy satisfies
the large deviation principle. This convention is applied to all statements concerning
random variables.

The rationale behind our specific settings is tied directly to the following charac-
terizations of the large deviation principle. By assuming B, C B, we immediately
have the following equivalent statement.

Remark 1.4. Suppose By C B. Then, {11 }. satisfies the large deviation principle
with rate I if and only if the following hold.
e (upper bound) For any closed set F C X,

limsupelog pu (F) < — inf I(x). (1.2)
e—0 zeF
e (lower bound) For any open set G C X,
liminfelog p (G) > — inf I(z). (1.3)
e—0 zeG

As for the Hausdorff assumption, it ensures that compact sets are well-behaved,
particularly concerning the notion of exponential tightness.

Definition 1.5. Suppose B contains all compact subsets of X'. The family {u_} is
exponentially tight if for every a < oo, there exists a compact set K such that

limsupelog p (K°¢) < —au.
e—0

As every compact set is closed in a Hausdorff space, we can relax the LDP condi-
tions under the assumption of exponential tightness as follows:

Proposition 1.6. Suppose By C B. If {u.} is exponentially tight, then the
following hold.
e (upper bound) If (1.2) holds for every compact set, so does it for every
closed set.
e (lower bound) If (1.3) holds for every open set, then I is good.

Notably, any {u.} admitting a rate function that satisfies the relaxed conditions is
said to satisfy the weak LDP.

Proof. Suppose {u,} is exponentially tight. If F' is a closed set, then for any closed
set F,

limsupelogpu, (F) < — inf I(x)

e—=0 ek
. For all co > a > 0, there exists a compact set K, such that

limsupelog u (KS) < —a.
e—0
Hence,

limsupelog p (F) < max{lim supelogpu. (FNK,),limsupelog uE(Kg)}

e—0 e—0 e—0

= lim limsupelogu (FNK,) <— inf I(z),

a—00 o0 reFNK,



AN INTRODUCTION TO LARGE DEVIATION THEORY 5

where the last inequality holds as F'N K, is compact due to the Hausdorff
assumption.

With exponential tightness and the lower bound for open sets, we can find for
every oo > a > 0 a compact set K, such that

B o N .
o> llleri)bnfslog w(KS) > mg}gi I(x)

This naturally implies
l:[/I<O[) - Ka7

which is a closed subset due to lower semicontinuity and therefore compact due to
the Hausdorff assumption. O
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2. CRAMER’S THEOREM IN R

In this section, we establish the Large Deviation Principle for the empirical
mean of i.i.d. random variables. We begin by introducing the primary tools of
our analysis: the logarithmic moment generating function and its Fenchel-Legendre
transform. Let (X;)$2, be i.i.d. random variables with law p € M, (R), and let p,,
be the law of the empirical mean S, = %Z:L: , Xi- We denote the expectation of
X, by T := EX, whenever it is well-defined.

Definition 2.1. The logarithmic moment generating function (log MGF) associ-
ated with the law p is defined as

A(X) = log E(e™X1). (2.1)
Definition 2.2. The Fenchel-Legendre transform of A(X) is
A*(w) = sup(\, ) — AV (22)
AER

Example 2.3. There is a geometric interpretation of the Fenchel-Legendre trans-
form of A(X); that is, A*(x) is the supremum of the y-intercepts of all lines with
slope x that lie below A.

AN

N/

—A*(x)

FIGURE 2. rate function I(s)

For the empirical means, the large deviation principle takes the following form:

Theorem 2.4 (Cramér). Let X;, p,,, A, and A* be as defined on R. Then, {u,}
satisfies the LDP with the convex rate function A*, namely,

(1) For any closed set F, limsup,,_,., Llogp, (F) < —inf,cp A*(2).

(2) For any open set G, limsup,,_,, = log u,,(G) > —inf, 5 A*(x).
Furthermore,

(3) If 0 € Dy, then A* is good.

To motivate the proof, we first examine the role of the log MGF. For real-valued
random variables, Markov’s inequality provides the key estimate for the LDP upper
bound ((1.2)). Specifically, for any A > 0:
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oy [.’E, OO) < 67AIE<€)‘SV"> = e*Aa? (E(ex\Xl))”

1
= lim sup — log u,, [z, 00) < ir>118 Az + A(N).

n—oo I
Similarly,
1
li —1 — < inf —Ax + A(N).
Py fos s (o0 a] < Juf mAr ALY

These observations suggest that A* is the natural candidate for the rate function.
The following lemma summarizes the key properties of A and A*.

Lemma 2.5. Let A and A* be as defined. Then,
(1) A is a convex function and A* is a convex rate function.
(2) FEither of following holds.
o If A(N) < oo only when A =0, then A* is identically zero.
e If A(N) < oo for some A >0 (respectively, X <0), then T < co
(respectively, T > —o0) is well-defined. Under the circumstances,

_Jsupysoldr —A(N)] if 2 > T,

A*(z) = {supKO[x\x — AN ifz <7, (2.3)

which satisfies
> A* is decreasing on (—oo, T| and increasing on [T, o), and
» inf, g A*(z) = 0 and if T € R, then A*(Z) = 0.
(3) A is differentiable in D, with A" (\) = (E(eAXl))_lE(Xle)‘Xl) and
NA)=z= A (z) = —A(N).
(4) If 0 € Ze)%(t;zen A* is a good rate function. Moreover, if Dy =R, then

hmlwHoo ]

Proof. (1) By Holder’s inequality, given any A\, A" € R and any ¢,¢" € [0, 1] satisfying
t+t =1,

10gE<e<t>‘+t/>‘/’X1>> < tlogE(e™ X)) + ¢/ logIE(eO‘/’Xﬁ),
proving the convexity of A. The convexity of A* follows from definition:

sup[(A\, tz + t'z) — A(N)] < tsup[(A, ) — A(N)] + ¢/ sup[(\, ") — A(N)].
AER AER AER

To prove the lower semicontinuity, observe that for any A € R and any = € R,
lim inf (A, y) — A(X) = (A, ) — A(N),
y—=x

implying lim inf, ,, A*(y) > A*(x). The non-negativity of A* follows from the fact
A*(z) > (0,x2) — A(0) = 0.

(2) The case Dy = {0} is automatic. If A(A\) < oo for some A > 0, then, due to
the fact that e > x for all z > 0,

E[X,1(x,50] S ATE[eM 14 o0)] < ATexp(A(N)) < oo,
meaning both E((\, X;)) and A()\) are well-defined. Hence, by Jensen’s inequality,
Z = A"tlogoexp(E((\ X)) < ATA(N) < oo.
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The argument proceeds similarly for A(A) > —oo whenever A < 0.
We then proceed to prove (2.3) and its related properties. Since now T is well-
defined, by Jensen’s inequality, for all n < 0 and « > T (similar for n > 0 and z < T),

<77737> - A(’?) = IOgE(eW’z_Xﬁ) < <77a € _E> <0= <O,l‘> - A(O)a (24)

from which (2.3) follows. Moreover, (2.3) implies the monotonicity on (T, o)
and (oo, ). Finally, if 7 € R, then by (2.4), inf, g A*(z) = A*(Z) =0. f T = -0
(similar for T = —o0), we deduce from Markov’s inequality that for all A > 0

log p[z,00) < loge~MIE (e X)),

from which it follows that 0 < inf,.p A*(z) <lim, - A*(x) <0, as desired.

(3) The differentiability follows from the dominated convergence theorem. Let
eAte)z_ A A (o8 |z _q

fo(w) = “——=<"sothat f.(z) = ze’ ase — Oand |f.(z)| < % =: hgs(x)
whenever |e| < J. Since E(hgs(X;)) < oo for all sufficiently small §, we may apply the
dominated convergence theorem to derive the derivative of A. Finally, the function
g(n) := (n,z) — A(n) is concave and thus g’(A\) =0 implies g(A) = sup, g g(n),
proving the proposed property.

(4) Suppose [A_, A, ]| C D, is a non-degenerate interval containing 0. Then, for
Ae A A
AN

lim ian (z) > lim inf| Asign(z) — —= | > min{—X_, A, } >0,

implying A*(z) — oo as |z| — co. Hence, the sublevel set U,.(«) is closed and
bounded for all & < oo, and A* is good. When D, = R, then the result follows by
letting A, = —A_ — oc. O
Proof of Theorem 2.4. (1) For brevity, let I, = inf . (A, x) — A(A). If I, = 0, then
the inequality is trivial. Hence, we assume I, > 0. Under the circumstances, the
numbers z = inf[Z,00) N F and z_ = sup (—oo,Z| N F are different from z. By
Markov’s inequality, for all A > 0 and A’ < 0,

1, (F) < i, [14,00) + i, (—00, 5] < =) =A0) 4 nl(¥z )=AN).
By Lemma 2.5,
/u’n(F) < ean*(er) + ean*(w,) < 2¢lr

Taking the normalized logarithm and letting n — oo yields the desired inequality.
(2) It suffices to show that for all measures p and all § > 0,

1
lim inf — log p,, (—9,d) > inf A(X) = —A*(0), (2.5)
n—oo N AeR

for once this is proved, one may simply consider the translation ¥ = X —z to
deduce that the log MGF Ay (A) = A(X) — (A, z) and that A3 (2) = A*(z + x),
which in turn imply
1
lim inf —log ,, (x — 6,2 + &) > —A*(x).
n—oo M

This proves the desired lower bound.
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To prove (2.5), assume first that (a) p(—o0,0) > 0, (b) u(0,00) > 0, and (c) p
is boundedly supported. Under the circumstances, (a) and (b) imply A(\) — oo
as |A| — oo, and (c) implies A is finite on R. Consequently, by Lemma 2.5, there
exists n € R such that
A (N) =0 and A(X) = inf A(n).
nekr

Define a probability measure i by

dfi
() =A()
d,U( x)=¢e .
Observe that
/ o)y,
Y 1\<n5
/ LA G )di(,).

> l\<n€

> enA /\)—ne\MMn(_E, E).

By Lemma 2.5,
Ex.:(X)= / 2eM =MV G (z) = (B(e)) TE(X,eM X)) = A(X) = 0.

Hence, by the law of large numbers,

lim f,(—e,e) =1.

n—oo
Hence, for all 0 < e < 6,
1
lim 1nf logun( 0,0) > lim inf —log p,, (—e,€) > A(X) —¢|Al,
n—oo n—oo N

proving (2.5) by letting € — 0.

Now, if the support of p is not bounded, fix M > 0 such that (a) u[—M,0) > 0,
(b) (0, M] > 0. Hence, by letting v be the normalized law of X; on {|X;| < M},
we have that

15, (—5,6) > / 1T 2nt g () iy ()
%Z;‘:lxie(— ) i=1

- Vn(_57 5) ’ :u[_Mv M]
and that the log MGF associated with v is

M
log/ A dp(z) —log u[—M, M) = Ay, (N) — log u[—M, M].
-M

Hence, by the case of bounded support,

1
hmmf log pt,,(—¢,¢) > log p[—M, M| + lim inf — log v,,(—¢, €) > inf Ay, (A),

n—oo N n—oo N AER

and therefore, by writing I;; = —infy g Ay, (A) and I* = im sup ;o0 Lis,
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el .
hnnig.}fﬁlog,un(fs,s) > —I*. (2.6)
Since A,; is increasing in M, so is —I,;. Therefore, I* >= —oo and the level

sets {\: Ay (A) < —I*} are decreasing compacted sets, admitting some A in their
intersection. By monotone convergence theorem,

Alrg) = lim Ay (A) < —I", (2.7)

Combining (2.6) and (2.7) proves (2.5).

Finally, if ;1(—00,0) = 0 or u(0,00) = 0, then A is monotone and infy z A(N\) =
log 11({0}). The bound p,,(—6,8) > fi,q0) = #({0})" then yields (2.5).

(3) It follows from Lemma 2.5(4). O
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3. GARTNER-ELLIS THEOREM.

Let A, be the log MGF associated with d-dimensional real random variables Z_,
which can be defined as

A, () :=logE [eXZe)].

The Géartner-Ellis theorem states the following.

Definition 3.1. A convex function A : R? — (—o0, 00| is essentially smooth if:
(1) D, is nonempty.
(2) A is differentiable throughout 2, .
(3) Aissteep, namely, lim,,_, |[VA(),,)] = oo whenever (A,,),,cx i a sequence
in 251\ converging to a boundary point of ziA.

Theorem 3.2 (Gértner-Ellis). Suppose that A(N) :=lim,__,oeA_(eN) exists for all
A € R? as extended real numbers and 0 € D .
(1) For any closed set F,
limsupelog p. (F) < — inf A*(x).

e—0 zel

(2) For any open set G,

o > .
11§Lbnfslogus(G) > welélrf;?A (),

where F is the set of exposed points of A* admitting an exposing hyper-
plane belonging to ZiA.

(3) If A is an essentially smooth, lower semicontinuous function, then the
LDP holds with the good rate function A*.

The proof of the third statement relies on several results from convex analysis; for
clarity, we state these results here and defer their proofs.

Lemma 3.3. Under the same assumption as in Theorem 3.2, the following hold.
(1) A(X) is a convex function, A(N\) > —oo everywhere.
(2) A*(x) is a good convex rate function.
(3) Suppose that y = VA(n) for some n € Dy. Then A*(y) = (n,y) — A(n).
Moreover y € F, with n being the exposing hyperplane for y.

Lemma 3.4 (Rockafellar). If A : R? — (—o0, 00| is an essentially smooth, lower
semicontinuous, convex function, then ri Dy. C F.

With these tools, we can now proceed with the proof of the Géartner-Ellis theorem.
For convenience, we first introduce the following auxiliary function:

Definition 3.5. The é-rate function associated with a rate function I is a function
defined as

(z) = min{](x) —s, %} (3.1)

Proof of Theorem 3.2. (1) It suffices to prove the inequality for all compact sets
and that {u.} is exponentially tight.

The upper bound for compact sets follows essentially from Markov’s inequality.
Choose for each z € I" a A\, € R? and an open neighborhood A, of  such that
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</\:cv‘r> 7A("E) 2 I6 I),

x

—

where I? is the d-rate function associated with A* as defined in (3.1). Applying
Markov’s inequality yields

A (5 g () (22.)),

which in turn implies

clog 1 (A,) < 6 — {uw, 1) — e, @)]

Now that T' is a compact set, one can find a finite cover {Aggi}i]\i1 with o, € T
such that

hr?jélpslogug(F) < 46— min I°(z;) <6 — inf I°(z),
proving the theorem by letting § — 0.

It is left to demonstrate the exponential tightness of p., which is equivalent
to that for all marginals p/ of 4 on j-th coordinate and follows essentially from
Lemma 2.5 (4). Let 8 > 0 be sufficiently small so that B,(0) C D,,. By Markov’s
inequality, we have that for all p € R,

lim sup e log p/[p, 00) < limsup—fp + A, (e7'fBe;) < —fBp + A*(Be;), (3.2)
e—0 N

e—0

where e, is the j-th vector in the standard basis and the right-hand side converges
to —oo as p — co. The same arguments applies to lim sup, ¢ log ul (—oo, p]. The
two estimates combined prove the exponential tightness.

(2) The case A(A) = —oo for some A € X* is trivial, for A*(-) = oo everywhere.
Assuming A(X) < oo for all A € X™*, one may adopt the change of measure argument
as before in the following manner. Let G be any fixed open set, y € GNSF, d > 0,
and n € D A be an exposing hyperplane for A*. By continuity of 1, we choose an
open neighborhood Bs; C G of y such that

sup (n,z —y) < 0.
z€B;

Now that Aua(g) is well-defined for every sufficiently small £ > 0, we define a
probability measure i, equivalent to f,:

dig , n o\ Q}
g =ew|(L2) - (2)
so that

elogu.(Bs) = slog/&S exp {7<g, z> +A, (g)}dﬂg(z)

=eh,, (g) —(ny) +510g/B eXPKg,y—szﬂg(Z),

)

yielding
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lim infe log p.(Bs) > A(n) — (n,y) + lim lim infe log /i, (Bs),
e—0 6—0 e—0
> —A*(y) 4 lim lim infe log fi_(By).

—0 e—=0

It remains to show that lims_,,liminf, ,,elogfi.(Bs) = 0. To this end, we claim
that

lim sup e log fi. (B§ N [—p, p]?) < 0 for all § > 0,p > 0, (3.3)
e—0
lim sup € log ﬂ5<([—p,p]d)c) < 0 for all large p > 0, (3.4)
e—0

which together implies the desired estimate. To prove (3.3), define the function
A()) := limsupeA, (7)
( ) e—0 Hele

and observe that
A() = A +n) — An),
R = ATC) + Alm) — (. ).
One deduces from the Markov’s inequality that
limsupelogfi.(B§NK,) < — inf A*(2) <0,

e—0 2€B§NK,,
since A* is lower semicontinuous and 7 is an exposing hyperplane. For (3.4), observe
that 0 € Dy, so the inequality follows from (3.2).
(3) With Lemma 3.3 and Lemma 3.4, we have that for ever open set G,

o N SO — "
llrggl()nfelogus(G) > wel(l;lng (x) ;ggA (x)

We now prove the lemmas.

Proof of Lemma 3.3. (1) The convexity follows from Hélder’s inequality as in
Lemma 2.5. Precisely, given any ¢,¢" € [0, 1] satisfying ¢ +¢' = 1,

10gE(€<t/\+t//\/aZE>> gtlogE(e<)"Zf>)+t’ 10gE(6<)‘/)Z5>),

proving the convexity of A u. and hence A.

If A(\) = —o0 for some \ € R% then by convexity A(a)) = —oo for all a €
(0, 1]. Since A(0) =0, it follows by convexity that A(—aX) = oo for all a € (0, 1],
contradicting the assumption that 0 € D. Thus, A > —oo everywhere.

(2) Since 0€ Dy, it follows that B;(0) C D, for some 6>0, and c=
SUPep,(0) A(A) < 0o since the convex function A is continuous in ziA. Therefore,
N(@) > sup [(Az) — AN = lle] — sup A(x),

AeB;(0) AeB;(0)
implying ¥,.(«) is bounded for every o < co. The function A* is convex and lower
semicontinuous by a routine check as conducted in Lemma 2.5. Combining these
implies that A* is a good convex rate function.

(3) Suppose now that for some x € RY,
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A(n) = (n,y) — A" (y) < (n,z) — A" ().
Then, for every § € R?,
(0,2) < A(n+6) — Aln).

In particular,
1
(0,2) < lim L[AGy +26) — A(y)] = {0, VAG).

Since the inequality holds for all § € R, 2 = VA(n) = y. Hence, y is an exposed
point of A* with exposing hyperplane n € D, . O

Before proving Rockafellar’s lemma, let us recall the definition of relative interior
of a convex set.

Definition 3.6. The relative interior of a nonempty convex set C' is defined as

riC={yeC:forallz € C,y—e(x—y) € C for some € > 0}.

Proof of Lemma 3.4. Assume without loss of generality that 2D,. #+ & for the
lemma is vacuous otherwise. Under the circumstances, fix henceforth = € ri 2,.
and define a function

) = AQA) — (A, x) + A (2).

Observe that f : R? — [0, 0] is convex, lower semincontinuous, and infy ga f(A) =
0. Moreover, f*(-) = A*(- +x) — A*(z). Therefore, from z € ri D,. it follows that
0 €ri Dp.. By Lemma C.2, there exists n € D) such that f(n)=0. Let ]\() =
A(-+n) — A(n), so that A is an essentially smooth, convex function and A(0) = 0.
Consequently, by Lemma C.3, A is finite in a neighborhood of the origin and thus
ne 25[\, at which f is differentiable by the assumption. Hence, f(n) = inf,cga f(A),
implying that Vf(n) =0, i.e., z = VA(n). It now follows from Lemma 3.3(2) that
x € F. Since x € ri D,. is arbitrary, the proof is complete. O

The following theorem is a generalization of the Gartner-Ellis theorem (Theorem
3.2), which essentially follows from the same proof with marginal distributions
replaced by projection measures in every direction. Its proof can be found in [1].

Theorem 3.7 (Baldi). Suppose {u.} is an exponentially tight family of probability
measures on X .
(1) For every closed set F C X, limsup,_,qelogpu.(F) < —inf,p A*(z).
(2) Let & be the set of exposed points of A* with an exposing hyperplane
for which

A(A) = limeA, (i) exists and A(y\) < oo for some v > 1. (3.5)

e—0
Then, for every open set G C X,

. . > . A % )
llglglfslogus(G) > zEICr}g’TA (x)
(8) If for every open set G C X, inf,cons K*(x)f inf, . A*(x), then {u.}
satisfies the LDP with the good rate function A*.
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Proof. See [1, Theorem 4.5.20]. 0

The theorem is accompanied by a generalized criterion of differentiability of A in
the following sense.

Definition 3.8 (Gateaux differentiable). Let X' be a topological vector space. A
function f:X* — R is said to be Gateauzx differentiable if for all A\, 0 € X*, the
function t € R — f(\ + th) is differentiable at t = 0.

Corollary 3.9. Let {u_} be exponentially tight probability measures on the Banach
space L. Suppose that A(-) =lim__,q A, (2) is finite-valued, Gateauz differentiable,
and lower semicontinuous in X* with respect to the weak* topology. Then {u.}

satisfies the LDP with the good rate function A*.
Proof. See [1, Corollary 4.5.27]. O
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4. APPLICATIONS

4.1. Cramér’s theorem in R9. Combining the Géartner-Ellis theorem with our
previous results, we can establish the LDP for d-dimensional i.i.d. random variables
(X;),- As before, let i, be the law of the empirical mean, and let A and A* be
defined accordingly.

Theorem 4.1 (Cramér). Suppose Dy = R?, then the family {1, } satisfies the LDP
with the convex good rate function A*.

While powerful, this theorem does not encompass all scenarios where an LDP holds;
a refined version requires only that 0 € 2, for the result to remain valid.

Example 4.2. Let u be a Borel probability measure on R with a density f(z) = C; -
e 171 /(1 + z|4*2) and A be its log MGF, where C,; is the normalizing constant. We
will show in the following that 0 € D, = {\ € R%: |A| < 1}, so the large deviation
principle holds with a good rate function; however, A is not steep and hence the
Gértner-Ellis theorem does not apply.

On one hand, with the aid of Cauchy-Schwarz inequality |(\, z)| < |A||x]l, we
realize that the estimate

C, elzl(UAI-1)
) plgy < CaeT
I S S g
holds and therefore 2, D {\ € R%: |A| < 1}. On the other hand, given any X # 0,
we have that along direction A,
AL (IA=1)
el f(z) = Gy
14 a4+
is unbounded as t — oo if |A| > 1, implying Dy = {A € R? : || < 1}. Finally, we
have uniform bound
Ce-2lel
1 [af4+2

A € RY)

(xr =t\, Vt € R),

G

<ePflz) < — 4
< @) < T

()‘ € DA)a

Therefore, within the interior of D,

-1
e—2l=l ] e—2lzl

AN < _— _— .

sup [VA(N)] < (/1+”z”d+2dx 1+Hx||d+2dx<oo

xeD,
This proves that A is not steep.

4.2. Large deviations for finite state Markov chains. In this section, we
study the large deviations of Markov chains on a finite alphabet . Let II =
{W(z,j)}g‘zl be a stochastic matrix, and consider a Markov chain (Y}), _, with
transition probability II. We denote by P the probability law of the chain starting
at state o € :

n—1

Pr(Yy = yy, Y, = y,) = (o) [ [ 7(wi via)-
i=1

We are interested in the empirical mean
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_Sx
k=1

where X, = f(Y;) for a given function f : ¥ — R%. The log MGF can be analyzed
using the following family of non-negative matrices:

ma(i,§) = w(i,5)eM ) (i, je %)

Theorem 4.3 (Perron-Frobenius). Let B = {B(i, _j)}l =1 be an irreducible matriz.
Then B possesses an eigenvalue p (called the Perron—Frobenius eigenvalue) such
that:
(1) p >0 is real.
(2) For any eigenvalue A of B, |A| < p.
(8) There exist left and right eigenvectors corresponding to the eigenvalue p
that have strictly positive coordinates.
(4) The left and right eigenvectors p, 8 corresponding to the eigenvalue p are
unique up to a constant multiple.
(5) For everyi € ¥ and every ¢ = (gpl,---,gpm) such that ¢; >0 for all j,

1= 1=
1 1
— mn = —_— =
nh—I>2<> - log LE B"(i, )¢ ] nh_l)’Iolo - log{g 0;B"(J, )] log p.

J
Proof. See, for example, Wikipedia. O

Theorem 4.4. Let {Y,,} be a finite state Markov chain possessing an irreducible
transition matriz IL. For every z € R? | define

I(z) = fﬁ@m’ z) —log p(IL ) }

Then the empirical mean Z,, satisfies the LDP with the convez, good rate function
I. Explicitly, for any set T C RY | and any initial state ¢ € %,

—inf I(z) < lim 1nf logPr(Z, €T') < limsup — logIP’”(Z el) < —infI(2).

zel’ n—oo N n—oo T zel
Proof. Consider the logarithmic generating function
A, () :=logET [e<>"Zn>].

By Giértner—Ellis theorem (Theorem 3.2), it is enough to check that the limit
1
A(N) = nlg)g() ﬁAn(n)\)

exists, is finite and differentiable everywhere in R, and satisfies A()\) = log p(IT,).
To begin, note that

=log Y Br(Y; =y, Y, f[e”yk logz (T1,)" (0, Yi,)-

Y15 5Yn i=1

Since IT, is irreducible, we have

A() = log p(IL, ).



18 YU-LIANG WU

To show that it is differentiable, we apply the implicit function theorem. Explicitly,
consider the functions F,: R x R*/ x R — R x R®|, parametrized by y € R/,
defined by

E(p,z,\) = ({y,r) — 1,z — px).
Clearly, F, is continuously differentiable. Hence, it suffices to show that for every A,
with the associated Perron-Frobenius eigenvalue p, and left and right eigenvectors
Yo and z of I, | satisfying (yo, o) = 1, we have (1) F, (pg, 2, Ag) = 0 and (2) the
Jacobian matrix

a,.F A= ° v
p,x yo(p07x07 0) - —x, H/\o _pO]

is invertible. Indeed, (1) is clear, and (2) holds because if it did not, there exists
(u,v) € R x R®I\ {(0,0)} such that

<y0, ’U> = 0)

—uzy + I v —pyv =0,
which is impossible. This implies, by the implicit function theorem, that there
exists a continuously differentiable function A+ (p(A), (X)) on a neighborhood
of A such that Iy (p(A),z(A),A) = 0. In particular, A = log p(II,) = log p()) is

continuously differentiable on a neighborhood of \,. The proof is finished by noting
that Ay is arbitrary. O

As a corollary, we have the following.

Corollary 4.5. The empirical averages LY (i) = %22:1 1,(Y,,), withi € 3, satisfy
the LDP with the good rate function

I(q) = sup{()\,q) —log p(I1, )} = {supu>o Zjez: q; log[dﬁ)j] q € M,(%),
AERE 00 q $ M1(2>

where (i, §) = 7(i,7)e and the inequality between vectors is compared entrywise.
Proof. The first equality follows immediately from Theorem 4.4 by taking
f= (117127...’1‘2‘).

To prove the second inequality, we first note that one inequality is more obvious
than the other: By taking u to be the left probability eigenvector of IT, , we see the
inequality “<". To prove the other inequality, assume ¢ € M;(X) and choose \; =
log [uj/(uH)j] so that ull, = u and that p(II,) = 1. Therefore, by definition,

=) "
I(q) >qulog[(ul.’l>1,

finishing the proof. O

We also consider a derived process {(Y,Y, ;)}i>o of consecutive pairs to obtain
Sanov’s theorem. Such a process has the transition matrix II? defined by



AN INTRODUCTION TO LARGE DEVIATION THEORY 19

7@ ((k x €1 x ) = 1,(5) 7(i, 5).
As is discussed in the following, one can determine the large deviations of the pair
empirical measure

H
<.
Il
—

<.

and call ¢ shift-invariant if ¢; = g5.

Theorem 4.6. Assume that I1 is irreducible. Then for every probability measure
qge Ml({@’]) : 7T(7’7]) > 0});

L(qg) = >, a1 H(g(-1d) | m(i,-)) if ¢ is shift-invariant,
2= otherwise.

Proof. By Corollary 4.5,
= sup q(i, 7) log = sup q; ;log .
u>0 ijez [ H< i :l u>0 ijez j l k uk i z,]]

If ¢ is not invariant, then ¢ (jy) < ¢2(jy) for some j,. For u such that u(-,j) =1
when j # j, and u(-, j,) = €%, we have I,(q) = oo if we let o — o0.
If ¢ is invariant,

> ali.j)log Fk ”’”%@] = 0.

i,jex Zk uk,le (Z>
Hence,
7 ql( )
q i) | w(i] -)) = sup q(i, j) log -]
Z ! u>0 z% {Z uy, ;q(t, 1)1
ZSHP{ Z% (- 17) [ ' (: |j))},
u>0
where u'(- |j) = Z<u7(z and ¢'(- |j) = (q<> 7- This implies
) <> aiOH(g(- i) | 7))
€D

Taking u > 0 approaching ¢ proves the theorem. O
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A PROBABILITY THEORY
A.1 Basic inequalities.

Proposition A.1 (Borel-Cantelli). Let (Sn)::’:l be a sequence of events in a
probability space (X, B, ). Then,

o0

u(hm sup Sn> < ]\}lm Z w(S,,).

—00
n—0o0 n=N

Proposition A.2 (Markov). Let X be a nonnegative random variable. Then, for
every a > 0,
w(X >a) <at-E[X].
Proposition A.3 (Holder). Let X, Y be non-negative random variables. Then, for
p,q € [1,00] satisfying % + % =1,
E(XP)/PE(Y")V? > E(XY),
where the equality holds if and only if X = cY for some ¢ > 0.

Proof. Without loss of generality, assume E(X?) =E(Y?) =1 to paraphrase the
proposition: 1 > E(XY") with equality holding if and only if X = ¢Y for some ¢ >
0. Under the circumstances, it is not hard to verify that Young’s inequality

XP Y4

XY < —+—

q
holds if and only if X? = Y9. The paraphrased proposition then follows by inte-
grating both sides. O

Proposition A.4 (Jensen). Let X be a real-valued random variable and ¢ : R —
R is convex. If E(X) and E(p(X)) are defined, then E(o(X)) > o(E(X)) with the
convention o(+00) = lim,_,  o(x) and p(—o0) =lim,_,__ p(z).

Proof. We make use of the property of convex functions that
p(z) =sup{ax +b: p(x) > ax + b for all z € R}. (A.1)

The left-hand side is by definition larger than the other, and thus it remains to
show the remaining. To this end, it suffices to show that for all (z,y,) satisfying
o(xg) > Yy, there exists a linear function ¢ (x) = a(x — ) + y, such that p(z) <
Y(zx) for all z. Essentially, this is achieved by choosing

. [Sup @) = o) 4 2@ —gp(f[;o):|
<z T — Ty > T — T
_ [hm mf P =20) s 90(56)—90(900)}
TTo T —x T Tr— I

Now that (A.1) coincides with
o(x) =sup{az +b: p(x) > ax+bforall z € Rya,be Q}, (A.2)

one can enumerate the linear functions on the right-hand side by (¢;)$2; and obtain
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> > .

E(p(X)) 2 E( max ,()) > max ,(E(Y)

If E(X) € R, then the proposition holds by letting n — oco. If E(X) = co (similar
for E(X) = —o0) and ¢(00) > —o0o, then right-hand side of the above still converges
to ¢(00), while the proposition is trivial when E(X) = co and ¢(c0) = —00. O
A.2 Radon-Nikodym theorem.

Definition A.5 (absolute continuity). Let p and v be defined on a common
measurable space (X, 3B). We say v is absolutely continuous with respect to p,
denoted by v <« u, if v(A) = 0 for every A € B satisfying u(A) = 0.

Theorem A.6 (Radon-Nikodym). Suppose v, u are two o-finite measures on a
common measurable space (X, B) and v < u, then there exists a B-measurable
function f: X — [0,00) such that for every A € B,

A) = / fdu.
A
A.3 Laws of large numbers.

Theorem A.7 (Weak Law of Large Numbers). Suppose (X;)°, are i.i.d. and
E(X,) =0. Then, n! Z?Zl X, — 0 in probability.

Proof. Equivalently, we can assume X; is nonnegative and E(X;) < co and prove
n! > X, = E(Xy). Let M >0 and X; =Y;; +Y,, with ¥} ; = max{X,, M}.
Immediately,

3\»—

& nM

( Z 71>e> a2 — 0 as n — oo.
i=1 6

On the other hand,

P(iizn;Y;72>s> ﬁW—)OaSM—}o&

The theorem is proved by combining the above. O

Lemma A.8 (Kronecker). Suppose a,, >0 and a, / co. Then Zzl aytr, < oo
implies a,' 327 ;= 0.

Proof. Writing b,, = (a,,* — a,,*;) with ag! := 0, one may use summation by parts
to deduce

n n
TR SRS SRS B W
i—1 i—1
The last expression converges to 0 as n — oo. O

Proposition A.9 (Kolmogorov's Criterion of SLLN). Suppose (X;)°, are inde-
pendent such that E(X,) =0 and 33 i~*Var(X;) < oco. Then, n=' 3"  X; —
0 a.s.

Proof. By virtue of the independence, one observes that
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2
Xi
1

which, in particular, implies Z which in turn implies
the conclusion by Lemma A.8. O

Proposition A.10 (Strong Law of Large Numbers). Suppose (X;)2; are i.7.d. and
E(X;) =0. Then, n™' 327" X, = E(X;) a.s.

Proof. Tt suffices to prove the case E(|X;]) < oo, for if otherwise, one may still
apply the result to ¥, = min{M, X, } for every M > 0 if E(X{") < oo (resp., ¥, =
max{—M, X }X, if E(X]) > —o0) so that E(|Y,|) < oo and that ¥, < X (resp.,
Y, > X,,), leading to the conclusion by letting M — oo.

To begin, truncate X,, to define

Y, = Lx, < Xn — B(XaLyx,  <m)-
Then, verify the assumption of Proposition A.9

ZVar <Z E(|X,[* 1{'X1‘<”’> (E(|X1|2 z”: 12))

i=1 t=max{1,| X[}

(I, | < 1>+E(|X1|2 > W%)

i=]X,]
< P(IX;] < 1) + 2E(1 Xy ).

to deduce

(oo}

% > Y, —o0. (A.3)

=1

On the other hand, by the Borel-Cantelli lemma,

P(]X,,| > n infinitely often) < lim supZ]P’ | X, >1i) < hm SupIE(|X1|).(A.4)

Combining (A.3) and (A.4) gives that

Jim ! Z«X = Jim n ;(Y +E(1X] Lx,<p)) = E(X).
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B FUNCTIONAL ANALYSIS

Theorem B.1 (Hahn-Banach Extension Theorem). Let X be a real vector space.
Suppose that

e Y is a linear subspace of X,

e p: X — R is a convexr functional,

e f:Y =R islinear and f < ply.

Then, there exists a linear functional g : X' — R such that g|y = f and g < p.

Proof. The theorem is proved by transfinite induction.
IfY #+ X, choosey € Y\ X, Y =span({y} UX) and extend f to f' : ¥ — R by

fle+ty) = fx)+taforallz € Y,t € R,
where one may choose, if possible,

Oé(z f/(ZL'/)) c supsupp(x +tx ) _f(x),lnf inf p(.’E +tx ) _ f(fl?)
t<0 zcy t >0 ey t

so that f/'(x) < p(x) on Y¥’. To see the above interval is indeed nonempty, note that
the convexity of p together with p > f implies that for each ¢ > 0,

Pz +1x') — () _ p(z' —ta') — f(2))
t - —t
and hence the non-emptiness follows from the finite intersection property.
To conclude the proof, consider the set € of all pairs (¥, f) such that ¥ is a
subspace of X' and that f:¥% — R is linear on ¥ with f < p|y. Define further a
partial order < by

Y, )<, f)ifand only if ¥ C Y’ and f’|y =f.

Hence, for any chain {(¥;, f;)} C C, the space ¥ = U, Y, is a vector space and the
function f(z) := f,(x) whenever z € ¥;, which forms a maximal element (¥, f) € €
of the chain. Hence, by Zorn’s lemma, there exists a maximal element (¥, f) € C,

and ¥ = X by the first part of the proof. O

for all z,2" € Y,t > 0,

In the context of topological vector spaces, an equivalent of Theorem B.1 is phrased
in terms of separation, as follows. Recall that a core point x of a subset A of a vector
space X is the point satisfying that for every y C X there exists ¢ = ¢(y) such that
y+ dy € A for all || < e, for which we denote corA = {x € A : x is a core point}.

Theorem B.2 (Hahn-Banach Separation Theorem). Let A and B be disjoint,
nonempty, convex subsets of a real topological vector space X'. Assume that corA #
&. Then there is a linear functional f : X' — R satisfying sup,e 4 f(a) < infyc g f(b)
and AU B ¢ {f = a} for all a. Moreover, if in addition intA # &, then f can be
chosen so that f € X* and f(a) < f(b) for alla € A and b € B.

Proof of Theorem B.2 by Theorem B.1. We first prove the general case, after which
we point out the necessary modifications for the case where intA # &.

Let C = A— B and z € cor(A — B). Define C = A — B — z so that —z ¢ C and
its associated gauge

po(z) =inf{t > 0:x € ¢tC}.
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Then, po : X — R is a sublinear functional. Indeed, since 0 € corC, p, is real-
valued. Moreover, po(tx) = tp-(x) for all ¢ >0 by definition and po(z +y) <
po(z) + pe(y) by convexity of C'. Consider the subspace ¥ = span{—z} and define
the linear functional g(—tz) =t. To apply the extension theorem, observe that
Pc(—2) > 1 and thus g < p|y, yielding a linear extension f: X — R of g satisfying
f < pc by Theorem B.1. To see f separates A and B, observe that for any a € A
and b € B,

fla) = fla=b—2z)+ f(2) + f(b)
<pola—b—2)+ f(z) + f(b) <1 =1+ f(b) = f(b).
The number « in question can be arbitrary in [sup,c 4 f(a), infyc 5 f(b)]. To see that
that AUB ¢ {f = a}, note that z=a — b for some a € A and b € B and f(z) =
—1 = f(a) — f(b) as desired.

Now if intA # &, pick z € int(A — B) and proceed as before. Under the circum-
stances, C is a neighborhood of 0. Hence, |f(z)| < max{|pc(z)|, |[pc(—=)|} <1 for
all z in the neighborhood C' N —C of 0, proving the continuity. Furthermore, p-(a —
b— z) < 1 due to the fact z € int(A — B), rendering (B.1) a strict inequality. O

Proof of Theorem B.1 by Theorem B.2. Let

A={(z,a) e ¥ xR:p(x) <a}and B={(y,p) € ¥y xR: f(y) > B}
Then, A and B are convex and every point in A is a core point. Thus, by Theorem
B.2, there exists a linear functional h : I’ — R and numbers p € R such that

sup h(z)+pa<y:= inf h(y)+p8 (vE€R). (B.2)
(z,0)€A (y,8)eB

(B.1)

Under the circumstances, we observe, by letting o — oo, that p < 0. It is clear that
p # 0, for if otherwise, the inequality (B.1) above holds if and only if h(x) = 0 for
all z € X, contradicting Theorem B.2 as h(A) = h(B) = {0}. Now that p < 0, the
inequality (B.2) implies that
pth(y) + fly) <ptyforallyely = f=pt(y—hly),
plg@)+plx)>ptyforallz e X = p>pty—h).
The proof is finished by choosing g = p~*(y — h). O

Theorem B.3. Suppose X is a locally convex real topological vector space. Suppose
A and B are two disjoint, nonempty, convex sets in the locally convex topological
vector space X. If A is compact and B is closed, then there exists an f € X™* such

that sup,c 4 f(a) < infycp f(b).

Proof. Suppose V is a convex neighborhood of 0 such that (A+V)NB=@.
Apply Theorem B.2 to A+ V and B to obtain f € X™* such that sup,c 4 f(a) <
Sup,c a4y f(a) since f(A) is compact and f(A + V) is open. O
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C BASICS IN CONVEX ANALYSIS

Lemma C.1 (duality). Let X be a locally convex topological vector space. If f :
X — (—o0, 0] is conver and lower semicontinuous, then f**(x) = f(z).

Proof. We should assume, without loss of generality, that f is not identically oo,
for the lemma holds obviously otherwise. Define

E={(z,0) e X xR : f(z) < a},
E={(\a)e I*xR: f*(\) <a},

which are convex subsets in the locally convex topological vector spaces ' x R and
X* x R, respectively.

It is not hard to verify by definition that f** < f. Hence, it suffices to prove the
other inequality. Equivalently, it asserts that if f(z) > «, then there is (A, §) € X™*
such that (A, z) — 8 > «. Then, observe that A = {(z, «)} is compact and B = & is
closed by lower semicontinuity of f and nonempty by the fact f is not identically
oo. Moreover, under the assumption f(x) > «, AN B = &. These altogether allow
us to apply the Hahn-Banach separation theorem (specifically, Theorem B.3) to
yield some n € X'* and p € R satisfying

vi= sup (n,y) —pP < (n,z) — pa (C.1)
(y,B)e€
where p > 0 must hold as there exists y € X with f(y) < oo.

If p > 0, then (C.1) implies that a < {p~'n,z) — p~'v. Moreover, (p~'n,p~'v) €
&* as desired, for if otherwise, f*(p~'n) > p~'v contradicting the definition of .

If p =0, then for all (u,S) € &, define (ps,B5) == (£ + .+ ) for § > 0. In
fact, (ug, Bs) € £* since

[ (ps) = Bs < SEE[(H& y) — f(y) — By

< sup5((n,) =) + () — 1) = F)] <0,

yel
Moreover,
.1 .
(015:7) = (9] = T (. 2) =) + (. 3) = ()] = o,
yielding the desired A = 15 when ¢ is sufficiently small. O

Lemma C.2. Suppose f : R? — [0, 00] is a conver, lower semicontinuous function
with infycga f(A) =0 and 0 € 1i Dy, then f(n) =0 for some n € R4

Proof. Note that f*(0) =0, and hence the lemma, by duality (Lemma C.1), is
equivalent to the existence of 7 € R? such that (n,z) < f*(x) for all x € R?. This
latter claim, by convexity of f*, is equivalent to

s < i DO SO P60 = (0

= for all R<.
60+ ] 6>0 1 g(x) for all z €

To prove the claim, define

A={(z,a) eR¢ xR : g(x) < a}and B = {(0,-1)},
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Obviously, B is convex, compact, and nonempty. On the other hand, A is nonempty,
convex, and AN B = &. Obviously, (0,0) € A. To prove convexity, note that g is a
convex function and closure of a convex set is convex. Indeed,

otz + (1 — ) = Tim L1002+ (1 =D0Y)

6—0+ 1)
< Jim 0 L0 gy TOD g0y 4 (- pgt).
Finally, to prove AN B = @&, we first show that 0 € ri 2y = 2),. Under the circum-
stances, we deduce that g| p, Is continuous at 0 € ri D, =D, and thus ANB =g
follows naturally. To this end, note that 0 € ri 2. implies 0 € ri 2. Indeed, g(0) =
0 and if z € D,, then f*(z) < oo and for all small € > 0,

f(6(=¢)x)
0

g(—ex) = inf

< (= < 0.
>0 S filzew) <o

In particular, the above implies 0 € ri 2. Moreover, 0 € ri 2, implies also ri D, =
D, since x € D, if and only if tz € D), for allt > 0.
We now may apply Theorem B.3 to A and B to yield some p € X such that

(11,0) +p=p> sup (u,z)— pa,
(z,a)eA

where p > 0 since (0,0) € A. Hence, for every z € X with f*(z) < oo, we have that
(ptpex) < glex)+1foralle > 0= (p~tp,z) < g(x).
The proof is concluded by choosing n = p~'p. O

Lemma C.3. Let f be an essentzally smooth, convex function. If f(0) =0 and
f*(x) =0 for some x € RY, then 0 € Df

Proof. Since f(0) = 0, it follows by convexity of f that
f@N) <tf(N),for all t € [0,1],A € R™.
Moreover, since f*(x) =0,
fQ@X) = (A, z) — f*(x) = —t[Al]x].

Because f is essentially smooth, there exists a closed ball B,.(z) C Dof in which f
is differentiable. Hence,

M= sup {f(A)V[Az[} <oo
AeB,.(2)

Hence, for any t € (0,1] and any 6 € B,,.(tz) different from tz, by the convexity
of f,

70— 2 < "= 1) - pe) < 2o 1),

where y=tz+ ‘9 (0 —tz) € B,,(tz). Similarly, f(0) — f(tz) > —2M|9 —¢tz].
Hence,

£6) — 5621 < 2o — ) for a6 € B, (42)



AN INTRODUCTION TO LARGE DEVIATION THEORY 27

Observe that tz € L]if because of the convexity of 2. Hence, by assumption,
V f(tz) exists, and by the preceding inequality, |V f(tz)| < 2%. Since f is steep, by
considering ¢t — 0, in which case tz — 0, we conclude that 0 € D;. O
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